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Abstract. Piezoelectric actuators used in vibration control and high precision control have been 

known widely in recent years. Especially in aeronautics and MEMS systems, their use is spread 

from vibration suppression to position control. In this paper, a finite element model (FEM) of a 

piezoelectric actuator and cantilever in thermal environment is presented to suppress vibration 

effectively. In other words, the finite element model is namely thermal-electrical-mechanical 

coupled FEM. Based on a 8-node plane finite element, the modal analysis, the harmonic analysis 

and the transient analysis have been obtained in the current work. Therefore a transfer function 

model will be attained through the harmonic analysis by identification method in order to control 

vibration by control law. In addition, the controller will be designed with the adaptive pole 

placement control (APPC). Finally, through simulation, the thermal influence is considerable for 

natural frequencies, harmonic response and free vibration. Moreover, the APPC is a significant plan 

to vibration control in the paper. 

Introduction 

Applications of smart materials, such as piezoelectric materials, magnetostrictive materials, 

magneto-rheological fluids, electrorheological fluids and shape memory alloys, have been 

developed increasingly in recent years. Piezoelectric materials can be the most popular smart 

materials in actuators applications by reason of low power consumption, low weight, and ease in 

bonding with the structures. In [1], Meng, G., L. Ye, et al. present a scheme involving dynamic 

modeling of a smart structure, designing laws and closed-loop simulation in a finite element 

environment. Actually, the piezoelectric materials and the structures will expand with heat and 

contract with cold, the piezoelectric materials will produce voltage when the temperature value is 

difference in both ends and the piezoelectric materials will generate heat when applied high voltage. 

In [2], this paper presents the dynamic analysis of the influence of the coupling between thermal, 

electrical and mechanical fields for different modes; in [3], in this paper a finite element model is 

developed for the active control of thermally induced vibration of laminated composite shells with 

piezoelectric sensors and actuators. 

There are many methods to model the system’s dynamical model. First, the theory method is 

common in many researches. The finite element model is mainstream means for mechanical 

systems in modern world. It can be derived using Hamilton’s principle and Lagrange variation 

theory. in [4], the system equations can be derived using Hamilton’s principle and the assumed 

mode method; There is other modeling way: identification modeling, in [5], this study presents 

results of multimodal vibration suppression of a smart flexible cantilever beam with piezoceramic 

actuator and sensor by suing a pole placement controller; in [6], V. SETHI and G. SONG put 

forward subspace identification after acquiring a model frame. Moreover the control laws for 

vibration suppression vary from one application aim to another. in [7], this paper presents the design 

and the experimental implementation of fast and periodic output feedback controllers to minimize 
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structural vibration, using collocated piezoelectric actuators and sensors; in [8], the vibration 

suppression and precision positioning capabilities of the adaptive feedforward control have been 

discussed; in [9], Park, J. K., G. Washington, et al. adopt the Generalized predictive control to 

vibration reduction. 

In this paper, the authors introduce a thermal-electrical-mechanical coupled model using plane 

finite element formulations and pole placement control law in the twice part. The simulation result 

of modal analysis, harmonical analysis, free vibration and vibration control will be introduced in the 

third part. Finally, the conclusion and outlook will be derived from simulation result.  

Thermal-electrical-mechanical coupled finite element model  

Constitutive linear equations. In the present study, a cantilevered beam structure bonded with a 

piezoelectric actuator is shown in Fig.1. Elastic field, electric field and thermal field for a typical 

intellectual structure are considered to be linearly coupled.  

 

Fig. 1. A cantilevered beam bonded with a piezoelectric actuator 

In Ansys v13, the element PLANE233 has Structural-Thermal and thermal-piezoelectric 

capabilities which we are most interested in. The element input data includes eight nodes and 

structural, thermal, and electrical material properties. And the element has eight nodes with up to 

four degrees of freedom per node },,,{ 31 TVuu . Here, xu and zu  are the displacement in x and z 

directions, V is the applied voltage, and T is the temperature rise from the stress free reference 

temperature. Accordingly, the strain and stress equations should be written as equation (1). If we 

consider the thermal influence for structure and piezoelectric actuator, A thermal-electrical- 

mechanical coupled formulation (equations (2)) is introduced in order to represent direct and 

converse piezoelectric effect. 
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where x , X  and c  represent the mechanical stress, the mechanical strain and the elastic stiffness 

constant respectively. s , d , E , D  and ε  represent elastic compliance constant, piezoelectric 

stress constant, electric field, electric displacement and free dielectric constant respectively. h  and 

β  represent piezoelectric stiffness constant and free dielectric isolation rate respectively. λ ,θ , p , 

S  and α  represent the coefficient of thermal expansion, the temperature, the pyroelectric contant, 

the entropy of the system and the ratio of the heat capacity and the strain free temperature. 
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Finite element model. The dynamical model of a smart structure is developed under the following 

three assumptions: there is no any relative motion in the bonding between the beam and the 

piezoelectric actuator; the piezoelectric actuator is z-x cutted; the optical axis of the piezoelectric 

actuator is the thickness direction of beam.  

The transversal displacement of the beam can be expressed as equation (3), 

NqqqqqNNNNtxu T

nnz == ],,,,][,,,,[),( 321321 ����                           (3) 

BqHLNqx ==1                                                            (4) 

where q  is generalized nodal coordinates vector and N is shape functions vector. HLNB = , H  

is the matrix that stores the truncated constants matrix from Equation (1), L  is the matrix where 

all of the displacement field relations are truncated.  

