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Abstract. The concept of the metriplectic system was introduced in 1980’s by Kaufman (see [1]). 

These have important applications in a lot of different mathematical fields, in fluid mechanics or 

information security. Beginning with the Hamilton-Poisson realization of the Lü system (see [2] for 

details) we construct the associated metriplectic system by adding a dissipation term of a special 

form. Then, using Pecora and Carroll method, we discuss the synchronization of the two coupled 

metriplectic systems. In the last part we present an example where the synchronization is used. 

Introduction 

   The original Lü system (see [3] for details) of differential equations on �� has the following form: 

     � ��� = �	�
 − �����
 = −���� + ��
	��� = ���
 − ���                             (1) 

where �, �, � ∈ �. 
The main purpose of the paper is to analyze the synchronization of two metriplectic systems 

associated to the Hamilton-Poisson realization of the Lü system and to show how we can use this to 

secure the communication. First of all, let us make a short resume of the definitions of the 

Hamilton-Poisson geometry and the metriplectic systems. 

Definition 1 ([4,5]) If M is a smooth manifold and ��	�� is the set of the smooth real functions 

on M , then a Poisson bracket on M is a bilinear and skew-symmetric map: 

     	�, �� → �	�	, �	� ∈ ��	��, , � ∈ �	�� 
such that the Jacobi identity and the Leibniz rule are verified, i.e. the following properties hold: 

- �	�	, �	� = −�	�	, �	�; 
- �	�	, �	�	, �	�	� + �	�	, �	�	, �	�	� + �	�	, �	�	, �	�	� = 0; 
- � , ∙ �� = �	�	, �	� ∙ � + ��	�	, �	�. 
Proposition 1. ([4,5]) If � ∙ ,∙ � is a Poisson structure on �� and �, � ∈ ��	��, �� then we have: 

    �	�	, �	� = ∑ !�", �#$ %&%'( %)%'* .�",#+�  

Let us take the matrix Π given by Π = -!�", �#$.. 
Proposition 2. ([4, 5])  Any Poisson structure � ∙ ,∙ � on  �� is uniquely determined by the matrix Π using the formula: �	�	, �	� = 	∇��0Π	∇G�. 
Definition 2. ([4, 5]) The triple 	��, � ∙ ,∙ �, �� where � ∙ ,∙ � is a Poisson bracket on �� and � ∈ ��	��, �� is the Hamiltonian is a Hamilton-Poisson system on ��. 

 The dynamics of a Hamilton-Poisson system can be written in the following form:  

�� = Π ∙ ∇H , � = 	��, �
, ���0.         (2) 
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Definition 3. ([4, 5])  If � ∙ ,∙ � is a Poisson structure on �� then a function � ∈ ��	��, ��	which 

satisfies: 

 �	�	, �	� = 0, ∀� ∈ �	��, ��. 
is a Casimir of the Poisson structure. 

Now, we add to the Hamilton-Poisson system (2) a dissipation term of the form� ∙ ∇�4, where M 

is a symmetric matrix which satisfies certain compatibility conditions and �4 = 5�, 5 ∈ � and � ∈ ��	��, �� is a Casimir function. The systems of the form:  

�� = Π ∙ ∇H +� ∙ ∇�4                       (3) 

are a family of metriplectic systems with  the same Hamiltonian H. 

In fact, the metriplectic systems (3) can be viewed as a perturbation of the Hamilton-Poisson system 

(2), for each 5 ∈ �. 
Definition 4. ([6, 7]) The system (3) is a metriplectic system in �� if the following conditions 

hold: 

i. � ∙ ∇� = 0; 
ii. 6∇�470 ∙ � ∙ ∇�4 ≤ 0. 

The system (3) is the metriplectic system associated to the Hamilton-Poisson system (2). 

For more details concerning the Hamilton-Poisson systems and metriplectic systems see [4, 5, 6, 7]. 

      The paper is structured as follows: the second paragraph presents a case for which the Lü 

system admits a Hamilton-Poisson realization and the metriplectic system associated to this 

realization. Some properties regarding the stability problems are presented here, too. The 

synchronization problem for dynamical systems has received a great deal of interest due to its 

application in a lot of different fields of science, so the third part of the paper is dedicated to this 

subject. Numerical simulations obtained via MATHEMATICA 7.0 are presented, too. In the last 

section we gathered the facts presented along this paper and we applied them in secure 

communication. 

The Metriplectic System Associated to the Lü System  

    Let us begin this section by presenting the Hamilton-Poisson structure of the Lü system.  

