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Abstract. During the manufacture of turbine blades from single crystal nickel-based superalloys by 

investment casting, recrystallisation can occur during solution heat treatment. The introduction of 

grain boundaries into a single crystal component is potentially detrimental to performance, and 

therefore manufacturing processes and/or component geometries should be chosen to prevent their 

occurrence. In this work, numerical models have been designed to enable a predictive capability for 

the factors influencing recrystallisation to be constructed. The root cause is plasticity on the 

microscale caused by differential thermal contraction of metal, mould and core; when the plastic 

deformation is sufficient, recrystallisation can take place subsequently. The models take various 

forms. First, one-dimensional models based upon static equilibrium have been produced – our 

calculations indicate that plastic strain is likely to take place in two temperature regimes: by creep 

between 1150ºC and 1000ºC and by tensile (time-independent) strain below 650ºC. The idea of a 

strain-based criterion for recrystallisation is then proposed. Second, more sophisticated three-

dimensional calculations based upon the finite element method are carried out. Our predictions are 

compared critically with experimental information. 

Introduction 

Currently, turbine manufacturers are facing unprecedented economic, societal and legislative 

pressures to make gas turbines – which are used for electricity generation and jet propulsion – fuel 

efficient, less polluting and even more reliable [1]. Advanced compositions of single crystal 

superalloys are making a contribution to this, as are thermal barrier coating systems which have 

been adopted widely. However, the designs of turbine blade geometries are also becoming 

increasingly sophisticated, to promote their aerodynamic performance and to allow cooling air to be 

used for greater cooling efficiency [2]. For the casting engineering, this situation presents 

significant challenges because significant quantities of turbine blades must be produced by the 

foundry, each of which must pass stringent tests to confirm that dimensional tolerances are met and 

that metallurgical defects are absent.  

Recrystallised grains in the turbine blades designed to be used in single crystal form are one 

example. Recrystallisation can take place on both internal and external surfaces [3–8] of a casting, 

usually during the heat treatment which is required to remove the microsegregation inherited from 

casting; its occurrence cannot be tolerated since grain boundaries are then introduced. The root 

cause is believed to be differential thermal contraction of the superalloy, mould and core; because 

the thermal expansion coefficients of these differ markedly, thermal stresses are then generated 

which are sufficient to cause plastic deformation. Where plastic strain is accumulated and it exceeds 

a critical limit, recrystallised grains occur. The probability of the occurrence of this effect depends 

upon the alloy used, the shell and core systems employed as well as the details of the processing 

chosen for both casting and subsequent solution heat treatment.  

At the present time, more quantitative information about the phenomenon of 

recrystallisation in single crystal superalloys is needed, particularly its dependence on accumulated 

plastic strain levels [9–12]. In addition, knowledge of the critical temperature at which the plastic 

strain is introduced would be useful for modelling purposes [13,14]. For this reason, in the present 

paper numerical modelling is carried out to analyse the mechanical response of the casting during 
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solidification and subsequent cooling. In the first instance, to simplify the calculations a single 

crystal bar is modelled analytically in 1D – consistent with the solidification direction < 001>–, 

with a number of different simplifications for the properties of the shell and core, and mechanical 

behaviour of the superalloy. Results from these calculations are compared with more sophisticated 

three-dimensional calculations carried out using finite element analysis [15–17].   

 

Background 

Based upon the theory of one-dimensional linear isotropic thermal-elasticity, the stress and strain 

behaviour of a superalloy in the solidification direction is  

 

σel
 = Eεel

                                                                                                                                 (1) 

 

where σel
, E and εel

 are the elastic stress, Young's Modulus and elastic strain, respectively. The first 

assumption made here is that the system of superalloy/shell is a closed system – thus there is no 

external force applied; consequently, the thermal contraction strain must be perfectly distributed 

between the elastic, plastic (time-independent plastic deformation) and creep (time-dependent 

plastic deformation) strains. This means that the strains must sum to zero according to   

∑ε = εel
 + εpl

 + εcr 
+ εth

 = 0,                     (2) 

where εpl
, εcr

 and εth
 are plastic, creep and thermal contraction strains, respectively. An isotropic 

hardening criterion for plastic strain is defined via the yield stress, σy, ultimate yield stress, σ∞, and 

hardening exponent, H = 0.3, as follows 

σ = σ∞ + (σy - σ∞) exp (- Hεpl
 ).                                                                                           (3) 

