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Abstract. The present study is focused on the mixed convection fluid flow through a porous medium,
when a different amount of nanoparticles is added in the base fluid. The nanofluid saturates the porous
matrix and different situations of the flow between two walls are presented and discussed. Alterna-
tively mathematical models are presented and discussed. A solution of a system which contains the
momentum, Darcy and energy equations, together with the boundary conditions involved, is given.
The behavior of different nanofluids, such thatAu−water,Ag−water and Fe−water is graphically
illustrated and compared with the previous results.

The research target is to observe the substantial increase of the thermophysical fluid properties,
when the porous medium is saturated by a nanofluid instead of a classical Newtonian fluid.

Introduction

Because the conventional heat transfer fluids including oil, water and ethylene glycol mixture, are
poor heat transfer fluids, an important and innovative technique, for improving heat transfer, was
considered in the last years. The general technique, known as nanotechnology, is related in this study
to nanofluids. The term nanofluid refers to regular fluids with suspending nanoscale particles. Choi [1]
has introduced the first these notions. The nanofluids attracted the interest of many researchers, due
to their potential for the high rate of heat exchange incurring either little or no penalty in the pressure
drop. The nanoparticles are different from conventional particles (millimeter or micro-scale) in that
they stay in suspension in the fluid and no sedimentation occurs.

Several studies on fluid flows through porous media were recently reported ([2, 3, 4]), many other
are related to nanofluids ([5, 6, 7]). Some research paper include thermal conductivity (Kumar et al
[8]), separated flow (Abu-Nada [9]) and convective heat transfer ( Tiwari and Das [10]). Eastman et
al. [11] showed the particle size effect and the potential of nanofluids with smaller particles. Important
references on nanofluids are given in the recent book by Das et al. [12] and in the review paper by
Buongiorno [13].

The thermal performances of the nanofluids are required in many industrial fields, such as: elec-
tronic cooling applications, chemical sectors, ventilation, medical sectors for thermal therapy of cancer
treatment, etc.

Problem presentation

Consider the mixed convection flow of a nanofluid in an inclined infinitely long two-dimensional
channel bounded by parallel plane walls and filed with a fluid-saturated porous medium. The x axis
is considered up lengthways and the y axis is oriented into the channel. The viscous fluid and the
porous media properties are constant, except for the variation of density in the buoyancy term of the
Darcy equation. The flow is fully developed and steady. An uniform upward streamwise velocity at
the channel entrance is considered and an uniform heat flux qw is given at the walls, see Fig. 1.
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Fig. 1. A schematic diagram of the physical model for the vertical and inclined plates, respectively.

Mathematical models

The problem presented above is approached from two ways by taking into account important termo-
physical properties of the entire system and adapting, for the particular problem, mathematical models
from the reported literature.

Conservation equations for a porous medium saturated by a nanofluid
We consider, first, a general model for a nanofluid instead the classical Newtonian fluid, see Cim-

pean [14]. It is assumed that nanoparticles are suspended in the nanofluid using either surfactant or
surface charge technology. This prevents particles from agglomeration and deposition on the porous
matrix. A two-dimensional problem of a steady flow is considered . We select a coordinate frame
in which the x-axis is aligned vertically upwards and take a vertical plate at y = 0. At this bound-
ary, the temperature T and the nanoparticle fraction ϕ take constant values Tw and ϕw, respectively.
The ambient values, attained as y tends to infinity, are denoted by T1 and ϕ1, respectively. The
Oberbeck-Boussinesq approximation is employed. Homogeneity and local thermal equilibrium in the
porous medium is assumed, as for the previous case. We consider a porous medium whose porosity is
denoted by ϵ and permeability byK. The Darcy velocity is denoted by v = (u, v). The following four
field equations, namely the conservation of total mass, momentum, thermal energy, and nanoparticles,
respectively, are considered. The field variables are the Darcy velocity v, the temperature T and the
nanoparticle volume fraction ϕ (see Nield and Kuznetsov [15]).

