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Abstract. Bijective soft set is a valid approach for data mining and data analysis. This paper
extends the notion to interval-valued fuzzy soft set, which can deal with more uncertain problems.
The concept of bijective interval-valued fuzzy soft set is introduced and in the meantime, some of
its operations and properties are discussed and studied.

Introduction

Soft set theory, proposed by Molodtsov [1], is a newly-emerging tool to deal with uncertainties. In
recent years, research on soft set theory has been active, and great progress has been achieved,
including the works of the using of fundamental soft set theory and soft set theory for data analysis
under incomplete information [2], decision making problems [3,4], normal parameter reduction [5].

However, in real life many problems are imprecise in nature. Classical soft set theory is not
capable of successfully dealing with such problems. The purpose of this paper is to combine
bijective soft sets [6] and interval-valued fuzzy sets [7], which generates an alternative approach for
precise data mining in interval-valued fuzzy environments.

Preliminary

Soft sets
Let U be a common universe and let £ be a set of parameters.
Definition 1 [1] A pair (F,E) is called a soft set (over U ) if and only if F is a mapping of E

into the set of all subsets of the set U , where F is a mapping given by F:E — P(U).

In other words, the soft set is a parameterized family of subsets of the set U . Every set
F(¢)(¢ e E), from this family may be considered the set of & -elements of the soft sets(F,E), or as

the set of ¢ -approximate elements of the soft set.
Example 1 Let universe U = {h,,h,,h,,h,} be a set of houses, a set of parameters E = {¢e¢,,e,,¢,} be

a set of status of houses which stand for the parameters “beautiful”, “cheap”, “in green
surroundings”, and “in good location” respectively. Consider the mapping F be a mapping of £ into
the set of all subsets of the set U. Now consider a soft set (F,E) that describes the “attractiveness of

houses for purchase”. According to the data collected, the soft set (F,E) is given by

(F,E) ={(e;,{h,hy, by}, (e, {hy, hy}),

CRUNCHNCRUNN A
where F(e)={h.h.h},F(e,)=1{h.h} F(e,)={h,h} and F(e,)={h.h.h,}.
Interval-valued fuzzy soft sets
Let U be a common universe and let £ be a set of parameters.

Definition 2(see[8] ) Suppose Ac E. Let o(U)be the set of all fuzzy subsets inU . A pair (o, 4)
is called a fuzzy soft set overU , where 7 is a mapping given by F: 4 — p(U).

Definition 3 [7] A pair (§,E)is called an interval-valued fuzzy soft set over((U), where & is a

mapping given by p: E —» £(U) .
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Suppose thatp(e) e £(U), vxeU, Hoo (%) = [ Hio (%) 125 (x)} is called the degree of membership an
clement x top(e). ooy (), yg,(e) (x) are the lower and upper degrees of membership x to o (e) where
0 st (%) < a5y (¥) <1.

Bijective soft sets

Definition 4(see [6]) Let (F,B) be a soft set over a common universeU , where F' is a mapping

F:B— P(U) and B is nonempty parameter set. We say that (F,B) is a bijective soft set, if (F,B)
such that

1) UFe=U.

B

(i) For any two parametersee € Bie, = e, F(e)NF(e,) =2 .

To illustrate this definition, we gave an example below.

Example 2 Suppose that U = {z,,2,,z,,2,,2,,7,2,} is a common universe, (F,E) is a soft set over
U, E={e,e,e,e} . The mapping of (F,E) is given below: F(e)={z,z, =} Fle,) = {z,z,,z,},
F(e,) ={z,},F(e,) = {x,,x,, 2,2 } .From Definition 4, (F,{ee,e}) and (F,{e,e }) are bijective soft
sets. While (F,{e,e,}) and (F,{ee,}) are not bijective soft sets.

Bijective interval-valued fuzzy soft sets and its properties
To formulate the concept of bijective interval-valued fuzzy soft set, we will give an example
below firstly. And it will be used to illustrate some notions of this section.

Example 3 Let U = {z,7,,7,,7,,7,,7,} be a common universe, is a set of six stores. Suppose that
the six stores are characterized by a interval-valued fuzzy soft set (p, F) over a common universe U .
E denotes the parameter set, E=FE UE, UE UE, . E describes the empowerment of sales
personnel. E, describes the perceived quality of merchandise. E, describes the high traffic location.
And E, describes store profit or loss. The sets of these parameters are £ = {high, med., low}, £,
={good, avg.}, E,={no, yes} and E, ={profit, loss}, respectively. And (o, £,) is soft subset of (p, E),

where i = 1,2,3,4.The mappings of two interval-valued fuzzy soft sets over U are shown in Table 1
and Table 2.

