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Abstract. Free axial vibrations of non-uniform rods are investigated by a proposed method, which 

results in a series solution. In a special case, with the proposed method an exact solution with a 

concise form can be obtained, which imply four types of profiles with variation in geometry or 

material properties. However, the WKB (Wentzel-Kramers-Brillouin) method leads to a series 

solution, which is a Taylor expansion of the results of the pro-posed method. For the arbitrary 

non-uniform rods, the comparison indicates that the WKB method is simpler, but the convergent 

speed of the series solution resulting from the proposed method is faster than that of the WKB 

method, which is also validated numerically using an exact solution of a kind of non-uniform rods 

with Kummer functions. 

Introduction 

The vibration of non-uniform rods is a subject of considerable scientific and practical interest that has 

been studied extensively, and is still receiving attention in literature. No attempt will be made here to 

present a bibliographical account of previous work in this area. A study of vibration of tapered rods 

indicates that the natural frequencies are only affected slightly by the taper [1]. It was shown that the 

equation of motion of rods with conical cross sections could be reduced to the form of a wave 

equation by a change of variable [2]. In a study using an approach Abrate [3] sought exact solutions 

for the problem. He obtained a closed form solution for rods whose cross-sectional area varies as 

( ) ( )2

0
1A x A ax L= + .  Exact analytical solutions also exist for exponential and catenoidal rods [4]. 

Using appropriate transformations Kumar and Sujith [5] solved the problem with cross-sectional area 

( ) ( )nA x a bx= + and ( ) ( )2

0
sinA x A a bx= + . In a recent study Anil and Sujith (2005) solved the problem 

with cross-sectional area ( )
2

n bxA x kx e= and ( ) n bx
A x kx e= . Guo and Yang (2010) also investigated the 

problem with cross-sectional area ( )
2

0

ax bxA x A e += with Kummar functions. Recently, the wave motions 

in non-uniform one-dimensional waveguides (Guo and Yang, 2011) are studied.  

In this paper, a method is proposed to solve the free axial vibration of non-uniform rods, which 

results in a series solution. And the proposed method is compared with the WKB method. In Section 

2, the governing equations are presented. Section 3 investiges a special case of non-uniform rods. The 

proposed method is presented in Section 4 to solve the problem. In section 5, the same problem is also 

investigated by the known WKB method. And the results of the WKB method are compared with 

those of the proposed method in Section 4. In section 6, in order to examine the convergent speed of 

the two methods numerically, an exact solution of a kind of non-uniform rods is obtained with 

Kummer functions. Conclusions are drawn in Section 7. 

The governing equations of free vibrations of non-uniform rods 

The concerned non-uniform rod is shown as Fig. 1, in which Young’s modulus ( )E x , density ( )xρ  

and cross-sectional area ( )A x  vary with the axial coordinate x . Its general governing equation of free 

axial vibrations reads 
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( ) ( ) ( ) ( )
2

2

u u
E x A x x A x

x x t
ρ

∂ ∂ ∂  = ∂ ∂ ∂ 
.                                                                                                             (1) 

In order to simplify the governing equation, we introduce a change of variable (Zhong Weifang 

and Nie Guohua, 1997), i.e. Eq. (2),  

( )
( )

0

0
0

/

/

x

y d
E E

ρ τ ρ
τ

τ
= ∫ ,                                                                                                                                (2) 

where 
0

ρ  and 
0
E  are the density and Young’s modulus at certain section of the rod. Substitution of 

Eq. (2) into Eq. (1) yields 

( ) ( ) ( )
2

0 0 2

,u y t u
E A y A y

y y t
ρ

∂ ∂ ∂
= 

∂ ∂ ∂ 
,                                                                                                             (3) 

where ( ) ( ) ( ) ( )
0 0

x E x
A y A x

E

ρ

ρ
= . For constant density ( ) 0

xρ ρ=  and constant Young’s modulus 

( ) 0
E x E= , the governing equations (1) and (3) are reduced to 

( ) ( ) ( )
2

0 0 2

,u x t u
E A x A x

x x t
ρ

∂ ∂ ∂
= 

∂ ∂ ∂ 
,                                                                                                            (4) 

which is the governing equation of free axial vibration of non-uniform rods with variable cross 

sections. It is easy to find that Eqs. (3) and (4) have the same form in mathematics. Then let us focus 

on the governing equation (4) for simplicity.  

 
Fig. 1. Section of a non-uniform waveguide. 

