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Abstract. According to the characteristics of jumping locomotion, a solution of Tetra-state Hopping 

Robot (for short: THR) actuated by Shape Memory Alloy Spring (for short: SMAS) is presented in 

this paper. This article establishes a mechanical model of the jumping robot and analyzes the 

kinematics and the dynamics of the mechanical model. Lagrange method is applied to analyze the 

dynamics the mechanical model. Meanwhile, a preliminary explanation of the THR flipping 

phenomenon during the take-off and flight process is conducted from the perspective of momentum 

moment.  

Hopping Robot with a Tetra-state Cycle 

We have successfully developed a THR, as shown in Fig. 1, which has a tetra-state cycle and is 

actuated by SMAS. The THR has great differences with many prototype machines developed by 

domestic and foreign institutions 
[1]

. The tetra-state of the THR: resetting, energy storing, triggering 

and hopping are all driven by SMAS. It has been validated that the THR can assist Micro 

Flapping-wing Air Vehicle (for short: MFAV) to take-off, as shown in Fig. 2. The experiment method 

and equipment will be issued in other articles. Total weight of the THR, including its control system, 

is 11.1g and total height is 55mm. The THR can jump 480mm high and 520mm in horizontal 

distance.  

This article analyzes the kinematics and the dynamics of the mechanical model and preliminarily 

explicates the THR flipping phenomenon during the take-off and flight process from the perspective 

of momentum moment. 

                                                             
Fig. 1. Jumping prototype with the control system       Fig. 2. FMAV with the mechanism of jumping 

Mechanical Model of THR 

THR in this article is light and small, and can recover to original state for next bouncing after a 

take-off. As shown in Fig. 3, the THR is comprised of resetting SMAS, differential SMAS, trigger 

mechanism, torsional spring, rotation mechanism, adjustment pillar, former arm and back arm. 

The work principle of the THR is as follows: under the control of control system, the resetting 

SMAS 8 shrinks for being heated. Then, the rotation mechanism rotates and stretches the differential 

SMAS 6 downward. The first hooker 4 at this end will contact the second hooker 3 on one end of the 

SMAS trigger spring 2 and get locked with it. Meanwhile, some energy of heating the differential 

SMAS 6 is transformed and restored in the second torsional spring 10. Afterwards, the trigger SMAS 
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2 shrinks to unlock the first hooker 4 and the second hooker 3. As a result, the energy restored in the 

second torsional spring 10 releases and the THR starts to jump. At the same time, the resetting SMAS 

8 resets, and if being heated again, the next work loop will begin. 

       
1. back arm  2. trigger mechanism  3.second  

hooker  4. first hooker  5. rotating mechanism 6. 

differential SMAS  7. former arm  8. resetting 

SMAS  9. first torsional spring  10. second 

torsional spring  11. adjustment pillar.  

Fig. 3. Principle diagram of THR. 

 
 

Fig. 4. Scheme of THR 

 

 

Kinematical Analysis of THR 

Table 1 Variables of structural parameters in THR take-off process 

Mark of part 

i 
Setover of 

joint id
 

/mm 

Rotating angles 

of jumping 

iθ
/deg 

Length ja
 

/mm 

Torsional angle 

of joint 

ijα
/deg 

1 0 
1θ
 

l1 0 

2 0 
2θ
 

l2 0 

3 0 
3θ
 

l3 0 

4 0 
4θ
 

l4 0 

According to D-H coordinate method, the conjoined coordinate system of the mechanical model 

is established and shown in Fig. 4. The jumping process of the mechanical model can be separated 

into take-off process and flight process. As shown in table 1, variables of structural parameters in 

take-off process of the mechanical model have been ascertained. 

Pose Matrix of Centroid Kinematic Parameters for Take-off. Homogeneous transformation 

matrixes of each component of the conjoined coordinate system {i} are as follows: 
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The centroid of the mechanical model can be calculated as the following Eq. (1). 
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Homogeneous transformation matrix of the centroid relating to the fourth perch is as follows: 

4

1 0 0

0 1 0

0 0 1

0 0 0 1

S

a

b
T

c

 
 
 =
 
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.   