Kinetic energy terms, the elastic, electrical and thermal energy terms and the virtual work term 

are expressed as equations (5) (6) and (7) respectively. And the finite element formulation is 

equation (8). 
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where eρ  and ew  are the density and width of the element respectively. f  is the external 

disturbance, c  is the structure damping, V  is the voltage across the structure, and Q is the heat 

flux, eh  and ev  are thickness and volume of the smart structure element respectively. 

Element mass damp and stiffness matrices for the system can be written as shown by using Eqs. 

(1)-(8), then ∑ ∑∑∑ ==== eeee RRKKCCMM ,,, . The equation of motion for a system 

with a single piezoelectric patch can be constructed: 

















=

































+

































+

































θ

φ

θθθφθ

φθφφφ

θφ

θ
φ

θ
φ

θ
φ

R

R

Rq

KKK

KKK

KKKq

C

R

Cq

L

M q

u

u

uuuu

t
�

�

�

��

��

��

00

00

00

000

00

00

                   (9) 

The Adaptive Pole Placement Control Law  

As is known that the dynamic response can be described as a continuous time state space 

representation (equation (10)). The feedback controller u  can be determined by Equation (11) 

when the state feedback gain matrix K  is obtained by feedback law and desired poles. 

Substituting Equation (11) into Equation (12) and considering the reference input, the closed loop 

system is written as equation (12). 
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where x  and y  are the state variable vector and the output tip displacement of the smart beam 

respectively. A , B ,C  and D  present the state matrix, the input matrix, the output matrix and 

direct transfer matrix respectively. Here D  is zeros matrix. v  is reference input. 
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The matrix BKA −  determines the eigenvalues of the close loop system (Equation (12)) by 

desired poles in the Ackermann’s method. However, the full states x  may not be easily achieved 

in practical situations. Then a state observer must be designed to obtain the entire states of the 

system. The design of the state observer can be done by the above pole assignment. The dynamical 

former of the observer is written as: 

BuGyxGCAx ++−= ˆ)(�̂                                                     (13) 

where G is observing matrix and is obtained by pole placent technique. 

The observer’s state x̂  will approach asymptotically to the actual state x  when the 

eigenvalues of the matrix BKA − are negative. The temperature of the external environment is 

always changing, and the thermal-electrical-mechanical model of the systems is always 

time-varying. We must identify the system model and the controller all the time to main the control 

precision. Accordingly, the adaptive pole placement control system with a observer is attained by 

Equation (12) and Equation (13), shown in Fig. 2. 

Results and discussion 

The smart beam system works at very rugged environment in temperature from �40−  to �150+ . 

There will be thermal-mechanical coupled energy transformation for the beam and the piezoelectric 

actuator. Moreover, there will be electric-mechanical coupled energy transformation for the 

piezoelectric actuator so as to actuate the beam when the piezoelectric patch is applied 100V 

voltage. 

The harmonic analysis. The results of harmonic analysis in Ansys v13 is shown in figure 3. From 

the results, we see that the natural frequencies are different with the different conditions. In adiabat 

environment, the natural frequencies in structural conditions are almost in structural-electric 

conditions. However, in thermal environment, the natural frequencies are increasing with the 

temperature increasing. 
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Fig.2.The state feedback system with a observer   Fig.3.Harmonic analysis in different conditions 

Vibration control results. Figure 4, 5, 6 and 7 show the vibration control results in 

mechanical-electrical conditions, mechanical- electrical-thermal (223K) conditions, 

mechanical-electrical-thermal (300K) conditions and mechanical- electrical-thermal (523K) 

conditions respectively. Fig. 4, 5, 6 and 7 (a) shows the identification results, the identifiable curve 

can fit very well the harmonic data in mechanical-electrical conditions. And Fig. 4, 5, 6, and 7 (b) 

shows the free vibration results, square wave response and frequency response with pole placement 

controllers and without controllers respectively. The blue lines represent the curves without 

controllers and the red lines represent the curves with pole placement controllers. From the 

simulation results, the APPC is a effective control method to vibration control. 
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Fig. 4. The results in mechanical-electrical conditons (a) frequence response ---identification curve 

—experimental curve (b) free vibration — without controller — with controller 
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Fig. 5. The results in mechanical-electrical-thermal (223K) conditions (a) frequence response 

---identification curve —experimental curve (b) free vibration — without controller — with 

controller  
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(a)                                   (b) 

Fig. 6. The results in mechanical-electrical-thermal (223K) conditions (a) frequence response 

---identification curve —experimental curve  (b) free vibration — without controller — with 

controller 

Conclusion and Outlook 

From above mechanical-electrical-thermal finite element theory, we can see the mechanical- 

electrical-thermal FEM can tell clearly transformation of the mechanical energy, electrical energy 

and thermal energy. The simulation results prove APPC is a effective control for vibration control. 

Advanced Engineering Forum Vols. 2-3 539



In this paper, we analyze the dynamical properties of mechanical-electrical-thermal FEM in 

linear model. Actually, the piezoelectric actuators have some nonlinear characteristics, such as 

hystersis, saturation and so on. Furthermore, the controlled structures have nonlinear properties.  
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Fig. 7. The resluts in mechanical-electrical-thermal (423K) conditions (a) frequence response 

---identification curve —experimental curve  (b) free vibration — without controller — with 

controller  
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