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Abstract. The relationship of the kinetic fundamental parameters for both the prototype and model
are derived by employing the finite method. Based on the relations, the scaling laws of the thin
walled cylinder for the free vibration are found by applying the similitude transformation to the
governing equation. In the absence of the experimental data, the validity of the scaling laws is testi-
fied by numerical data. This is done by calculating theoretically the natural frequencies for free vi-
bration of the cylinders. By substituting the model frequencies in the scaling laws, the frequencies
of the prototype are obtained. Consequently, the frequencies of the model and prototype are com-
pared. Examples that one end of the thin walled shell is clamped and the other is simply supported
show exact agreement.

Theoretical solution

Compared with other mechanical structures, thin walled cylindrical shells have large quantities of
merits, such as strong stiffness, light-weight construction etc. Hence, they are widely applied in the
areas of aeronautics and astronautics. With lower experience and less time, Employment of simili-
tude theory to establish similarity between prototypes and models in designing thin walled cylin-
drical shells has become more important. Whereas in contrast, related studies are limited, and con-
centrated on free vibration response by using equation analysis based on Love Equation or Donnell
Equation[l][z]. This paper investigated scaling laws associated with kinetic fundamental parameters
like mass matrix, stiffness matrix and damping matrix, for thin walled cylindrical shells.

Considering a thin cylindrical shell, Assume the displacements are

u= Zu (z,t)cosmf

V:va(z,t)sinmﬂ . (1)

w= Z w (z,t)cosmf3

u is the displacement along the axis of revolution, v is the change of angle f of the normals and w is
in the radius direction along the radii of curvature.
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Fig. 1. The ring element

In this paper, ring elements shown in Fig 1 are employed to illustrate the method.’'Let displace-
ments of the element be expressed in the form of interpolation polynomial.
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U@zt=a +az
Vizt)=a +az (2)
Wzt)=a +az+ a7z2 + ale

Consequently, Displacements of any point in the ring element can be calculated by those of
the node i and the node j.

u, (z,0)
v (z,1) { = N&', 3)
w (z,1) '

Eq.3 is the general case that the shape function of the thin-wall cylindrical shell N is a matrix of £
and L, and o' is the column vector to express displacements of two nodes 7 and ; .

1-& 0 0 0 E 0 0 0
N=| 0 1-¢ 0 0 0 & 0 0
0 0 1-38 428 (E-2E+3E)L 0 0 38 -28 (£-&)L

T z
8 ={u (z,0) v (z0) w/(zn0) B.(z0) u/(z0) v (z0) w60 B (6,0} and &=—
y mj mj m L

In order to obtain the scaling laws composed of scale factors, only one item of each direction is
needed, however, they can be applied to the whole displacementsu, (z,t),v, (z,t),w, (z,t).The
formula can be written like Eq.4, and the strain-displacement relationship for cylindrical shells is
Eq.5:

u cosmd 0 0 0

ve=| 0 sinmd 0 0 [N . 4)

w 0 0 0 cosmb

Whereu ,vand ware the displacements of any point in the ring element. Substituting Eq.4 into
Eq.5"Y, another useful equation can be obtained.
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Hence, & =t, [B, cos m@ + B, sinmf]t,8°

where B; and B, are the matrices of m and & . Provided that two similar cylindrical shells have the
same circumferential half waves, Bin, and B, are equivalent respectively with m referring to the
prototype and p referring to the model, since £, and £, are dimensionless parameters.
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-1 0 0 0 1 0 0 0
0 m(l-¢)  1-387+2& E-28+¢& 0 & 3&-28 -&+&
B 0 0 0 0 00 0 0
1o 0 126 -6 4-6& 00 126 -6 6&-2
0 0 m (1-38"+2&) m'(E-28+&E) 0 0 m'(3E"-2&) m' (=& +&)
K 0 0 0 00 0 0 ]
0 0 0 00 0 0 1
0 0 00 0 0
-1+&m -1 0 —&m 1 0 0 0
B, = t,
0 0 0 00 0 0
0 0 0 00 0 0
0 0 (6£-6EHm (1-4E+38m 0 0 (6£°-65)m (3 —2E)m |
1 1 1111 11 a a
t =diag(1,1,—,1,1,—) t =diag(—,—,—,—,—,—) t =diag(l,1,—,1,1,—)
L L i L aa L a [ L L

Stiffness matrices of the local and global coordinates are the same in respect that local and global
coordinates are identical except z direction. In other words, the stiffness matrices can be trans-
formed in a feasible way.

K =['[7t/(B cosm0+ B, sinm6) D, (B, cosm+ B, sinm)t,Ird0dé
= [ (Bt'Dt B, +B!t'Dt B )t zlrd¢

where D is an elastic matrix, it is shown as follows.

1 u 0 0 0 0
u 1 0 0 0 0
1-u
0 0 0
2
Eh n uh’
D=——lo 0 0 -— -— 0
l-u 12 12
uh’ /'S
0 0 -— = 0
12 12
1—u)h’
0 0 0 0 _d-
L 12

Note that the elements in the 3rd and 6th row of B; are all zeros, while the rows of B, that are not
zeros are only the 3rd and 6th rows. K® can thus be interpreted as anther form.

K= [ ¢/B'¢'Dt Bt zlrds
0 -

Finally, the mass matrix M, the stiffness matrix K® and the damping matrix C° can be extrapolated
as follows.

M = [ [N piiNIrd6d = mphia || N'Nag
K = j t'B't Dt Bt zlrd¢& = ﬁlajolt:B'tletthlﬂlrdf
C = [ ["N'vANIrd6ds = zviia| N'Nag
The similitude relationships of N between the model and prototype can be easily found.

