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Abstract. In this paper, the problem of stability analysis of uncertain distributed time-delay systems is
investigated. Systems with norm-bounded parameter uncertainties are considered. By taking suitable
Lyapunov-Krasovskii functional and free weighting matrices, a delay-dependent sufficient condition
is derived in terms of linear matrix inequality (LMI). The condition obtained in this paper can be
tested numerically very efficiently using interior point algorithms.

Introduction

Over the past decades, time-delay systems have been extensively studied because of their important
applications. It is well known that time-delay frequently occurs and is a major source of instability and
poor performance. Therefore, much effort has been invested in the analysis of time-delay systems
[1-5]. As is well known now, stability is one of the main properties of uncertain distributed time-delay
systems. On the other hand, it has been recognized that the time delay often occurs in distributed
systems, and may cause oscillation and instability. Thus, the problem of stability analysis for
uncertain distributed time-delay systems has become a topic of great theoretic and practical
importance in the literature.

The existing stability conditions can be classified into two types: delay-dependent stability
conditions and delay-independent stability conditions. Generally speaking, delay-dependent stability
conditions are less conservative than delay-independent ones, when the size of time delay is small.
However, few results have been investigated to the problem of stability for uncertain distributed
time-delay systems, which exists room for further study.

In this paper, the problem of delay-dependent stability criterion for uncertain distributed
time-delay systems is considered. By choosing suitable Lyapunov-Krasovskii functional and using
free weighting matrices, new delay-dependent stability criterion is derived to guarantee the stability of
the uncertain distributed time-delay systems. The obtained criterion is in terms of LMI, which can be
solved efficiently by using the Matlab Toolbox.

Problem statement

Consider the following uncertain distributed system with time-varying delay

{x(t) = (A+ A(£)x(1) + (B + AB()x(t = h() + (C+ AC@) | t_h(t)x(s)ds 0

x(t)=o(t), se[-h,0]

where x(¢) € R" is the state vector, 4, B and C are constant matrices with appropriate dimensions.

AA,AB and AC denote the parameter uncertainties satisfying the following conditions:
[AA ABAC]=DF@)[E, E, E,]
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where D, E,, E, and E, are constant matrices with appropriate dimensions and F(¢) is an unknown
time-vayring matrix satisfying F’ (¢)- F(t)<1. ¢(¢) is the initial function of the system. The time
delay, /() , is a time-varying continuous function satisfying

0<h(t)<h, h(t)<d, V>0
where 4 and d are constants.

In the following, we will develop stability criterion for the system described by (1). The following
lemma is useful in driving the criterion.

Lemma 1(Schur complement) Given constant symmetric matrices X, %,, %, where X, =X and
0<%, =30, then =, +2I%)'S, <0 ifand only if

) >r -2, X
! 3 |<0 or Tz <0
, -Z, 2z

Lemma 2(|2]) For any positive definite matrix M >0, scalar » >0, and vector function

x:[0,y]— R", such that the integrations concerned are well defined, the following inequality holds:

( joy x(s)ds)" M ( joy x(s)ds) < y joyxT(s)Mx(s)ds
Lemma 3([4]) Given appropriately dimensioned matrices y, H,G with w=w’ | then
w+HF)G+G'F"(t)H" <0 holds for all F(¢) satisfying F' (1)F(t)< I, if and only if for some
>0, w+eHH +£'G'G<0.

Main result

In this section, we will investigate the stability condition for system (1).
Theorem 1 Given scalars #>0 and d >0, if there exist symmetric positive definite matrices
P,0Q,Z,,Z,, any matrix M, N, H with appropriate dimensions, and a scalar & >0 such that the

following LMI holds:

W, ¥, MC+¢E'E, -M+P+A"H" MD]

* w, NC+eE]E, -N+CH" ND
Y=l —%+8E3TE3 C'H' 0 [<0

* * ¢ ~-H+H"+hZ, HD

_* % % % —g[_

where
W, =Q+hZ, +MA+A"M" —%JrgElTEl,

‘{’12:%+MB+ATNT+5E1TE2,

¥, =—(1-d)Q+NB+B'N' —%+ ¢E]E, .
Proof. Construct a Lyapunov-Krasovskii functional candidate as
Vo) = OPx)+ [ | & ©0xs)ds+ [ [ & (9Zxs)dsdo+ [ [ & (9)Z,k(s)dsd0

where P>0,0>0,Z, >0,Z, >0 are matrices to be determined. Taking the time derivative of V()
along the state trajectory (1) yields
V(t)=2x" (t)Px(t) + x" (1)Ox(t) — (1 - h(£))x" (¢t — h(1))Ox(t — h(t)) + hx" (t)Z,x(¢)

+hi (02,50 - | t_h x (5)Z,x(s)ds — | ’_h i (5)Z,%(s)ds
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<2x" () Pi(t) + x" ()Ox(t) — (1= d)x" (t — h())Ox(t — h(t)) + hx" () Z,x(t)
+ i (6)Z,5(0) - [ ’_hm x (5)Z,x(s)ds - | ’_hm &7 (5)Z,%(s)ds )

Applying lemma 2 to the last two integral terms in (2) and after simple manipulations, we have

—tm)(mzmﬂw<—agqhm(»i>zq x(s)ds)

—h(1))

S—%(J:th(t)x(s)ds)TZl(_‘:t x(s)ds)

- X (S)Z x(s)ds < ——(I

—h(t)

X(s)ds)" Z,( j %(s)ds)

h() h(1))

- _%[XT(Z‘)—xT(f—h(f))]Zz[xT(t)—xT (t=h()]

For any matrices M, N, H with appropriate dimensions, the following equation is true
2x" ()M +x" (t—h(@))N +x" (£)H]-[(A+ AA(1))x(t) + (B + AB(t))x(t — h(?))
+H(C+ACW)| t_hm x(5)ds —x(f)] =

Hence, according to (2)-(5), we can obtain

V()< ET(OITE()

where
EO=1x" O ¢=h@) [ ¥ (5)dsF (O],

T, T, M(C+AC®t)) —M+P+(A+AA@) H |
x T, N(C+AC()) —N+(B+AB() H'

= :
¥ —% (C+AC(t) H"
R * —H-H" +hZ,

I, =0 +hZ + M(A+AA@t) +(A+AA@)) M" _4

b

IT,, :%JFM(BJFAB(t)) ,
I,, =—(1-d)Q+ N(B+AB(t))+ (B +AB(t))' N _4

Notice that by applying Schur Complement and lemma 3, 1< 0 is equivalent to
[ z Z

+¢[E, E, E, 0 O][E, E, E, 0 0]<0

By simple manipulations, the inequality (6) is equivalent to ¥ < 0, which completes the proof.

Q+th+MA+ATMT—72 72+MB+ATNT MC -M+P+A"H" MD
* _(1-d)0+NB+B'N' - %2 NC -N+CH' ND
h
* * —% C'H" 0
% * * —-H+H" +hZ, HD
* * * * -l

3)

(4)

()

(6)
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Conclusions

This paper is concerned with robust stability analysis for distributed time-delay systems with
norm-bounded time-varying parameter uncertainties. Applying Lyapunov-Krasovskii functional and
free weighting matrices, a new robust stability analysis criterion has been given in terms of LMI,
which is dependent on the size of the time delay and can be easily verified by Matlab LMI toolbox.
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