    Proposition 3 ([2]) If � = = � = 0, the Lü system has the Hamilton-Poisson realization 	��, Π, ��where: 

     Π = 9 0 ���� −���
−���� 0 −�����
 �� 0 :           (4) 

and 

     �	��, �
, ��� = �
 	�

 + ��
�.           (5) 

     Remark: ([2]) The configuration described in the Proposition 3 has one functionally 

independent Casimir, given by the function 

   �: �� → �, 	�	��, �
, ��� = 2�� − �

 − ��
.                    (6) 

     Starting with the Hamilton-Poisson realization of the Lü system presented in the Proposition 3, 

we shall focus now on constructing its associated metriplectic system. In order to do this we 

determine the symmetric matrix = = 	>?@�, where: 

     A""	�� = −∑ B %C%'DE
�F+�,FG" and A"#	�� = %C%'( %C%'*, for H ≠ J.       (7) 
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By applying (7) to the Hamiltonian function (5) we obtain the symmetric matrix �given by: 

� = K−�

 − ��
 0 00 −��
 �
��0 �
�� −�

L.	          (8) 

For the function �4 = 5�, 5 ∈ �, where � is the Casimir function (8) of the Poisson configuration Π, the differential system in the tensorial form: 

��" = ΠMN %C%'* +A"# %O4%'* , H, J = 1,3.RRRRR               (9) 

is the metriplectic system associated to a Hamilton-Poisson system. Using (5), (6) and (8) the 

system (9) becomes: 

    ���� = −25	�

 + ��
���
 = −������� = ���
 ,          5 ∈ �.                 (10)  

      Proposition 2. The dynamical system 6��, Π, �,�, �47	 given by (10) is a metriplectic system 

on ��. 
Proof: The function C is a Casimir of the Hamilton-Poisson system 	��, Π, ��. We have 

    � ∙ ∇� = 0 
and: 				6∇�470 ∙ � ∙ ∇�4 = −45
	T
 + U
� ≤ 0. 
Hence (10) is a metriplectic system. 

     Proposition 3. (i) The function H given by (5) is a constant of motion for the metriplectic 

system (10). 

(ii) The function �4 decreases along the solution of the system (10). 

Proof: (i) We have V� = 0. 

(ii) The derivative of �4 along the solutions of the system (10) verifies the condition  

				V�4VW ≤ 0. 
      We will study now some dynamical properties of the system (10). If 5 ∈ �∗ its equilibrium 

states are given by the family: 

						YZ = 	�, 0,0�,� ∈ �. 
The results about the stability of the states YZ are presented in the following: 

      Proposition 4. If 5 ∈ �∗ the equilibrium states YZ are spectrally stable for any � ∈ �.  
Proof: The characteristic polynomial of the matrix corresponding to the linear part of the system 

(10) at the equilibrium of interest has the following roots: 					[� = 0, [
,� = ±H�, 
and then our assertion immediately follows. 

 Now, if 5 = 0, the equilibrium states of the system (10) are  

     YZ = 	�, 0,0�, Y],^ = 	0,_, `�, , _, ` ∈ �. 
     Proposition 5 ([2]) If 5 = 0	the equilibrium states YZ are spectrally stable for any � ∈ �. 
The stability of the equilibrium states 		Y],^	remains an open problem. 
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The synchronization of two metriplectic systems 

For constructing the drive-response configuration, we will use Pecora and Caroll method (see [8]). 

The metriplectic system (10) will be the drive system; this system and the response system 

are the configuration and we suppose that these systems are coupled. This means that the response 

system is driven by the drive one such that the behavior of each of them is not affected by the other. 

So, the drive system is: 

     ���� = −25	�

 + ��
���
 = −������� = ���
                  (11) 

and the response system: 

     �T�� = −25	T

 + T�
� + a�T�
 = −T�T� + a
T�� = T�T
 + a�                            (12) 

where a�	W�, a
	W�, a�	W�	are three control functions. 

The synchronization error system is the difference between the metriplectic system (12) and 

the controlled system (11): 					Y"	W� = T"	W� − �"	W�, H = 1,2,3. 
Using (11) and (12) one can get: 

     �Y�� = −25	2�
Y
 + 2��Y� + Y

 + Y�
� + a�Y�
 = −��Y� − ��Y� − Y�Y� + a
Y�� = ��Y
 + �
Y� + Y�Y
 + a�        (13) 

A good way to define the controls a�, a
, a� is the following: 

      9a�a
a�: = b9
Y�Y
Y�: + K

25	Y

 + Y�
�Y�Y�−Y�Y
 L 

where 

      b = 9 −1 0 0�� −1 0−�
 −�� −1: 

i.e.  

      c a� = −Y� + 25	Y

 + Y�
�a
 = ��Y� − Y
 + Y�Y�a� = −�
Y� − ��Y
 − Y� − Y�Y
        (14) 

Using (14) the system’s error becomes: 

     cY�� = −Y� − 25	2�
Y
 + 2��Y��Y�
 = −Y
 − ��Y�Y�� = −Y�          (15) 

Proposition 6 The equilibrium state 	0,0,0� of the system (15) is asymptotically stable. 