Then, total transformation matrix of the centroid relating to the fixed reference coordinate {O} 

can be solved in Eq. (2). 
0 0 1 2 3 4

1 2 3 4S ST T T T T T=  
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The position of the centroid in the fixed-coordinate {O} is symbolized as (xs, ys, zs). If the 

rotating angle of the four joints and the length of the four poles are known, the position of the centroid 

can be obtained by Eq. (3). 
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                                    (3) 

The linear velocity and the angular velocity of the centroid about the fixed reference coordinate 

{O} can be separately expressed in Jacobin matrix form: 

cv 1v=J q� , 1cww J q= � .                                                                                                                                       (4) 

where, 
1 1 2 3[ ]q θ θ θ= � � ��  symbolizes the generalized velocity vector of each joint; Jcv represents the 

linear velocity Jacobin matrix of the body mass center. 

Apparently, the angular acceleration vector of the centroid is the derivative form of Eq. (4), and it 

is shown in Eq. (5). 

1 1

1 1

cv cv

cw cw

v J q J q

w J q J q

 = +


= +

�� �� �

�� �� �
.                                                                                                                                         (5)  

Kinematics Analysis in Flight Process. Flight process is a stage that THR does not contact with 

ground. Movement in the flight process can be seen as projectile motion affected merely by gravity. 

And the projectile motion can be divided into a uniform linear motion in horizontal direction and an 

upright parabolic motion in vertical direction. Air resistance is neglected. The projecting velocity is 

assumed as v0 and α, β, γ are angles between v0 and axis x, y, z. g symbolizes acceleration of gravity. 

The projection of the projectile motion on XZ plane of the fixed reference coordinate {O} is shown in 

Fig. 5. In an instantaneous moment t, the displacement, velocity and acceleration of the centroid in 

direction of axis x1, y1, z1 can be obtained as follows:  

 
 

 

 
 

 

 

   Fig. 5. Projectile motion along XZ 
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where, 2 2 2

0 1 1 1x y zv v v v= + + , 1
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v
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1
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0
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The maximum height and the biggest leap distance of body mass center in flight process can be 

acquired by solving Eq. (6) and are separately expressed in Eq. (7) and Eq. (8). 
2 2
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γ= ⋅ − = .                                                                                     (7) 
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Dynamic Analysis of THR 

The model of the THR can be regarded as bar mechanism of single open-chain or single closed chain. 

Therefore, it can also be seen as the manipulator’s dynamic problem. As the Lagrange method can 

solve those complex systems’ dynamic equations in the simplest form, so dynamics model of this 

article can be analyzed by using Lagrange principle. This article established the bar's specific 

geometry and inertia parameters that express the jumping robot’s equations of motion of each joint. 

Equations in Take-off Process. Seeing the mechanism model as a simple system of mass points, in 

which masses and velocities of each point are mi and vi. According to kinetic energy theorem of 

particles system, differential form of the particles kinetic energy is as follows: 

21
( )
2

i i idK d m v= .                                                                                                                                       (9) 

Supposing the position of an arbitrary point Pi in each corresponding pole is as follows: 
0 i

i ir T r= .                                                                                                                                                  (10) 

where, 
0
ri symbolizes the position vector of point ‘ Pi’ is in the fixed reference coordinate system {O},  

ir  stands for the position vector of point ‘Pi’ in the conjoined coordinate system {i}, and iT  

represents the homogeneous transformation matrix from the conjoined coordinate system to the fixed 

coordinate system reference coordinate {O}.  

The speed of point ‘Pi’, Eq. (11), is acquired from the derivative of Eq. (10).  

0( ) ( )i i

i i i

d d
v r T r T r

dt dt
= = = � .                                                                                                                    (11) 

After i times of transformation, the velocity of point ‘Pi’ in connecting rod i will be Eq. (12). The 

trace of matrix, expressed in Eq. (13), can be got by squaring v in order to obtain the kinetic energy of 

the mechanical model.  