Regarding the time-dependent plastic deformation, we can define the creep rate from 

Norton's creep equation: 
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where  η= 2.2 x10
-6 

s is the viscosity parameter used here which is assumed to be constant, Q is an 

activation energy which is taken to be 870 kJ/mol, R is the gas constant, T is temperature and n is 

stress exponent which is taken to be 10. By integrating over time, the creep strain can be written as 

∫ε=ε
f
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t

crcr ,dt�                           (5) 

where ti and tf are initial and final time, respectively. As for the thermal contraction strain, εth
, it is 

proportional to the temperature via the thermal expansion coefficient, α, which is 

εth
 = α∆T = α (T – Tref)                      (6) 

where Tref is reference temperature. By making use of the Eq.2, Eq.3, Eq.4 and Eq.5, Eq.1 becomes 

σel
  =  E (-εpl

 - εcr 
- εth

).                   (7) 

In this way, the stress and strains built-up within the superalloy bar can be calculated. The 

parameters used in the modelling are chosen to be consistent with the second generation single 

crystal superalloy CMSX-4; other data used in the calculations are given in [18–22]. 

 

Model Descriptions 

Thermo-mechanical modelling of a one-dimensional bar of CMSX-4 under rigid constraints is 

carried out. It is assumed that the superalloy and shell adhere together during solidification and 

subsequent cooling to room temperature. The nominal cooling rate used for the calculation is 

50ºC/min or 0.83ºC/s. Consistent with the equilibrium condition, any force other than that arising 

from shrinkage is neglected. Isotropic linear elasticity has been used for this work. 
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The behaviour of the superalloy 

The behaviour of the superalloy is analysed assuming that: (i) the shell system is perfectly rigid, and 

(ii) the shell system is elastic. For the metal, three models are employed:  

- Linear elastic model 

Following Eq.2, only two strains – elastic and thermal – are used. The others are set to zero. The 

elastic strain in this scheme is derived from the thermal strain. Moreover, the elastic stress can be 

obtained from the elastic strain and the Young's Modulus.  

- Elastoplastic model 

Here, it is assumed that three strains exist within the superalloy: namely, thermal, elastic and plastic 

strains; creep is ignored. The thermal strain will be partitioned into elastic and plastic portions. 

When an isotropic hardening criterion is used consistent with Eq.3, the elastic stress predicted is 

different from that from the linear elastic model. 

- Elasto-viscoplastic model 

The elasto-viscoplastic model is considered; this is expected to be a more rigorous treatment for 

calculating the stress and strain in the superalloy. This is because the elastic, plastic and creep 

strains are taken into account and decoupled.  

The plasticity approximation 

Plasticity within the superalloy can be calculated by making use of Eq.3. By assuming that the 

plastic strain accumulated in the superalloy is of order 10
-3

, the exponential term in Eq.3 can be 

approximated by using Taylor's Series: 
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The first order term is to be kept. When a perfectly rigid shell is assumed, the plastic strain for the 

superalloy can then be determined. When the elasto-visco-plastic model is employed, the plastic 

strain can be expressed by 
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When the elastoplastic model is used, εth
 is set to zero. 

Results and Discussion 

The results of the analytical modelling are compared with predictions from the ProCAST finite 

element tool. The situation corresponding to a cylindrical, constrained bar have been modelled 

using ProCAST, with care being taken to ensure that the mesh is sufficiently fine for the results to 

be independent of element number. The results quoted correspond to nodes at the centre of the bar. 

- Linear elastic model 

If purely elastic properties are assumed, the thermal stress expected from the cooling of a CMSX-4 

bar under rigid constraint can be estimated. Fig.1(a) shows the strain evolution with temperature in 

the one-dimensional constrained bar; namely, thermal and elastic strain. The elastic strain increases 

monotonically in an approximately linearly fashion. The thermal strain is of opposite sign; thus the 

sum of the two strains is zero. The calculated stress is consistent with the strains given in Fig. 1(b).  

The stresses calculated from MATLAB and ProCAST are consistent with each other.   

