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Abstract. The formation of chips in cutting processes is characterised by large deformations and large
configurational changes and therefore challenges established modeling techniques. To overcome these
difficulties, the particle finite element method (PFEM) combines the benefits of discrete modeling
techniques with methods based on continuum mechanics. In this work an outline of the PFEM, as
well as an explanation of the finite element formulation are provided. The impact of the boundary
detection on the structural integrity is studied. The numerical examples include a tensile test as well as
cutting simulations. The paper is concluded by a comparison of cutting forces with analytical results.

Introduction

The particle finite element method (PFEM) was first applied to problems with sloshing liquids in [1, 2]
where large changes in the topology overexert the standard finite element method. The ability to cope
with these large topological changes designates the PFEM as a convenient tool for the simulation of
cutting processes, where the chip formation challenges the standard finite element method (FEM).
Approaches to model the cutting of metals can be found in [3, 4, 5]. Since the material modeling in
the PFEM is based on continuum mechanics, length scales of a workpiece can be considered, which is
critical in discrete methods. In order to model the cutting of metals, plasticity at large deformations is
considered in the material model. The PFEM algorithm consist of several steps, which are illustrated
in Fig. 1.

Fig. 1: Scheme of the PFEM algorithm

The PFEM algorithm described in this work starts with the processing of a set of particles. To form
a domain and later a finite element mesh, the boundary needs to be detected. This process is realised
with the so called �-shape algorithm, which was first used in the field of computer graphics [9] and
has been adapted to the PFEM in [1]. For every pair of particles a circle is defined that intersects both
points. If there are no other particles located within this circle, the two intersecting particles form a
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boundary segment. The radius of the �-circle is defined as r = �H , where H is the smallest distance
between any two particles in the undeformed set. After identifying the boundary, the domain is meshed
with the program Triangle [7]. In conjunction with boundary conditions a finite element problem can
now be solved with the finite element (FE) programme Feap [8]. The resulting displacements form
the FE simulation are used to update the particle coordinates, and the current deformation gradient is
stored as history data for the following PFEM loading step.

Physical Interpretation of the �-Shape Method

The �-shape method was originally developed in the field of computer graphics to detect the shape
of a set of particles, and its central parameter � controls the level of detail of the detected shape. In
[1, 2] the �-shape method is adopted in PFEM simulations of sloshing liquids, and recommended
values for the parameter � are presented based on observations. However, PFEM applications in solid
mechanics reveal an influence of � on the material response and the structural integrity. In order to
find a physical interpretation for the parameter �, the effect of the �-shape method on the boundary
of a continuous body during deformation is studied. At this point the authors want to mention that the
following considerations are only valid for spatially uniform deformations. However, the outcome of
this analysis is valuable and can provide a better understanding of the role of the �-shape algorithm in
PFEM simulations. In Fig. 2, we consider a body in its reference configurationB0. The boundary of the
body is occupied by a set of particles Sb which are distributed in equal distances and therefore form
boundary segments of equal length. Furthermore, we assume that the boundary in the undeformed
configuration is established and that dL is the length of the boundary segments in this configuration.
We define the orientation of the boundary segments in configurationB0 by the unit vectorH . In Fig. 2,
the undeformed- and the deformed configuration Bt are shown as well as the line segment H (h resp.)
and the �-circles.

Fig. 2: Boundary of B with �-circles in reference- and spatial-configuration

The segment in the reference configuration is represented by dLH which points from particle J to
particle I . Particle J occupies the position XJ and I is therefore located at XI = XJ + dLH . Then
the line segment in the deformed configuration dlh is defined by the particles J ′ and I ′. The particle
J ′ is at position xJ and I ′ is located at xI = xJ + dlh. The location of particle J ′ can also be defined
using the deformation Φ as

xJ = Φ(XJ) ; (1)

and similarly for I ′

xI = xJ + dlh = Φ(XJ + dLH) : (2)
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Another definition of xI can be defined by using a Taylor expansion. Here, only the first order term
of the expansion is regarded which yields

xI = xJ + dlh = xJ +
@Φ (XJ)

