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Abstract. The kinetic of microbial growth and substrate utilization can be used to predict the fate 

and behavior of contaminants like PAHs in the environment through appropriate models. Further 

kinetic study results are useful in evaluating and weighing suitable treatment option for remediation 

and clean up of contaminated sites.. In this research a mathematical model for biodegradation of 

PAHs using isolated bacteria from municipal sludge was studied.. The model was developed using 

the Monod equation.. Results showed that the remaining PAHs in all samples decreased within 

time. 

 

Introduction 

Biodegradation kinetics can reveal the dependence of substrate or contaminant depletion with time. 

Growth and substrate depletion data may fit to a simple Monod model as stated in Equation 1.[1], 

[2]. 

 

    µ =  µmax S                                                                           (1) 

                                                       Ks  +    S 

 

Where µ = specific growth rate (1/h); µmax = maximum specific growth rate (1/h);  S=substrate 

concentration (mg/L); Ks = affinity constant (mg/L); 

 

This model is known as the sole substrate Monod model which can be described as a no-

interaction model. The equation describing sole substrate kinetics for an organic compound can be 

represented as 

 

    rs =   qmax X0     S 

                    Ks   +  S                              (2) 

     or 

 

dS =    qmax X0      S                                              (3) 

                                                                                          

                                                dt              Ks  +    S 

 

 

Where rs and dS/dt = substrate disappearance rate; qmax= maximum substrate utilization rate;  

X0=initial biomass concentration 

  

This model assumes that the presence of other substrates does not affect the behavior of a 

single substrate. It represents the case where a compound in a mixture may behave as if it is the 

only compound present not accounting for the effects resulting from other existing substrates. 

Equation (3) assumes that the PAH is transformed by a common enzyme pathway[1] [3]. 
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The above equation is predictive since it rely on the parameters obtained from the sole 

substrate experiments. Enhanced degradation resulting from biomass proliferation will not be 

accounted. It is assumed that the biomass concentration will remain constant throughout the 

experiment.  

 

Materials and method 

The parameters obtained from the sole substrate experiments formed a basis for modeling.  The 

experimental data consisted of initial substrate concentration over a given sampling period. The 

value of initial concentration of PAHs in this experiment is 100 mg/l.  

Tha values of affinity constant (Ks) for all PAHs were adopted from literature and given in Table 1. 

According to Alexander [4], the Ks value for single substrate depend on the type of the substrate. 

 

Table 1: Affinity constant value of PAHs 

Growth substrate Affinity constant, Ks (mg/l) 

Napthalene 

Acenapthylene 

Acenapthene 

Fluorene 

Phenanthrene 

Anthrecene 

0.0750 

0.0050 

0.0045 

0.0043 

0.0035 

0.0020 

(Value of affinity constant adopted from: Desai [5] {napthalene & fluorene}; Guha et al.,[6] 

{phenanthrene}; Grady et al[7] {acenapthylene, acenapthene & anthracene}) 

 

The values of maximum substrate utilization rate were determined through curve fitting. The 

established values from curve fitting for maximum substrate utilization (qmax) were 0.0100 mg 

substrate/mg biomass/h, 0.0050 mg substrate/mg biomass/h, 0.0045 mg substrate/mg biomass/h, 

0.0043 mg substrate/mg biomass/h, 0.0030 mg substrate/mg biomass/h, 0.0025 mg substrate/mg 

biomass/h for napthalene, acenapthylene, acenapthene, fluorene, phenanthrene and anthracene 

respectively. 

 The initial biomass concentration (X0) was also determined through curve fitting. The initial 

biomass concentration established through this method were 50mg/l, 75mg/l, 90mg/l, 95mg/l, 

97mg/l and 100mg/l for napthalene, acenapthylene, acenapthene, fluorene, phenanthrene and 

anthracene respectively. 

The Monod equation can be linearized and the coefficients can be estimated using linear regression 

analysis. Linearized forms of the Monod equation is represented in the form of Lineweaver Burk. A 

simple linear regression is not a proper technique for a non–linear equation because it generates for 

error in a distribution. An accurate method of analysis for a non linear equation should involve 

using a non linear regression technique .  