The free vibrations of a kind of non-uniform rods 

Without loss of generality, let ( ) ( ),
i t

u x t U x e
ω= , substitution of it into Eq. (4) yields 

 
( )
( )

2 2

22

0

'
0

A xd U dU
U

A x dxdx c

ω
+ + = ,                                                                                                                           (5) 

where 
0 0 0
c E ρ= , ( )U x is the mode function, the prime denotes differentiation with respect to the 

argument. In this, a transformation ( ) ( ) ( )V x A x U x=  is introduced, and Eq. (5) is transformed into 

Eq. (6), which is the standard form of a second-order ordinary differential equation with variable 

coefficients. 

( ) ( ) ( )
2 2

2 2

0

0
d V x

q x V x
dx c

ω 
+ − = 
 

,                                                                                                                (6) 

where ( )
( )

( )

2

2

1d A x
q x

dx A x
= .  If the function is a real constant, i.e. ( )q x b= , one could find four 

profiles with variable cross sections, which are shown as Eq. (7). 

0
A

x

( ) ( ) ( ), ,A x E x xρ
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   ( )

( )

( )

( )

2

0

0

2

0

2

2

0

2

1

cosh

cosh

cos
.

cos

cx

A cx

A e

A cx sA x

s

A cx s

s

 +


 += 



+


,

,

,

                                                                                                                          (7) 

where c , s  and 
0
A  are real constants. Then one could find that the studies of Abrate(1995), 

Eisenberger (1991), Bapat (1995), Kumar and Sujith (1997) are the special case of the results in this 

section. The solution of Eq. (4) could be written as 

( ) ( )( )1 2
, sin cosu x t U x c t c tω ω= + ,                                                                                                                  (8) 

where 
1
c  and 

2
c  are real constants determined by initial conditions; ( )U x  is the mode function shown 

as 

( ) ( ) ( ) ( )2 2 2 2

00 20 1 cossinU x A A x B x c b B x c bω ω − + −=   
,                                                                        (9) 

where 
1
B and 

2
B  are determined by boundary conditions. The concerned three boundary conditions 

here are two fixed ends, one fixed end and one free end, and two free ends, which are shown as Eq. 

(10), respectively. 

( ) ( )0 0U U L= = ,                                                                                                                                               (10a) 

( ) ( )0 ' 0U U L= = ,                                                                                                                                                   (10b) 

( ) ( )' 0 ' 0U U L= = .                                                                                                                                            (10c) 

Using the mode function Eq. (9) and the boundary conditions Eq. (10), one could find the mode 

frequency equations and the values of 
1
B  and 

2
B . For the boundary condition of two fixed ends, 

1
1B = , 

2
0B = . And its mode frequency equation reads 

j
k L jπ= , 1, 2,3,...j = ,                                                                                                                               (11a) 

where 2 2

0j jk c bω= − . For the boundary condition of one fixed end and one free end, 
1

1B = , 
2

0B = . Its 

mode frequency equation reads 

( )
( )

2 tan
'

jj

A L
k k L
A L

= , 1, 2,3...j = .                                                                                                                     (11b) 

For the boundary condition of two free ends, 
1

1B = , 
( )
0

2

2

' 0

j
A k

B
A

= . Its mode frequency equation 

reads 

( ) ( ) ( ) ( ) ( ) ( )2

0 04 ' 0 ' sin 2 ' ' 0 cos 0j j j jk A A L A A L k L k A A L A L A k L + + − =   , 1, 2,3...j =                            (11c) 

The proposed method for arbitrary non-uniform rods 

Substitution of /x Lξ = into Eq. (6) yields 

( ) ( )( ) ( )
2

2

2
 0

d V
V

d

ξ
Ω θ ξ ξ

ξ
+ − = ,                                                                                                               (12) 

where
0

L

c

ω
Ω = , ( ) ( ) 2

q Lθ ξ ξ= . For the case of ( )2
0Ω θ ξ− < , axial waves could not propagate along the 

rod (Guo and Yang, 2011). Here we consider the case of ( )2
0Ω θ ξ− > . Assume the solution of Eq. 