Table 1 The interval-valued fuzzy soft set (5, )

high med low
X, [0.7.0.8] [0.2,0.4] [0.2,0.4]
X, [0.5,0.6] [0.7,0.9] [0.6,0.8]
X, [0.5,0.7] [0.8,0.9] [0.5,0.7]
X, [0.2,0.4] [0.5,0.6] [0.7,0.9]
X, [0.6,0.8] [0.7,0.9] [0.5,0.6]
X, [0.7,0.9] [0.5,0.6] [0.2,0.3]
Table 2 The interval-valued fuzzy soft set (5,.2,)
profit loss
X, [0.8,1.0] [0.2,0.4]
X, [0.5,0.6] [0.7,0.9]
X, [0.8,0.9] [05,0.7]
X, [0.2,03] [0.8,0.9]
X, [05,0.7] [0.8,0.9]

X, [0.7,0.9] [0.5,0.7]




Advanced Engineering Forum Vols. 6-7 375

Concept of bijective interval-valued fuzzy soft set

Definition 5 Let($,E) be an interval-valued fuzzy soft set over universe{(U), x be an element
of U and e be a parameter of £ . Suppose that p(e) e £(U), VxeU, o) (x)= [ Hie) (x), i) (x):| is called
the degree of membership an element x tod(e). u, (%), 4, (x)are the lower and upper degrees of
membership x to {(e) where 0=, (x) <4, (x)<L1. &lvl(e) denotes the characteristic function of

the [#,,1,]-level of the interval-valued fuzzy soft set ({,E), defined by

§[’1’tZ] ©-= 1 ifg < ,L;(;(E) (x), ,L;;(E) (x) 21,
’ else (1)

where0 <t <t, <1.
Example 4 Consider Example 3, suppose that we obtain the [1,z,]-level soft set (F,E)of the
interval-valued fuzzy soft set(p,E) as follows:

F, (high) ={1/x,,0/x,,0/x,,0/x,,0/x,,1/x}, F (med.)={0/x,1/x,,1/x,,0/x,,1/x;,0/ x},
F (low):{O/xl,O/xz,O/x3,1/x4,0/x5,0/x6}, E, (good):{l/xl,l/xz,l/x3,0/x4,0/x5,0/x6},
F,(avg)=1{0/x,,0/x,,0/x,,1/x,,1/x,,1/ x}, F3(n0): {1/ x,1/x,,1/x,,1/x,,0/ x,,0/ x,},

Fy(yes)={0/x,,0/x,,0/x,,0/x,,1/x,,1/x}, F, (profit) = {1/x,,0/ x,,1/x,,0/ x,,0/ x;,1/ x;},

F,(loss)={0/x,,1/x,,0/ x;,1/x,,1/x,,0/ x},

where [7,1,]-level equals to [0.7,0.8] .

Definition 6 Let (F,B) be the [7,7,]-level soft set of a interval-valued fuzzy soft set(p,B) over a
common universeU , B is a nonempty parameter set. We say that (o,B)is a [1,,,]-level bijective
interval-valued fuzzy soft set, if and only if (F,B) is a bijective soft set.

Example 5 Let us reconsider the interval-valued fuzzy soft sets given in Example 4. From
Definition 6
Definition 6, (¢,,E,) i=1,2,3,4, are bijective interval-valued fuzzy soft sets respectively.

Theorem 1 Suppose that (,4) and (£, B) are two[r,t,]-level bijective interval-valued fuzzy soft
sets over common universeU . (¢,C) = (p,A) A (C,B) is a [1,,1,]-level bijective interval-valued fuzzy

soft set.
Theorem 2 Suppose that (o, 4) 1s a [1,1,]-level bijective interval-valued fuzzy soft set over U

and (£,B) is a Null soft set overU. (¢,0)=(p,4)U((,B)is a [14,1,]-level bijective interval-valued

fuzzy soft set.
Some operations on bijective interval-valued fuzzy soft sets
Definition 7 The mean bijective interval-valued fuzzy soft set of the [7,7,]-level bijective

interval-valued fuzzy soft set (p, ) is defined as a fuzzy soft set ({,,, £) over U such that

m?