@XJ

dLH ; (3)

where F = @Φ (XJ) /@XJ represents the deformation gradient. Using this notation we can express
Eq. (3) as

dlh = F dLH ; (4)

which leads to the definition of the stretch ratio

� =
dl
dL

= hT F H : (5)

By squaring Eq. (4) on both sides, and rearranging in terms of �2 = (dl/dL)2 we can express the
quadratic stretch

�2 = HTCH ; (6)

where C = F TF represents the right Cauchy-Green tensor. In order to demonstrate the influence
of the parameter � on the boundary during a deformation, we have to recall the working principle of
the �-shape method. Within the algorithm a circle is defined for each pair I and J of particles, where
the radius is scaled by �. This leads to the conclusion that the distance between the respective pair of
particles must not exceed the diameter of the �-circle. In the example presented in Fig. 2, the radius
of the circle is defined as r = � dL, and therefore the length of the deformed segment needs to fulfil
the condition

dl � 2� dL : (7)

Inserting Eq. (7) into Eq. (5) we can define a critical stretch ratio

�c = 2� ; (8)

and recalling the quadratic stretch from Eq. (6) the following quadratic form can be defined

4�2 � HTCH : (9)

In order to present a relation between � and the eigenvalues of the right Cauchy-Green tensor, we
rearrange Eq. (6) to

0 =
(
C − 1�2

)
H : (10)

Eq. (10) represents a common eigenvalue problem and it can be observed that the undeformed line
segment H has to be collinear to the eigenvector corresponding to �1/2 in order to fulfil Eq. (10).
In [6] a more detailed description on the topic is provided as well as illustrative examples.

Finite Element Formulation

Within the PFEM a formulation in the current configuration is very suitable. Thus the equilibrium
condition is given in an Eulerian setting by

div� + b = 0 ; (11)
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where � is the Cauchy stress tensor, and the vector b represents a volume force. As can be seen in
Eq. (11), we focus on the static problem in this work. The weak form can then be derived by multi-
plying Eq. (11) with a test function � and applying the Cauchy theorem. The weak form then yields∫

Bt

� � grad� dΩ−
∫
Bt

b � � dΩ−
∫

@B�
t

t � � dΓ = 0 : (12)

Since Eq. (12) is nonlinear in the geometry and - as will be demonstrated later - nonlinear in the
material, the equation is linearised and solved using a Newton scheme. The spatial discretisation of
the linearised problem is realised with triangular finite elements, which are characterised by the shape
functions

N1(r; s) = 1− r − s ; N2(r; s) = r ; N3(r; s) = s : (13)

The shape functions in Eq. (13) are defined using the coordinates r and s of an isoparametric refer-
ence element. Within the isoparametric concept the same shape functions are used to approximate the
geometry as well as the unknowns. For more information on the isoparametric concept, the reader
is referred to [17]. The shape functions are also used to transfer history data, which is stored at the
particles to the Gauß points. This procedure has to be carried out for the deformation gradient F in
every time step of the finite element simulation. Only in the first Newton iteration of the first time step,
the same procedure has to be carried out for the plastic deformation gradient F p and the hardening
variable  . When the element routine is called, the previous gradients at the Gauß point level can then
be computed with

F GP,old =
3∑

I=1

NI(r
GP; sGP)F I;old ; F p

GP,old =
3∑

I=1

NI(r
GP; sGP)F p

I;old (14)

and the previous hardening variable at the element level is defined as

 GP,old =
3∑

I=1

NI(r
GP; sGP) I;old : (15)

The total deformation gradient can then be computed using the multiplicative decomposition

F = F act F GP,old : (16)