(12) is the form of  

( ) ( ) ( )i
e
h

V
ξξ Λ ξ=  ,                                                                                                                                (13) 

where ( )Λ ξ and ( )h ξ  are undetermined real functions, i 1= − . With the help of ( ) ( ) ( )V x A x U x=  

and Eq. (13), the mode function could be written as 

( ) ( ) ( ) ( )( )21 sin cosU a B h B hξ ξ ξ ξ= + ,                                                                                                         (14) 

where ( ) ( ) ( )a Aξ Λ ξ ξ=  is the amplitude function, whose solution is shown as Eq. (18).  
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Substitution of Eq. (13) into Eq. (12) yields Eqs. (15) and (16). 

2 ' ' 0H HΛ Λ+ = ,                                                                                                                                                  (15) 

( )( )2 2
'' 0HΛ Λ Ω θ ξ Λ− + − = ,                                                                                                                             (16) 

where ( ) ( )dh
H

d

ξ
ξ

ξ
= . The solution of Eq. (15) could be obtained as 

( ) ( ) ( )
( )

0

0

H

H

ξ
Λ ξ Λ ξ

ξ
= .                                                                                                                                            (17) 

Substituting it into ( ) ( ) ( )a Aξ Λ ξ ξ=  yields 

 ( ) ( ) ( ) ( )
( ) ( )

0 0

0

H A
a a

H A

ξ ξ
ξ ξ

ξ ξ
= ,                                                                                                                       (18) 

where ( )0
a ξ , ( )0

H ξ  and ( )0
A ξ  are the values of ( )a ξ , ( )H ξ  and ( )A ξ  at certain point 

0
ξ ξ= . 

Substitution of Eq. (17) into Eq. (16) yields 

( )

( )

( )

( )
( ) ( )

2
2

2
2 2

2

3 1
0

4 2

dH d

d d
H

HH

Hξ
ξ ξ

ξ Ω θ
ξ

ξ

ξ
ξ

 
 
  − − + − = .                                                                                            (19) 

If the first two terms of eq. (19) could be neglected, one could find an approximate solution, i.e. 

( ) ( )2 2
H ξ Ω θ ξ= − .                                                                                                                       (20) 

Substitution of Eq. (20) into Eq. (19), and let ( ) ( )2β ξ Ω θ ξ= − ,  one could find that the left hand 

of Eq. (19) is  

( )
( )

( )
( )

2 2

2 2

5 1 1
O

416

d d

d d

θ ξ θ ξ

ξ β ξ β ξβ ξ

  
+ =     

   
, 

whose order is the same with
( )
1

β ξ
. Then we could assume that a series solution of Eq. (19) is the 

form of 

( ) ( ) ( )
( )1

n

n
n

b
H

ξ
ξ β ξ

β ξ

∞

=

= +∑ .                                                                                                                 (21) 

In order to determine the expressions of coefficients ( )n
b ξ , substituting it into Eq. (19) and 

doing some arithmetic work, one could obtain Eq. (22). Eq. (22) could be further transformed into Eq. 

(23) after collecting like terms with the same power of β .  

( )
( )

22 2

, , 2

1 2 1 1
1 1

2

,

1
1 1

' 2 ''' 4
'' 4

'5
0'

4

n n nn n n

nn n n n n
n n

nn

n n
n n

n n b b n b bbnb
H

bnb

ξξ ξ

ξ

θ θθ
θ ξ

β β β β β β

θ
θ

β β

∞ ∞

++ + −
= =

∞ ∞

+
= =

  +    − + + + + −       

 
+ − − = 

 

∑ ∑

∑ ∑

.                                              (22) 

( ) 2 2

1 2 1,

321

ˆ4 5 45
'' 4 4 ' 4 0

4

i j kn n n n

n nn
n i j kn n

b b bb b b b
b b b ξξθ β θ

β β β

∞∞∞
+

== = + + =

+
+ −

− =− − − + −∑ ∑ ∑
�

,                                          (23) 

where the comma and prime all denote the differentiation with respect to ξ ,  and 

( ) ( )( ) ( )2

1 1, ,
1 '' 2.5 1 ' 2 2.5 '

nn nn n
b n b n n b b n b ξξξ θθθ − += + + + − + + + , 

( )( ) ( )( )
1

2

1 1 , , 1 ,

1

ˆ 1 1 ' 2 1 '
n

n j n jj n j j n j

j

b j n j b b b b j b bξ ξ ξθθ
−

− −− − − −
=

= − − − + + −∑ , 

( ) ( ) ( ) ( )
1

2

1 1,2 1 ,

1

1 '' 2 1 ' 8 2 1 '
n

n n j j jj j j

j

b b j b j j b b b i bξξ ξθ θ θ
−

−− +− −
=

 = − + − − + + + − ∑� . 
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The vanishing of coefficients of each order of nβ  in Eq. (23) results in the expressions of ( )n
b ξ . 