0,(e)= {(x7(#£;(£») (x)+ ﬂ;(@) (x))/2):xeU},VeeE (2)

Hiogo (9) + i (%)
2
Here, vx eU, ,u(;(e) (%), y;(e) (x) are the lower and upper degrees of membership of x to @(e),
0< (%) < ;z;(e) (x)<1.
Definition 8 Suppose that((,E) is a [1,t,]-level bijective interval-valued fuzzy soft set over £(U)

Denote v, (x) =

,Vee E xeU

,(#,,E)1s the mean bijective interval-valued fuzzy soft set of (¢,E), and (F,E)is a [1,,1,]-level soft
set of (p,E), a product of (,,
valued fuzzy soft set of (¢, E£) , denoted by (p, E) and defined by

E)and (F,E) is called the combined [,,7,]-level bijective interval-
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Pule) i (e)=1

,Vee E, U 3
0 =0 ©

A(O(e)[r, 41 = {

Definition 9 Suppose that (p,£) is a [1,t,]-level bijective interval-valued fuzzy soft set over

£(U) .(p,E) is a combined|r,,]-level bijective interval-valued fuzzy soft set of (p,E). Then the
total membership degree of (p, F) can be defined as:

T(e)[r.m => v, (x)[r,,:z] , forallecE. 4)

xeg(e)

Here,U (x)= /‘(;(g)(")+/"§(e)(x) ,VeeE xeU.
" 2

Definition 10 (restricted AND operation on a bijective interval-valued fuzzy soft set and a subset
of universe) Let U ={z,,7,,...,7, } be a common universe, and £(U)be the set of all fuzzy subsets in
U.X be a fuzzy subset of U, and (p,E) be a [1,1,]-level bijective interval-valued fuzzy soft set
over £(U) . The operation of “ ({,E) restricted AND X » denoted by (p,E)AX is defined by
Ulple), . ole), ,, € X}

Pale) ireH(e)=1
0 irele)=0
Example 6 Let ({.4) be a [4,4,] -level bijective interval-valued fuzzy soft set over {(U)

{(U) ={0.90 / 2,,0.85 / z,,0.90 / ,,0.90 / z,} . Suppose the following:
(24)={{090/x},6,{085/x,,090/x,},,{090/x,}} X ={0.90/x,,90/x,}

From Definition 10, we can write (, 4) A X ={0.85/x,,0.90/x,} .

Dependency between two bijective interval-valued fuzzy soft sets

Definition 11 (dependency between two bijective interval-valued fuzzy soft sets) Suppose that
(©, 4),(C.C) are two [1,,1,]-level bijective interval-valued fuzzy soft sets over a common universe U ,

where ANC=2 . (¢.P)=J(#.4)al(e) . (§.4) is said to depend on ((,C) to a degree

eeC

<1), denoted ((p,4)=, ((,0), if

Here, go(e)mm —{ ,Vee E,xeU

ko @<k,

N A1)
k[t],tz] - y[t] ‘,2] (((@a A)a (ga C)) - ( ]:(a) \J[Il)tz] (5)

where f(a)[t_,zf Z Um(x)[n,tz]

xeg(a)

; +ul
0, (x) _ Hoe) (x) - He) (x)
T(p), .= 2 Un(x),,, ( see Definition 9).

xeg(p)

b

The concept of dependency is to describe a degree of bijective interval-valued fuzzy soft set in
classifying the other one.

If K, =1wesay (p,4) is full depended on(¢,0).
If & | =0wesay (,4) is not depended on (¢, 0).

[t 4,
Example 7 Let us reconsider the [1,7,]-level bijective interval-valued fuzzy soft sets given in
Example 4. From Definition 11, we can getk,, ., = ;04 (&1, £, (9, E,)) = 0.4895 .
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Bijective interval-valued fuzzy soft decision system and its reduction sets

Definition 12 (bijective interval-valued fuzzy soft decision system) Let set U ={x,,z,,...,z } be a
common universe, and ¢ (U)be the set of all fuzzy subsets in U .Suppose that (5., E.) (i =1,2,3,...,n)
are n [t.1,] -level bijective interval-valued fuzzy soft sets over Z(U) , where any
ENE, =&(i=123,..m)=123,.mi= )) .(E,B)is a [t.1,]-level bijective interval-valued fuzzy soft
set over a common universeU ,BNE. = @(i = 1,2,3,...,n), and we call it the decision soft set. Suppose

(©.E)=U_(p,E).The triple ((E),(C,B),U), ,, is called[4,s,]-level bijective fuzzy soft decision

[t
system over a common universe U .
In Example 4, we can consider a [1,1,] -level bijective fuzzy soft decision system

(O (9, E), (94, E,),U )y, 5 - This bijective fuzzy soft decision system set describes the profit ability
of stores and other information.