r � v = 0 (1)

µ

K
v = −rp+ fϕρp + (1− ϕ)ρf [1− β(T − T0)]gg (2)

(ρc)fv � rT = kmr2T + ϵ(ρc)p[DBrϕ � rT + (DT/T1)rT � rT ] (3)

1

ϵ
v � rϕ = DBr2ϕ+ (DT/T1)r2T (4)
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Here ρf , µ and β are the density, viscosity, and volumetric expansion coefficient of the fluid, while
ρp is the density of the particles. The gravitational acceleration is denoted by g. We have introduced
the effective heat capacity (ρc)m, and the effective thermal conductivity km of the porous medium.
The coefficients that appear in Eqs. (3) and (4) are the Brownian diffusion coefficient DB and the
thermophoretic diffusion coefficient DT . Details of the derivation of Eqs. (3) and (4) are reported by
Buongiorno [13] and Nield and Kuznetsov [15].

Considering the velocity v = (u, v), the boundary conditions are:

v = 0, T = Tw, ϕ = ϕw at y = 0 (5)

u = v = 0, T ! T1, ϕ ! ϕw as y ! 1 (6)

First model By following the considerations from the above paragraph, we consider now the fully
developedmixed convection flow of a nanofluid between two parallel plates filled by a porousmedium
(see Fig.1) and write the governing equations of a nanofluid corresponding to the given problem, as:

∂u

∂x
+

∂v

∂y
= 0 (7)

∂p

∂x
+

µ

K
u = −fϕρp + (1− ϕ)ρf [1− β(T − T0)]gg sin γ (8)

∂p

∂y
= −fϕρp + (1− ϕ)ρf [1− β(T − T0)]gg cos γ (9)

u
∂T

∂x
= αm

∂2T

∂y2
+ ϵ

(ρc)p
(ρc)f

[DBrϕ � rT +
DT

T0

(
∂T

∂y
)2] (10)

1

ϵ
u
∂ϕ

∂x
= DB(

∂2ϕ

∂x2
+

∂2ϕ

∂y2
) +

DT

T0

∂2T

∂y2
] (11)

The equations (7)-(11) are to be solved subject to the boundary conditions:

v = 0,
∂T

∂y
= − q

k
, ϕ = ϕ1 on y = 0 and v = 0,

∂T

∂y
=

q

k
, ϕ = ϕ2 on y = D (12)

Second model The problem of the mixed convection flow of a nanofluid between parallel plane
walls filled with a fluid-saturated porous medium is considered now from a different perspective (see
the paper by Cimpean and Pop [16] ). We cosider the same conditions and the geometric configu-
ration of the flow, see Fig.1. The nanofluid and porous media properties are constant except for the
variation of density in the buoyancy term of the Darcy equation. The nanoparticle volume fraction, ϕ,
is considered constant for this model. Under these assumptions, with the use of the Darcy's law, the
Boussinesq approximation and adopting the nanofluid model proposed by Tiwari and Das [10], the
basic equations can be written in Cartesian coordinates x and y such that:

∂u

∂x
+

∂v

∂y
= 0 (13)
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µnf

K

(
∂u

∂y
− ∂v

∂x

)
= [(1− ϕ)(ρβ)f + ϕ(ρβ)p]g

(
∂T

∂y
sin γ − ∂T

∂x
cos γ

)
(14)

u
∂T

∂x
+ v

∂T

∂y
= αnf

(
∂2T

∂x2
+

∂2T

∂y2

)
(15)

where u and v are the Cartesian velocity components, T is the nanofluid temperature. The coeffi-
cients are β the thermal expansion, ρ the density,K the specific permeability of the medium, µnf the
viscosity of the nanofluid, ϕ the nanoparticle volume fraction and αnf the thermal diffusivity of the
nanofluid. The subscripts f and p correspond to the coefficients related to the fluid and nanoparticles,
respectively. Also, the tilt angle, measured counterclockwise from the horizontal is denoted by γ in
the considered equations. The equations (13)-(15) are to be solved subject to the boundary conditions:

v = 0, ∂T
∂y

= − qw
knf

on y = 0

v = 0, ∂T
∂y

= qw
knf

on y = D (16)

where qw is the heat flux to the wall,D is the channel width and knf is the thermal conductivity of the
nanofluid. Also, from the continuity equation (13), we have the forced flow condition,