The first four terms are 

1

''

4
b

θ
= , 2

2 1,

1 5
'

4 16
b b ξξ θ= − + , 2

3 1 2, 1,

1 9
2 '

4 8
b b b bξξ ξθ= − − − ,  

2

4 1, 1, 1 2 1 1, 1 3, 2,

5 1 9 1 13
5 ' '

16 4 8 4 8
b b b b b b b b b bξ ξ ξξ ξξ ξθ θ= − − − − −                                                                                (24a) 

For 5n ≥ , the recursive expressions of ( )n
b ξ  could be obtained as 

3 1

2 2 2 2

2 1

1 5 1ˆ
4 16 4

n m

n n n n i m i n m

m i

b b b b b b b
− −

− − − − − −
= =

 
= − − −  

 
+ ∑ ∑� .                                                                                   (24b) 

Substituting Eq. (24) into Eq. (21), one could find the explicit expression of ( )H ξ . Integrating it 

from 
0
ξ  to ξ  one can obain ( )h ξ  shown as Eq. (25). 

( ) ( ) ( )
( )( )0

2

2
1

n

n
n

b s
dsh s

s

ξ

ξ
ξ Ω θ

Ω θ

∞

=

= − +
−

∑∫ ,                                                                                               (25) 

where 
0
ξ  is an arbitrary real constant. Without loss of generality, let 

0
0ξ =  and substituting 

( ) ( )
0

h H s ds
ξ

ξ = ∫  into Eq. (14) leads to 

( ) ( ) ( ) ( )( )21
00

sin cosU a B H s ds B H s ds
ξξ

ξ ξ += ∫ ∫ .                                                                                     (26) 

The corresponding boundary conditions eq. (11) is transformed as 

( ) ( )0 1 0U U= = ,                                                                                                                                   (27a) 

( ) ( )0 ' 1 0U U= = ,                                                                                                                                (27b) 

( ) ( )' 0 ' 1 0U U= = .                                                                                                                               (27c) 

For the rods with two fixed ends, substitution of Eq. (27a) into Eq. (26) yields 
1

1B = , 
2

0B =  and 

its mode frequency equation Eq. (28): 

( )1h jπ= , 1, 2,3,...j =                                                                                                                                 (28) 

For high order mode frequency, due to ( ) ( )
1

0

1
1

2
n

h s ds nΩ θ π ≈ − = 
 ∫ , one could find an 

approximate solution 

( )
1

0

1

2
j j s dsΩ π θ≈ + ∫ ,  1j � .                                                                                                                     (29) 

For the rods with one fixed end and one free end, substitution of Eq. (27b) into Eq. (26) yields 

1
1B = , 

2
0B =  and its mode frequency equation: 

( ) ( ) ( ) ( ) ( )' 1 cos 1 sin 1 1 1 0a h h H a− = .                                                                                                              (30) 

For the rods with two free ends, substitution of the boundary condition Eq. (27c) into Eq. (23) 

yields 
1

1B = , ( ) ( ) ( )2
0 0 ' 0B H a a= −  and its mode frequency equation is 

( ) ( )
( )

( ) ( )
( )

( ) ( ) ( ) ( )
( ) ( )

( )
' 1 ' 0 ' 0 ' 1

0 1 0 1 tan 1
1 0 0 1

a aa a
hH H H H

a a a a


− = +  

 
.                                                                           (31) 

The WKB method and the comparison with the proposed method 

With the method of WKB (R. E. Langer, 1934), the solution of Eq. (15) could be assumed as the form 

of 

( ) ( )( )
0

exp iV w s ds
ξ

ξ
ξ Ω= ∫ ,                                                                                                                             (32) 

where i 1= −  , 
0
ξ  is an arbitrary real constant, ( )w ξ  is an undetermined function. Substitution of Eq. 