Definition 13 (bijective interval-valued fuzzy soft decision system dependency) Let
(. E),(C,B), U)o be a [1,1,]-level bijective fuzzy soft decision system, where (¢,E)=J.,(¢,,E,) and
(9, E) 1s[1,,t,]-level bijective interval-valued fuzzy soft set. (5, ) is called condition soft set. The
[t,1,] -level bijective fuzzy soft dependency between (&,,E)A($,,E)A...A(P,.E,) and ({,B) is
called [1,1,]-level bijective fuzzy soft decision system dependency of ((p,E), (&,B),U V] denoted by

and defined by «;, ., =7, .,(AL (D, E) (£, B)) .

i,

| ’l]“heorem 3 Let ((@,E),(E,B),U)[t]’tz]be a[z,t,]-level bijective fuzzy soft decision system, where
@E)=U"(p,.E) and (§,,E) is[t.t,] -level bijective interval-valued fuzzy soft set. K] is the
bijective fuzzy soft decision system dependency of ((p,E),( .B),U), ;- The dependency between
AL (5, E), wherem<n , and (£,B) is 7[,,,&](&-";(17,-,5,-),(5,B))~And Vi N @ B (BN < Ry -

In other words, the condition soft set can explain the most detailed classification of decision
interval-valued fuzzy soft sets. And removing some bijective interval-valued fuzzy soft sets, it may
lose some information of the decision interval-valued fuzzy soft set.

Definition 14 (Reduction of bijective fuzzy soft decision system) Let ((p,E),(C,B), U, bea [t.1]
-level bijective fuzzy soft decision system, where (¢, E)=U.,(@,,E) and (@, £,) is [t,t,]-level fuzzy
bijective soft set, U~ (¢,,E) S (,E). Kl is the bijective fuzzy soft decision system dependency of
(@,E),(¢,B), Uy If Vi) (A (#,,E),({,B)) =Kj,.,] We say UL (9,,E;) 1s a reduct of a [1,1,] -level
bijective fuzzy soft decision system (({,E), (<, B),U D] -

Definition 15 (Significance of bijective interval-valued fuzzy soft sets to decision bijective

interval-valued fuzzy soft set) Suppose that (U" (¢, E),(C, B),U)[f_q] is a [1,1,]-level bijective fuzzy

soft decision system. The significance of bijective interval-valued fuzzy soft set to decision
bijective interval-valued fuzzy soft set, denoted atl)tﬂ(({o‘,,Ej),Q,.”:l(gb,.,E,.),(g,B)), is defined as
1, (@55 ), UL, (1 ED (B = iy =, (G0, (C, B)) ,where (6,C) = AL (9, E) (i # /).

Definition 16 (Core bijective interval-valued fuzzy soft set of decision soft set) Suppose that the
[1.1,] -level bijective interval-valued fuzzy soft set (¢,C) belong to every reduct of [7,s,]-level

bijective fuzzy soft decision system (({,E),( ,B)U), .- We say (¢,0) is a core [1,t,]-level bijective
interval-valued fuzzy soft set of (@, E).(£,B),U D] -
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Definition 17 (Decision rules in bijective fuzzy soft decision system) Let ((p,E),((,B),U )[t‘ be a

b
[t.,t,]-level bijective fuzzy soft decision system, where (5, E)=U" (p,E) and (,.E,) is a [4.1,]-
level bijective interval-valued fuzzy soft set, U" (9, E) C (§,E)is a reduct of [1,7,]-level bijective
fuzzy soft decision system ((5,£).(C,B).U), ,, -Suppose that (¢,C)= A" (¢, ). We call if ¢, then e, (
T(e),., /T (e, )[M) a decision rule induced by U (£,.E ), where ¢ eC and ((e,) 2 (e,) and ¢, e B

and7(c,), /T(e)  denotes the coverage proportion of rule. .

[0.12]

Conclusion
This paper proposed the concept of bijective interval-valued fuzzy soft set and described the
restricted AND operation of it, based on [z, ]-level soft sets. Afterwards, we defined a bijective

interval-valued fuzzy soft decision system, and studied some correspondent data mining techniques,
such as dependency, reduction and decision rules.
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