D∫
0

u dy = Q (17)

where Q is a prescribed constant and represents the inflow at the channel entrance.

Termophysical properties of the fluid and nanoparticles

We consider throughout the paper, the initial conditions of the system at the ambient temperature, then
the thermophysical properties of the base-fluid and nanoparticles are given in the Table 1 (see [17]).

Table 1
Thermophysical properties of fluid and metal nanoparticles at 20o Celsius.

Physical
properties

Fluid phase
(water)

Gold (Au) Silver
(Ag)

Iron (Fe) Cooper
(Cu)

ρ(kg/m3) 998.2 19320 10524 7897 8954
k(W/mK) 0.6 315 420 72.7 386
β(1/K) 2.07 � 10−4 14 � 10−6 18 � 10−6 12 � 10−6 17 � 10−6

cp(J/kgK) 4183 129 234 452 383

Also the density ρnf , the viscosity of the nanofluid µnf considering the viscosity of the base fluid µf ,
the thermal conductivity knf and thermal diffusivity αnf of the nanofluid are given by the expressions

ρnf = ρnf,0 − [(1− ϕ)(ρβ)f + ϕ(ρβ)p](T − T0),

αnf =
knf

(ρcp)nf
,

(ρcp)nf = (1− ϕ)(ρcp)f + ϕ(ρcp)p,

µnf =
µf

(1−ϕ)2:5
, (18)

knf = kf
(kp+2kf )−2ϕ(kf−kp)

(kp+2kf )+ϕ(kf−kp)
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An analytical solution

Following the paper by Cimpean and Pop [16], we introduce the non-dimensional variables:

X =
x

D
, Y =

y

D
, U =

u

U0

, θ =
(T − T0)

qD/kf
(19)

where U0 = Q/D is the velocity scale and T0 is the uniform fluid temperature at the inflow. Then, we
consider

U = U(Y ), θ(X, Y ) = C1X + F (Y ) (20)

and from the given equations (13)-(15) with the conditions (16) and (17), we have a third order ordinary
differential equation:

d3F

dY 3
− (2λA sin γ)

dF

dY
+

αnf

αf

4λA cos γ
Pe

= 0 (21)

which has to be solved, subject to the boundary conditions:

dF

dY
= −1 at Y = 0;

dF

dY
= 1 at Y = 1 (22)

In Eq.(21) we have denoted by A the expression

A = (1− ϕ)2.5
[
(1− ϕ) + ϕ

(ρβ)p
(ρβ)f

]
(23)

Also, the mixed convection parameter λ and the Péclet number Pe, are given by

λ =
g(ρβ)fKqD

U0µfkf
, P e =

U0D

αf

(24)

Further, we will take into account the general case of the inclination of the channel ( γ > 0) with
the corresponding solutions (see Cimpean and Pop [16]). Then, the velocity profile is given by:

U(Y ) =
ζ

2 sinh ζ

(
1− 2αnf cot γ

αfPe

)
cosh ζY +

ζ

2 sinh ζ

(
1 +

2αnf cot γ
αfPe

)
cosh ζ(1− Y ) (25)

where ζ =
p
2λA sin γ > 0.