(32) into Eq. (15) yields 

( ) ( ) ( )2 2 2i 0
dw

w
d

ξ
Ω Ω ξ Ω θ ξ

ξ
− + − = .                                                                                                          (33) 
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Assume the undetermined function ( )w ξ  could be expanded as 

( ) ( )
1

1
n

n

n

w wξ ξ Ω
∞

−

=

= +∑ .                                                                                                                          (34) 

Substituting it into Eq. (33) and collecting together terms that involve the same powers of Ω , 

one could find 

( ) ( )
1

1 1, 2 2, 3 1, 2 1

1

1

2

2 i 2 i 2 i 2
1

0
1

n j

n

n n j

jn
n

w w w w w w w wwξ ξ ξΩ θ
ΩΩ − +

∞ −

+ + +
==


− + − − + − + − − = 

 
∑ ∑ .                                 (35) 

In eq. (35) the vanishing of the coefficients of nΩ  results in the expressions of ( )n
g ξ , 

( )1 2

1
0, ,

2
w w θ ξ= = − 3

i
'

4
w θ= − , 2

4

1 1
''

8 8
w θ θ= − ,

5

1 1
i ''' '

16 4
w θ θθ = − 

 
, 

( )23

6

1 1 3 1 5
'''' ' '' '

32 8 16 16 32
w θ θθ θθ θ θ= − + + − + .                                                                                                   (36a) 

For 4n ≥ ,  

11,

1

3

1

1 1
i
2 2

n n n

n

j

j

jw w w wξ

−

+− − −
=

= − ∑ .                                                                                                              (36b) 

Using the idea of the proposed method in the previous section, complex ( )n
w ξ  could be further 

rewritten as 

( ) ( ) ( ) ( ) ( ) 2 12

11

i 1 i
j j

j j

j j

w P Q p qξ ξ ξ ξ Ω ξ Ω
∞∞

− − −

= =

= + = + +∑ ∑ ,                                                                               (37) 

where 

 ( ) ( ) ( ) ( )2 2 1

11

1 ,
j j

jj

j j

P p Q qξ ξ Ω ξ ξ Ω
∞ ∞

− −−

= =

== +∑ ∑ .                                                                                         (38) 

Substitution of Eq. (37) into Eq. (33) leads to 

( )
1

1 1

1

,

1

,

1

1 1
,

2 2

1
.

2

n

n n sn x s s n s

s

n x s

n

n s n

s

p q p q q

q p p q

p
−

−+ +
=

=

−

−

−


− − −


 = −

=



∑

∑
                                                                                                       (39) 

For ( ) cθ ξ = , the WKB method in this section results in a series solution of Eq. (12) shown as 

Eqs. (40) and (41): 

( )
2 3 4

2 4 6 8

1 1 1 5
....1

2 8 16 128

c c c c
w ξ

Ω Ω Ω Ω
= − − − − + ,                                                                                                (40) 

( ) ( )( )
2 3 4

3 50 7

i i i 5i
exp i exp i ....

2 8 16 128

c c c c
V w s ds

ξ
ξ Ω Ω

Ω Ω Ω Ω


= − − − − +=  
 

∫ .                                                    (41) 

In this case, it is easy to know 

( )
2 3 4

3 5 7

1 1 1 5
...

2 8 16 128
H

c c c c
Ω

Ω Ω Ω
ξ

Ω
− − − +−= .                                                                                             (42) 

The series Eq. (21) in Section 4 results in an exact solution with a concise form, i.e. 

( ) 2
H cξ Ω= − .                                                                                                                                           (43) 

If 
2

1
c

Ω
≤ , The Taylor expansion of the right side of Eq. (43) is exactly the right side of Eq. (42). 

It is not a surprise, because the series ( ) ( ) 2

1

1 j

j

j

P p ξ Ωξ
∞

−

=

 
=  

+


∑ is the Taylor expansion of 

( )H ξ

Ω
 at 

Ω = ∞ , which is one of the results in Section 4. So, we can expect that the convergent speed of the 

proposed series is faster than the WKB method.  
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Numerical comparison of the two methods 

In order to compare the two methods numerically, we first solve the problem with a special kind of 

non-uniform rod with variable cross-sectional area ( )
2

0 2
exp

cx
A x A

L

 
=  

 
. In this case one could obtain 

its exact solution of free axial vibrations with Kummer function, which is a special case of (Guo, 

2010; Ray, 1997). Using a transformation 
z

x L
c

= −  and substituting it into Eq. (5) yield Eq. (44):  

( ) ( ) ( )
2 2

2

1
0

2 4

U z U z
z z U z

z cz

Ω∂ ∂ + − − =  ∂∂  
.                                                                                                             (44) 

Its solution could be expressed by Kummer functions, which is shown as 

( )
2 2

1 2

1 1
KM , , KU , ,

4 2 4 2
U z c z c z

c c

Ω Ω   
= +   

   
,                                                                                                  (45) 

where 
1
c  and 

2
c are constants, ( )KM , , zα β and ( )KU , , zα β  are two kinds of Kummer functions. Using 

z
x L

c
= − , one can find 2z cξ= − . Then substituting it into Eq. (45), the mode function reads 

( )
2 2

22

1 2

11
KM , , KU , ,

4 2 4 2
U c c c c

c c

ΩΩ
ξ ξ ξ

   
= − + −   

   
.                                                                                          (46) 

Substitution of the boundary condition with two fixed ends Eq. (27a) into Eq. (45) yields Eq. 