The Monod parameters can be estimated by solving the homogenous differential equation using 

numerical application. The numerical integration of the differential equations is commonly achieved 

using a fourth order Runge Kutta algorithm. Runge Kutta methods take into account an improved 

slope average which predicts the values more accurately. 

The sole substrate parameter was estimated for PAHs degradation using the isolated strains. 

The constants associated with biotic and abiotic losses are assumed to be negligible. The mass 

balance equation representing the sole substrate system is given by Equation (3).  

The fourth order Runge – Kutta method was used for fitting the Monod equation to the 

experimental data. The fourth order Runge–Kutta method is represented as Equation (4) 

 

   S = S0 + 1/6 (K1 + 2K2 + 2K3 + K4) dt                     (4) 

Where K1= qmaxS0X0/ Ks+S0;   K2=qmax(S0 + 0.5K1dt);   K3= qmax (S0 + 0.5K2dt; and  K4= qmax (S0 + 

K3dt) 
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All calculations were performed using Matlab7.8 as written in program script in Table 2. In this 

study program script in Table 2 was applied to solve on The fourth Runge-Kutta method. 

 

Table 2: Program script written in Mathlab 

 

%%% This coding solve the Sole Substance Mass Balance equation using 4th 

   %%% Order Runge Kutta. The differential equation is as follows ; 

   %%% dS/dt = qmax*S*X/(Ks+S) 

   %%% Runge Kutta solve the ODE by integrating numerically using the step 

   %%% below : 

   %%% Lets dC/dt=f(x(i),y(i)) 

   %%% k1=f(x(i),y(i)) 

   %%% k2=f(x(i)+0.5*h,y(i)+0.5*k1*h) 

   %%% k3=f(x(i)+0.5*h,y(i)+0.5*k2*h) 

   %%% k4=f(x(i)+h,y(i)+k3*h) 

   %%% y(i+1)=y(i)+1/6*(k1+2*k2+2*k3+k4)*h 

   clc; 

  clear all; 

  format short 

   qmax=-0.0025;        %<--- Constant 

  Ks=0.001;           %<--- Constant 

  X=100;           %<--- Constant 

  S(1)=100;        %<--- Initial value 

  h=24; 

  t=0:h:360;  

  for i=2:size(t,2) 

    k1=qmax*S(i-1)*X/(Ks+S(i-1)); 

    k2=qmax*(S(i-1)+0.5*k1*h)*X/(Ks+(S(i-1)+0.5*k1*h)); 

    k3=qmax*(S(i-1)+0.5*k2*h)*X/(Ks+(S(i-1)+0.5*k2*h)); 

    k4=qmax*(S(i-1)+k3*h)*X/(Ks+(S(i-1)+k3*h)); 

    S(i)=S(i-1)+1/6*(k1+2*k2+2*k3+k4)*h 

 end 

 

Results and Discussion 

Substrate depletion data was generated for the individual PAHs of napthalene, acenapthylene, 

acenapthene, fluorene, phenanthrene and anthracene. An experimental observation was used to 

evaluate the proposed model. 

To calibrate the model, one of the PAHs namely, phenanthrene was used to determine model 

parameters qmax and X0 by curve fitting. These model parameters together with Ks and Sinitial were 

used to simulate the remaining. phenanthrene. The model was calibrated  using five sets of data and  

example of data as shown in Table 2. In this paper only model for phenanthrene was discussed. 

The simulated and measured PAHs corresponding to these parameters is shown in Figure.1. The 

average error show the difference between values of substrate concentration for the experiments and 

model predicted. The lowest average of error squares show the best data set that predic the fitting 

values. The results show that the best fitting value for qmax and X0 of phenanthrene are 0.0030 mg 

substrate/mg biomass/h and 97mg/l respectively as shown in Figure 1. The simulation from  data set 

one resulted in the lowest error square with the average value is 0.5041.  