The temperature component of the solution is obtained after applying the condition∫ 1

0
F (Y )U(Y )dY = 0 and has the form:

F (Y ) =
1

ζ sinh ζ

(
1− 2αnf cot γ

αfPe

)
cosh ζY +

2αnf cot γ
αfPe

Y

+
1

ζ sinh ζ

(
1 +

2αnf cot γ
αfPe

)
cosh ζ(1− Y ) + C0 (26)

where the constant C0 is given by

C0 = −(cosh ζ + 1)(sinh ζ + ζ)

2ζ sinh2 ζ
− αnf

αf

cot γ
Pe

+

(
αnf

αf

)2
2 cot2 γ

Pe2 sinh2 ζ
sinh2 ζ

−
(
αnf

αf

)2
2 cot2 γ

Pe2ζ sinh2 ζ
(3 sinh ζ − ζ)(cosh ζ − 1) (27)
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Results and discussion

It is important to discuss the case of the vertical channel (γ = π
2
). Here, the nanofluid behavior is not

so different from the case of the clear Newtonian fluid (considered water for this paper).
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Fig. 2. Plots of F(Y) for Ag and Fe nanoparticles (ϕ = 0.1) for γ = π/2, λ = 1, 50 and Pe = 1.
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Fig. 3. Plots of F(Y) for different volume fraction of Fe nanoparticles (ϕ = 0.1, 0.2, 0.3), γ = π/2,
λ = 50 and Pe = 1.
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Fig. 4. Plots of F(Y) for Pe = 1 (a) and Pe = 10 (b), for Fe (line) and Ag (dots) nanoparticles
(ϕ = 0.1), γ = π/4 and λ = 1, 50.

In Fig. 2, the addition of different metal nanoparticles (iron and silver) does not change significantly
the behavior of the temperature between the vertical walls. A very small change is observed when the
nanoparticles volume fraction is increased, see Fig. 3.

The importance of the nanofluid is obvious when the plates are inclined. We consider for our
results, the relevant inclination angle γ = π

4
.
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Fig. 5. The temperature profiles of Pe = 1 (a) and Pe = 10 (b) for different concentration of Ag -
nanoparticles (ϕ = 0, 0.1, 0.2, 0.3), γ = π/4 and λ = 50.

It is worth to mention that, the small addition of nanoparticles (ϕ = 0.1) in the water-based fluid, gives
us an important increase of the thermal properties. Such that, in Fig. 4a, when the Péclet number is
small, the temperature is increased when the mixed convection parameter increases, greater for Ag-
nanoparticles. For high Péclet number (Fig. 4b), the nanofluid thermal properties are not improved
comparing to the clear Newtonian fluid.

A very good performance is observed for the silver-nanofluid. In Fig. 5a is seen an important
increase of the temperature when the nanoparticle volume fraction is increased. For high Péclet number
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(Pe � 10), see Fig. 5b, this increase in temperature is relevant only between the middle and the upper
wall of the channel. Also, for the case of clear Newtonian fluid (ϕ = 0), is observed a very good
agreement with the previous reported results, see Cimpean et al. [18].

In Fig. 6, a comparison of different nanofluids is seen. The best performance is observed for gold-
nanoparticles addition in the water-base fluid, when the thermophysical properties of the fluid are
greately increased. The second performance is for silver and is followed by cooper and iron nanopar-
ticles concentration.
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Fig. 6. Plots of F(Y) for different nanofluids (Fe− water, Ag − water, Cu− water, Au− water)
for ϕ = 0.3, γ = π/4, λ = 50 and Pe = 1.

Conclusions

The present paper investigates the performances of different types of nanofluids through a porous
medium, between two parallel plates. A steady mixed convection flow is considered and initial veloc-
ity and temperature are given. Two mathematical models are presented and discussed. An analytical
solution is used to observe the behavior of the temperature of the flow for different given conditions.
The importance of improving the clear Newtonian fluid with metal nanoparticles is discussed. The
thermal performances of iron-water, silver-water, cooper-water and gold-water nanofluids are pre-
sented in figures and compared. The best performance is obtained for gold nanoparticles addition in
the water-based fluid.
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