In Eq. (16) F act represents the deformation gradient of the actual PFEM load step, where F defines the
gradient of the total deformation i.e. all PFEM load steps. The incrementation in load steps is necessary
to ensure the boundary detection and meshing. The multiplicative decomposition in Eq. (16) was first
mentioned in [20] in the context of elasto plasticity to split the deformation gradient in an elastic, and
plastic part

F = F e F p : (17)

This decomposition is applied in this work as well, since we want to model plasticity at finite strains.
In order to compute the plastic deformation gradient, an extension of the return mapping algorithm to
finite deformations is applied as in [14]. To extend the model from small strains to finite deformations
the Hencky strain is introduced

" =
1

2
ln (C) ; (18)
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for more details the reader is referred to [14]. In Eq. (18) C = F TF is the right Cauchy-Green tensor.
The stress update algorithm for small strains is called with the elastic trial strain in the Hencky setting,
according to

"e
tr =

1

2
ln (Ce

tr) ; (19)

with the trial strain

Ce
tr = (F e

tr)
T F e

tr (20)

and

F e
tr = F (F p

n)
−1 : (21)

In Eq. (21) and (23) the index n denotes the previous time step of the stress update algorithm i.e.
the previous Newton iteration. The current time step n + 1 is omitted in Eq. 19 - 21 in order not to
overload the notation. It is important to note that a PFEM simulation consists of several loading steps
that follow a remeshing procedure. In each PFEM step, a FEM problem is solved, where the load
can be incremented as well to ensure good convergence in the Newton's method. To model strain
hardening, the following power law is considered

�y = �iy + k  m ; (22)

where �y represents a yield stress depending on the hardening variable  . The initial yield stress �iy,
the hardening modulus k, and the hardening exponentm are constitutive parameters. Since Eq. (22) is
nonlinear in the hardening variable and the hardening variable is updated by an evolution law depend-
ing on the plastic multiplier ∆
, a Newtons method is applied on the element level to determine ∆

and  respectively, for details see for example [18]. The small strain stress update algorithm provides
the plastic small strain increment ∆"p and the updated hardening variables. The discretisation in time
leads to the update rule for the plastic deformation gradient

F p
n+1 = exp (∆" p)F p

n : (23)

With this relation, the plastic deformation gradient can be recovered from the small plastic strain
increment. Now the element residual and the element tangential stiffness matrix can be formed

re
I =

∫
Ωe

B
T

I �dΩ ; k
e

IJ =

∫
Ωe

gIJ 1dΩ +

∫
Ωe

B
T

I CBJdΩ ; (24)

where C represents the material tangent and gIJ is the geometric stiffness. The global residual and
tangential stiffness matrix follow by the assembly

r =
ne∪
e=1

re ; k =
ne∪
e=1

k
e (25)

and the linear system k∆u = r can be solved for ∆u. Finally, the displacement is updated with
un+1 = un + ∆u. For more elaborate details, such as the algorithmic tangent, the reader is referred
to [15, 14, 16]. To determine the plastic strain increment ∆"p, a stress update algorithm known from
small strain theory can be used (see [18, 19, 17]). In order to store the history data (F , F p, and  )
have to be transferred to the FE nodes. Therefore, a linear system of equations of the form

N∑
J=1

M IJF J = PI(F
GP) (26)
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can be assembled, where

MIJ =

∫
Bt

NI(r
GP; sGP)NJ(r

GP; sGP) dΩ and (27)

PI(F
GP) =

∫
Bt

NI(r
GP; sGP)F GP dΩ : (28)

In order to avoid the solution of (26) a lumping technique is used. Therefore the linear system (26)
becomes a diagonal system

M̄ IIF I = PI(F
GP) (29)

with the lumped system matrix

M̄II =
N∑

J=1

MIJ =

∫
Bt

NI(r
GP; sGP) dΩ : (30)

After this projection to the FE nodes, the deformation gradients are stored as particle data in the PFEM
method. In the next time step the deformation gradients are available as F old at the Gauß point by an
approximation as in (14). This procedure has to be performed not only for the deformation gradient
F , but for the plastic deformation gradient F p as well as for the hardening variable  . It should be
noted here that F p and  are only included in the first Newton iteration of the first time step, since
these variables are iteratively determined in the Newton scheme.