1

i
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j
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T
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∑ � .                                                                                                                                     (12) 
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= = = ⋅ ⋅ ⋅ 
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∑∑ � � .                                                      (13) 

The kinetic energy of connecting rod i can be acquired by substituting Eq. (13) into Eq. (9), as 

shown in Eq. (14). 
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T
i i

i i T ii
i i i j k
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Potential Energy of System. Select the ground as zero potential surfaces. Gravitational potential 

energy of the particle Q which locates ir of connecting rod i is as follows: 

P mg r= − ⋅
�

.  

Suppose the centroid position of connecting rod i can be expressed by vector i

ir
�

, so potential 

energy   relating to coordinate iT  can be obtained as shown in Eq. (15).  
T i

i i i iP m g T r= −
�

.                                                                                                                                                 (15) 

Sequentially, total potential energy will be got and is shown in Eq. (16). 

i i

d T i T i T i

i i i i i i i i i i i

i

P P g T rdm g T rdm m g T r= = = =∫ ∫ ∫
� �

.                                                                                  (16) 

Former arm and back arm can be regard as homogeneous perch. The centroid position of each 

perch relating to its conjoined coordinate system {i} is as follow: 
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Consequently, total potential energy of single arm is shown in Eq. (17). 
4
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1 1 1 2 2 2 3 3 3 4 4 4

1

T T T T

i

P m g T r m g T r m g T r m g T r
=

= + + +∑ .                                                                         (17) 

According to Lagrange method, Lagrange operator can be calculated by Eq. (18). 
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Kinetic equation in take-off process is acquired by the derivation of the Lagrange function (Eq. 

(18)) and is expressed in Eq. (19). 
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Generalized coordinates vector, generalized speed and acceleration vector of all joints for THR 

will be respectively got, as shown in Eq. (20).  

[ ]1 1 2 3 4

T
q θ θ θ θ= ; 1 1 2 3 4

T
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�� �� �� ���� .                      (20) 

As a result, kinetic equation of THR can be written as Eq. (21). 
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In Eq. (21), joint driving moment vector M can be described as the following. 

[ ]1 2 3 4

T
M M M M M= . 

Momentum Moment Analysis in Take-off and Flight Process 

The rotation of the THR can also be explained in momentum moment perspective. In ground phase 

defined as a stage before the THR taking off, control system heats the differential SMAS 6 to store 

energy in the second torsional spring 10. As a result, every part of the THR will generate a momentum 
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moment to the centroid of THR, and the sum of those momentum moments is not null, because two 

forces exist at the ground phase. One is support force N given by ground and the other is gravity G of 

the THR. According to momentum moment of particles system, the time derivative of THR 

momentum moment to the centroid Q equals the momentum moment of external forces to the same 

point and Eq. (22) will be acquired. Additionally, the momentum moment of gravity G to the centroid 

is zero, so Eq. (23) will be obtained. 

d
( ) ( ) ( )Q i i Q QM m v M G M N

dt
= + .                                                                                                                (22) 

Simplify Eq. (22) and  Eq. (23) will be got. 

d
( ) ( )Q i i QM m v M N

dt
= .                                                                                                                                     (23) 

In the flight process, 0N = . According to the momentum moment theorem of the particles 

system, Eq. (24) will be obtained. 

d ( )
( ) 0

Q i i

Q

M m v
M G

dt
= = .                                                                                                                                  (24) 

Integrating Eq. (24), Eq. (25) appears. 

( )Q i iM m v Jw c= = .                                                                                                                                           (25) 

where, c is a constant. 

According to the momentum conservation theorem of the particles system, the momentum 

moment of centroid Q will be obtained as the following. 

1 1

0

4 4 4

t 0
111

( ) = ( ) ( )
tt

i sx sz i sz sx i sxQ i i Q

i ii

M m v c M N m a L m a L m gL dt
= = =

= = + +∑ ∑ ∑∫ ∫  

Conclusion 

According to the mathematical model, this article has conducted simulations in MATLAB, but the 

results cannot match well with the experiment results. Due to space limitations, results of simulations 

have to be omitted. Further studies to complete mathematical analysis works of the THR may include: 

1) to consider effect of the constitutive model of SMA to the jumping property; 2) to seek optimal hop 

velocity and hop angle of a given hopping model. 
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