(6)

N =NT.

Pt
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where T is the diagonal matrix. Above all, the scaling laws of mass matrices and damping matrices
for both the prototype and model can be written:
M =T'CCCCMT. (7)
C =T'CCCCCT. (8)

T, describes the relationships between the prototype and the model.

L L
T = diag(1,1,1,=,1,1,1,—=)and T, = diag(—,—,—,—,— ,—)
L L L

P p m m m m m m

The stiffness of the prototype and model can be written respectively:

K = ﬂla.[oltTB;tZDptzBmtldf . )

K =zla| TtB't T'D TtB tTdt . (10)
If K,,° and K,° have similar relationships, T,'D, T, has to be the same with or several times by a
constant than D, so doesB | andBp . If C,=C;, C,=1, through a set of simplifications, we can ob-
tain:

, C
TDT=—D
- C

I

p

if C,=C, ,thenK’ =T'C.CK'T'
The mass matrix M, the stiffness matrix K and the damping matrix C are integrated by those of the
elements in sequence of element numbers. Hence:

M=)>M =TMT (11)
K=Y K =T'K,T (12)
C=).C =TCT (13)

where T = diag(T,, T, ....., T,

00

L
yand T, = diag(1,1,1,—)
L

Eq.1 yields that n is determined by un(s,f), and the necessary condition that the mode shapes of the
model and prototype are similar is ny, and n, have to be identical. Accordingly, the scaling laws
concerning M, K and C are obtained in the following form.

M =CCTMT (14)
K =CCTKT (15)
C =CCTCT (16)
C =1C=1C =1 (17)

Similitude of natural frequencies and mode shapes
]

The governing equation without damping is.[®
M5+ Kd = 0 (18)
the solution is assume to be & = &sin wr , Substituting the solution in Eq.18 results.
(K-o'M)5=0 (19)
Utilizing Eq.14 to Eq.17and Eq.19,we can express the scaling laws related to frequencies.

L5 (20)
c\c

CW =

P
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Since the governing equations are equivalent and the boundary conditions are the same between
models and prototypes, the mode shapes are certain to be the same.

Table 1 Geometrical parameters of the thin walled cylindrical shells

Length 1 Thickness /% | outer diameter D | Young’s modulus | Poisson's ratio | Density p

(m) (m) (m) E/Pa n Kg/m’
Prototype | 0.1 0.272 0.002 1.09x10" 0.34 4440
Model 1 | 0.05 0.136 0.001 1.09x10" 0.34 4440
Model 2 | 0.025 0.136 0.001 1.09x10" 0.34 4440
Model3 0.05 0.068 0.001 1.09x10" 0.34 4440
Model 4 | 0.05 0.136 0.002 1.09x10" 0.34 4440
Model 5 | 0.05 0.136 0.001 1.09x10" 0.34 8880
Model6 0.05 0.136 0.001 2.18x10" 0.34 4440
Model 7 | 0.05 0.136 0.001 1.09x10" 0.17 4440
Validation by FEM

One prototype and several models are designed to verity the correctness of Eq.9, Table 1 contains
the parameters of the prototype and models. The boundary condition is one end is clamped and the
other is simply supported. Numerical experiments are done.

Observing mode shapes of different orders, the number of axial half waves are all 1,whreas the
number of circumferential waves is displayed in Table 2, we can see that only model 2, model 5 and
model 6 have similar relationships with the prototype. This extrapolates that if identical parameters
of two thin walled cylindrical shells can be converted to each other, the geometries must have the
equivalent scale factors and u# must be identical, while the material properties £ and p are not con-
straint.

Table 2 The five orders of natural frequencies of scaled cylinder shells

1 2 3 4 5
The prototype 904.11 914.83 942.47 976.06 1019.0
Model 1 1808.2 1829.7 1884.9 1952.1 2038.0
Scale factor 2.0000 2.0000 2.0000 2.0000 2.0000
Model 2 3589.8 3614.4 3634.4 3707.3 3747.1
Scale factor 3.9705 3.9509 3.8563 3.7982 3.6772
Model 3 2577.1 2603.3 2991.4 3016.3 3634.2
Scale factor 2.8504 2.8457 3.1740 3.0903 3.5664
Model 4 2517.5 2569.3 2632.6 2792.7 2889.2
Scale factor 2.7845 2.8085 2.7933 2.8612 2.8353
Model 5 1278.6 1293.8 1332.9 1380.4 1441.1
Scale factor 1.4142 1.4143 1.4143 1.4143 1.4142
Model 6 2557.2 2587.5 2665.7 2760.7 2882.1
Scale factor 2.8284 2.8284 2.8284 2.8284 2.8284
Model 7 1816.8 1855.0 1879.0 1997.7 2017.9

Scale factor 2.0095 2.0277 1.9937 2.0467 1.9803
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Conclusions

The similitude on kinetic fundamental parameters for thin walled cylindrical shells has been inves-
tigated in this paper, and simple scaling laws of natural frequencies and mode shapes emerge, which
have been found in an excellent agreement with numerical simulations. The sufficient and necessary
conditions for two similar cylindrical shells are that their geometrical sizes must be proportional to
each others.

Table 3 Circumferential waves of thin walled cylinderical shells
1"order 2™order 3“order 4™order 5™ order

The prototype 9 8 10 7 11
Model 1 9 8 10 7 11
Model 2 10 11 9 12 8
Model 3 5 6 7 4 8
Model 4 7 6 8 5 9
Model 5 9 8 10 7 11
Model 6 9 8 10 7 11
Model 7 9 8 10 7 11
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