Tensile Tests on Elasto Plastic Material

In the preceding sections it was pointed out that � can be regarded as the maximum stretch of a bound-
ary segment. If the critical value � = 2� is exceeded, the material separates. In order to demonstrate
the meaning of � on an engineering based example, a tensile test is simulated. Fig. 3 shows the unde-
formed and the deformed specimen.

Fig. 3: Test specimen with undeformed and deformed length of midsection

In Fig. 3 L represents the reference length and l denotes the deformed length. The undeformed overall
length of the specimen is 160mm. In order to study the influence of � on the material response the
reaction force is plot with respect to the stretch of the midsection l/L. For all simulations, the Young's
modulus is set toE = 210000MPa, the Poisson's ratio � = 0:3, the hardening modulus k = 1600MPa,
the initial yield stress �iy = 300MPa, and the exponent of the power lawm = 0:8. In Fig. 4 the reaction
forces are plot with respect to the stretch of the midsection for three different values of �.
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Fig. 4: Material response for values of �

As can be seen in Fig. 4 increasing values of � lead to increasing stretches before the specimen sepa-
rates.

Cutting Simulations

In the following simulations the tool is regarded as rigid body and only the workpiece is considered as
deformable. The workpiece is driven horizontally towards the fixed tool, where - for simplicity only
- normal contact is considered, i.e. orthogonal cutting is modeled. In this section the results from a
simulation where the Young's modulus E = 210000MPa, the Poisson's ratio � = 0:3, the hardening
modulus k = E/100, the initial yield stress�iy = 235MPa, and the exponent of the power lawm = 1:0
are presented. The depth of cut is set to 0:5mm. Fig. 5, 6, 7, and 8 illustrate stress and deformation
patterns as described in classical textbooks on manufacturing and cutting like [21, 22].

Fig. 5: �11 stress in cutting process Fig. 6: Primary and secondary shear zone

Fig. 5 presents a region of pressure stresses in front of the cutting tool, and tensile stresses underneath
the tool, where the material is stretched due to the chip formation. In Fig. 6 two regions of high shear
stresses can be observed. The region with shear stresses of a negative sign is often called primary shear
zone, whereas the region with positive shear stresses is referred to as secondary shear zone at the rake
face (see [21, 22]). Fig. 7 and 8 show a contour plot of the norm of the plastic deformation gradient
during cutting.
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Fig. 7: Plastic deformation Fig. 8: Plastic deformation in progressed cut

The plastic deformation as shown in Fig. 7 and 8 intensifies with the progression of the cutting. In
Fig. 7 a small chip has formed and strong plastic deformations can be observed in the primary shear
zone (see Fig. 6). In Fig. 8 the cut has progressed and the chip shows large plastic deformations. Here,
the workpiece exhibits small plastic deformations in the whole segment behind the cutting tool, i.e.
the machined surface.

Parameter Study on �

Since we have established that the value of � affects the material separation, a parameter study on � is
carried out in this section. The cut in the workpiece progresses due to the failure of boundary segments
in front of the cutting tool, i.e. the rake face. Fig. 9 and 10 present the results of cutting simulations
for two values of � .