(47): 
2 2

1

2 2
2

1 1
KM , ,0 KU , ,0

4 2 4 2
0

1 1
KM , , KU , ,

4 2 4 2

c c c

c
c c

c c

Ω Ω

Ω Ω

    
    
      =        − −        

.                                                                                                (47) 

one could find its mode frequency equation Eq. (48): 
2 1 3

KM , , 0
4 2 2

c
c

Ω 
+ − = 

 
.                                                                                                                                      (48) 

In this section, we calculate the mode frequency of the non-uniform rod in previous subsection 

with three methods, i.e. the proposed method in Section 4, the WKB method in Section 5 and the 

method using Kummer function in this section. For the boundary condition with two fixed ends, the 

proposed method in Section 4 leads to the frequency equation shown as Eq. (28). For the rod with 

variable cross- section area ( )
2

0 2
exp

cx
A x A

L

 
=  

 
, i.e. ( ) ( )2

0 expA A cξ ξ= , the fifth order mode 

approximate frequency equation of the proposed method is shown as 

( ) ( ) ( )

2 4 2 4 6 2
1

2 2 2

4322 2 20 2 2 2 2 2 2 2 2 2

/ 2 5 9 / 8 27 / 2

4
j

j
j jj

c c c c
n c c d

c c c c c c c c

ξξ
π Ω ξ ξ

Ω ξ Ω ξ Ω ξ Ω ξ

− −
= − − + + + +

− − − − − − − −
∫

, 1, 2,3,...n = .                           (49) 

As for the WKB method, the fifth order approximate mode frequency equation is shown as 

( ) ( ) ( ) ( )2 2 3 3 2 4 2 4 3

3 5 7

3 10 15 525 15 455 63 6300 2898 1323 35 1803

6 120 80641680

c c c c c c c c c c c cc c
nπ Ω

Ω ΩΩ Ω

+ − − + − + − − + + ++
= − − − − , 1, 2,3,...n = (50) 

Table 1   Mode frequencies with two fixed ends and 0.5c =  
Mode Number Kummer function Methods First order Third order Fifth order 

1 3.231130281 
The proposed. 3.233122144 3.231117984 3.231130556 

WKB 3.141592654 3.231284844 3.231128547 

2 6.329186675 
The proposed. 6.329438059 6.329186583 6.329186675 

WKB 6.283185308 6.329192064 6.329186672 

3 9.455600357 
The proposed. 9.455674941 9.455600352 9.455600357 

WKB 9.424777962 9.455601081 9.455600357 

4 12.58952819 
The proposed. 12.58955966 12.58952819 12.58952819 

WKB 12.56637062 12.58952836 12.58952819 
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The values in Tables 1 are calculated by Eqs. (48), (49) and (50). In this case, first order, third 

order and fifth order means the values in corresponding column are calculated by the first order, third 

order and fifth order approximation mode frequency equations. The values calculated by Kummer 

functions are the exact values. The three tables indicate that the convergent speed of the proposed 

method is faster than that of the WKB method, which is in a good agreement with the theoretical 

analysis in Section 5. Particularly, the first order approximation of the proposed method has a 

satisfactory accuracy. 

Conclusions 

The proposed method results in a series solution of the free axial vibration of non-uniform rods. The 

problem also could be investigated by the WKB method, which also leads to a series solution. 

The series solution of the WKB method could be seen as a Taylor expansion of the solution of 

the proposed method at infinity. In a special case, the series solution resulting from the proposed 

method is reduced to an exact solution with a concise form. However, the WKB method leads to a 

series with infinite terms. 

The comparison indicates that the WKB method is simpler. However, its convergent speed is 

slower than that of the proposed method, which is also validated numerically using an exact solution 

of a kind of non-uniform rod with Kummer functions. Particularly, the first order approximation of 

the proposed method has a satisfactory accuracy. 
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