 

 
 

 

 

Applied Mechanics and Materials Vols. 773-774 1347



Table 3: An example of sole substrate parameter estimation  

PAHs Sinitial 

(mg/l) 

∆t 

(hour) 

Ks 

(mg/l) 

qmax 

(mg 

substrate/mg 
biomass/h) 

X0 

(mg/l) 

Sfinal 

(predicted) 

(mg/l) 

Sfinal 

(observed) 

(mg/l) 

Error 

Sobserved-

Spredicted 

Error 

square 

Phenanthrene 

 

 
 

 

 
 

 

 
 

 

Total 
Average error 

100 

100 

100 
100 

100 

100 
100 

100 

100 
100 

100 

24 

48 

72 
96 

120 

144 
168 

216 

264 
312 

360 

 
 

 

0.0035 

0.0035 

0.0035 
0.0035 

0.0035 

0.0035 
0.0035 

0.0035 

0.0035 
0.0035 

0.0035 

-0.0030 

-0.0030 

-0.0030 
-0.0030 

-0.0030 

-0.0030 
-0.0030 

-0.0030 

-0.0030 
-0.0030 

-0.0030 

97 

97 

97 
97 

97 

97 
97 

97 

97 
97 

97 

93.16 

86.32 

79.48 
72.64 

65.80 

59.17 
52.12 

38.44 

24.76 
16.86 

12.20 

 

93.45 

86.59 

80.19 
73.21 

66.23 

59.33 
52.62 

38.72 

25.11 
17.11 

12.21 

0.29 

0.27 

0.71 
0.57 

0.43 

0.16 
0.50 

0.28 

0.35 
0.25 

0.01 

3.82 
0.35 

0.0841 

0.0729 

0.5041 
0.3249 

0.1849 

0.0256 
0.2500 

0.0784 

0.1225 
0.0625 

0.0001 

1.7100 
0.5041 
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Figure 1: Concentration of remaining phenanthrene predicted and observed for data set one 

 

Table 4: Estimated parameters for degradation of individual PAHs 

Parameters Napthalene Acenapthylene Acenapthene Fluorene Phenanthrene Anthracene 

qmax 

Ks 

qmax/ Ks 

0.0100 

0.075 

0.13 

0.0050 

0.045 

0.11 

0.0045 

0.022 

0.20 

0.0043 

0.017 

0.25 

0.0030 

0.012 

0.25 

0.0025 

0.010 

0.25 

 

Napthalene has the highest affinity constant while anthracene exhibits the lowest affinity constant. 

Anthracene with the lowest affinity constant indicates that this substrate poses the grearest binding 

strength towards the enzyme of PAHs degrading bacteria [8]. At lower values of the Ks, the 

substrate is in the form of the enzyme substrate complex indicating that the half maximum 

degradation rate will be achieved at a lower concentration of the substrate [9]. Napthalene exhibits 

highest enzyme affinity constant suggesting a low binding strength. The Ks value for all six PAHs 

were below the initial concentration used in the experiments. 

This study also suggested that the concentration of initial biomass of PAHs degrading bacteria are 

in the range of 50mg/l to 100mg/l to degrade PAHs with the initial concentration of 100 mg/l.  

Biodegradation can be defined as the biologically catalyzed reduction in complexity of chemicals. 

In the case of PAHs, PAHs degrading bacteria generally used PAHs as a carbon and energy source. 

The degradation of PAHs by bacteria involve cleaving processes of the PAHs aromatic ring by 

dioxygenase enzyme. Biodegradation of  PAHs is subjected to a variety of physical, chemical and 

biological factor that influence the degradation rate. Two of the important factors in predicting the 

remaining PAHs concentration in the environment are concentration of PAHs as pollutant and 

concentration of biomass at the polluted areas. 
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Conclusion Determining degradation rates experimentally and those factors influencing them will 

enhance our understanding of the persistence, recalcitrance and transformation of contaminants in 

natural and engineered systems providing us the tools to design effective treatment system. 
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