Fig. 9: Stress �x for � = 0:7 Fig. 10: Stress �x for � = 0:9

Fig. 9 shows the result of a cutting simulation with � = 0:7. The low value of � causes an early sepa-
ration, which mimics a rather brittle material. In comparison to Fig. 10 the tensile stresses underneath
the cutting tool are reduced and the zone of material separation advances in a certain distance in front
of the rake face. In Fig. 10 the material separates immediately in front of the tool and the material
shows a more ductile behavior. The higher value of � leads to a large region of tensile stresses, and
the chip thickness is increased. Fig. 11 shows a plot of the cutting forces for a variation of �.
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Fig. 11: Cutting forces for varying value of �

The graphs in Fig. 11 present the cutting force plot with respect to the cutting progress u/L, where u
represents the penetration depth of the cutting tool and L ist the length of the workpiece. At the start
of the cutting process the cutting forces seem to coincide. However, at a certain point they diverge
due to the different values of �. The simulation with � = 0:9 allows the highest stretch before the
material separation and therefore the value of the cutting force increases the most. The cutting force
of the simulation with � = 0:7 is significantly lower, since the line segments in front of the cutting
tool fail at a much lower stretch.

Comparison to Analytical Results

In manufacturing technology a concept has been developed in [23] to model the required power in
turning processes. In order to calculate the power, the cutting force is calculated, which provides an
analytical reference for the cutting force computations with the PFEM. The resultant force F z is a
product of the cutting process and in general is a force in three dimensional space. This resultant force
consists of the components

F z = F c + F f + F p : (31)
In Eq. (31) F c represents the cutting force, which acts in tangential direction of the turning workpiece.
The passive force F p acts in direction of the cutting tool, and the feed force F f in opposite direction
of the feed. These forces are shown in Fig. 12.

Fig. 12: Cutting forces in turning operation Fig. 13: Dimensions in orthogonal cutting

In this work we focus on computing the cutting force F c with the PFEM and we want to compare the
results to a turning process with an orthogonal cut as demonstrated in Fig. 13. Orthogonal cutting is
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characterised by orthogonal axes of cutting tool and workpiece. Derived in [23] and later mentioned
in textbooks from manufacturing science as [22, 21], the formula

Fc = jF cj = b h kc (32)

can be applied to estimate the cutting force. Since the cutting force in this work is computed in a plane
strain setting, the cutting thickness is set to b = 1mm. In Eq. (32) h is the undeformed chip thickness
and kc is defined as

kc =
kc1:1
hz

k� (�1; :::; �n) : (33)

The constants kc1:1, and z are material specific parameters which can be found in literature as [22]
and k� is an influence factor, which can be used to account for friction, shape of the cutting tool, etc..
However, in this work we set k� = 1 to reduce the number of parameters. For the comparison between
the results of the Kienzle formula in Eq. (32) and the cutting force from the PFEM simulations, we
focus on the material S 235 JR. Then the parameters in Eq. (33) follow to kc1:1 = 1780MPa and
z = 0:17. The undeformed chip thickness is set to h = 0:5mm and the parameters used to describe
the elastoplastic material in the PFEM simulations are E = 210; 000MPa, � = 0:3, �iy = 235MPa,
k = 2500MPa, m = 0:8, and � = 0:8. Figure 14 shows the cutting force from the PFEM simulation
and the estimate from Eq. (32).

Fig. 14: Comparison to analytical benchmark

As can be seen in Fig. 14 the PFEM simulation is capable to reproduce the analytical result from
Eq. (32).

Conclusion

The PFEM combines the benefits of continuum based and discrete modelling techniques and therefore
provides a convenient tool for cutting simulations. In this work an outline of the method is provided
and the finite element implementation is explained. It is shown that the �-shape method influences the
structural integrity of the material and that the parameter � can be interpreted as a maximum stretch
of a boundary segment. A tensile test demonstrates this effect and � can be identified as a critical
axial strain for the specimen. In the final section cutting simulations are presented. The formation of
chips is demonstrated, as well as the distribution of stress and the plastic deformation during the cutting
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process. A parameter study illustrates that � influences the cutting force and the chip formation. Small
values of � can be associated with rather brittle material, where ductile deformations can be observed
for an increasing�. Finally, cutting forces calculated with the PFEM and an analytical approach known
from literature are compared.
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