Proof: It is easy to see that all the conditions of the Lyapunov-Malkin Theorem (see [9] for details) 

are satisfied, so the equilibrium state 	0,0,0� of the system (15) is asymptotically stable. 
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Remark: Numerical simulations using fourth-order Runge-Kutta integrator are presented in the 

Figure 1 for the system (15) with the controls a" , H = 1,2,3 given by (14); the initial states of the 

drive system and the response system are ��	0� = �
	0� = ��	0� = 0.1 respectively T�	0� =T
	0� = T�	0� = 0.1, Y�	0� = 0, Y
	0� = Y�	0� = 0 and 5 = 1. One can see that each error 

converges to 0. 

 
 

 

 

Figure 1 The solutions  Y�, Y
, Y� of the system (15) 
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Remark: The following figures present the synchronization of the systems (11) and (12) with the 

controls given by (14) for 5 = 1. 

 
 

 

 

Figure 2 The solutions  ��, �
, �� of the system (11) 
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Figure 3 The solutions  T�, T
, T� of the system (12) with the controls (14) 

Cryptography using the synchronized systems (11) and (12) 

In this section we will use the synchronized systems (11) and (12) to the communication using the 

cryptographic encode (see [10] for details). We can see that the errors Y�, Y
, Y� converges to zero 

for any W > 0 so we have �"	W� = T"	W� for any W > 0. The message that a sender wants to send to 

the receiver is called plaintext (p) and its correspondent by decryption is called ciphertext (c). The 
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plaintext and the cipher text are represented by numbers, each letter being replaced by a 

corresponding number, so instead of 26 letters we will use the numbers between 0 and 25. The 

sender uses the dynamical system (11) and the receive uses (12). They choose values for variables ��	W� and T�	W�	as secret keys after a period	W = 2, for instance, when the synchronization between 

the two systems is achieved. The corresponding formula for the ciphertext message is 

     g = h + i AjV 26 
and decrypted message can be obtained by: h = g − i AjV 26 

where i is the secret key. Corresponding to every message letter we use one and only one message 

key which are randomly generated. In fact, the key i hide and secure the plaintext h. 
      Let us consider the message „TIMISOARA“. We assign the numbers 0…25 to the letters A...Z. 

To take the values of the secret keys as integer, we choose 100 ∙ ��	W� and 100 ∙ T�	W� respectively. 

The data from ��	W� picked up by the sender and the corresponding key are presented in Table1. 

Table 1 The cyphertext sent W ��	W� i h g = h + i	AjV	26 

2 0.02 2 T 19 21 

3 -0.02 -2 I 8 6

4 -0.06 -6 M 12 6

5 -0.1 -10 I 8 24

46 -0.14 -14 S 18

7 -0.18 -18 O 14 22 

9 -0.26 -26 A 0 0

10 -0.3 -30 R 17 13 

11 -0.34 -34 A 0 8

For every letter a key is generated. The message arrives encrypted to the second person together 

with the key. The second person uses the component T�	W� to decrypt the message.   

      If the message does not contain only letters, we can generalize the method presented above: for 

every small letter, upper letter or special character we associate a number from in ASCII 

representation. 

Table 2 The plaintext recovered W T�	W� i g h = g − i	AjV	26 

2 0.02 2 21 19 (T) 

3 -0.02 -2 6 8 (I)

4 -0.06 -6 6 12 (M) 

5 -0.1 -10 24 8 (I) 

6 -0.14 -14 4 18 (S) 

7 -0.18 -18 22 14 (O) 

9 -0.26 -26 0 0 (A)

10 -0.3 -30 13 17 (R) 

11 -0.34 -34 8 0 (A)

Conclusion 

The paper presents a chaotic system obtained from a special case of the Lü system. By adding a 

dissipation term to a Hamilton-Poisson system we obtain a metriplectic system on ��.	 This method 

is presented in [7]. In the last part, the synchronization problem of the two metriplectic systems is 

presented. Since a suitable control has been chosen we get the synchronization of the two systems. 

Using the software MATHEMATICA 7.0. the numerical simulations are obtained for the specific 
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case	5 = 1. To solve the systems (11), (12) and (15) with the control functions a�, a
, a� given by 

(14) we use the fourth-order Runge-Kutta integrator. The synchronized systems are used to encrypt 

and decrypt a message. This is only one application of the metriplectic systems. Other applications 

are presented in [11]. 
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