                 (a) Strain built-up in the bar                                      (b) Calculated stress 

Fig.1 Linear elastic model results from MATLAB and ProCAST. 
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- Elastoplastic model 

The elastoplastic model takes the plastic straining effect into account. It can be seen in Fig. 2(a) that 

plastic deformation occurs from 1300ºC to roughly 1100ºC, and then the total accumulated plastic 

strain stays constant. This is an elastic region. When the temperature fall below 650ºC, there is a 

dramatic increase in plastic strain; at this stage the elastic strain declines continuously. Clearly, the 

stress level predicted is high – higher than the yield stress of the material at low temperatures, 

indicating that plastic yielding is a strong possibility.  The stress results given in Fig. 2(b) illustrate 

the variation  of  calculated stress  

  (a) Strain diagram from elasto-plastic model                        (b) Calculated stresses 

 (c) Plastic strains from MATLAB and ProCAST            (d) Calculated plastic strain energy 

Fig. 2 Elasto-plastic model simulated by MATLAB and ProCAST. 

 

and yield stress with temperature. Above 1100ºC, the predicted stress is slightly higher than the 

experimental 0.1% proof strength, but at lower temperature it falls below it. Below 650ºC, the 

thermal stress is again greater than the yield stress. Thus, in the absence of stress-relieving 

mechanisms and certainly if stress concentration effects are present, plasticity must occur.   

The effective plastic strain expected in a simple circular cylindrical test bar (12 mm 

diameter) at its centre simulated by ProCAST is compared with the one-dimensional model in Fig. 

2(c). It is found that the results are consistent with each other. This implies that the one-dimensional 

model is representative of the situation assumed. Plastic strain energy is also calculated so as to see 

the level of the energy or force created by the plastic deformation, see Fig. 2(d). According to 

driving force due to plastic deformation, F = Gb
2ρ, it is assumed that the plastic strain energy, U

pl
, 

can be expressed in terms of 

.dU pl

0

pl

pl

σε=εσ= ∫
ε

                            (10) 

It is interesting to make quantitative estimates. For pure nickel, G is 76 GPa, b is 0.25 nm 

and assuming ρ is 10
14

 m
-2 

the energy is equal to 0.475 MJ/m
3
, which is consistent with the driving 

force for recrystallisation in pure nickel at room temperature. The values should be somewhat 

higher than this in practice because of the higher shear modulus of the nickel-base superalloys, and 

because the dislocation density induced is likely to be greater than that assumed.  
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- Elasto-viscoplastic model 

           (a) Strain diagram                        (b) Calculated stress                 (c) Predicted plastic strain 

  (d) Predicted plastic strain energy (e) Variation of creep strain with time.   (f) Creep strain rate 

Fig.3 Elasto-viscoplastic model simulated by MATLAB 

 

Fig.3 shows results obtained from the elasto-viscoplastic model. Strains generated within the 

superalloy are illustrated in Fig.3(a). It has become clear that there are at least four zones in which 

differing behaviour is expected. In zone A, the superalloy starts yielding during the very early 

stages of the cooling process (between 1300 to 1200ºC). This is because the proof strength is very 

low at these temperatures as shown in Fig.3(b), and the thermal contraction stress exceeds it. In 

zone B, the proof stress increases rapidly to exceed the thermal stress; consequently, accumulation 

of plastic strain ceases. However, the temperature is still sufficiently high for creep strain to be 

accumulated from 1200 to 1000ºC. Thus creep and elastic deformation occurs in this region. In 

zone C – from roughly 1000 to 600ºC – the proof strength is above thermal stress, so there is only 

elastic deformation in this zone. Finally, below 600ºC in zone D, the proof strength is again much 

lower than the contraction stress; as a result, plastic straining is predicted to occur and to continue 

up to 0.6%. The superalloy work hardening is consistent with the isotropic hardening criteria. 

During this stage, the stress built-up in the superalloy decreases but is slightly higher than the 0.1% 

yield strength. This region has a significant increase in plastic strain and a decrease of elastic strain. 

The levels of plastic strain and plastic strain energy are plotted in Fig.3(c) and Fig. 3(d), 

respectively. It can be seen that the temperature at which the plastic strain is switched on changes 

from roughly 650ºC to below 600ºC. The variation of creep strain with time and the variation of 

creep strain rate with creep strain has been given in Fig.3(e) and Fig.3(f), respectively.  

 

Summary and Conclusions 

One-dimensional modelling of a constrained bar of the superalloy CMSX-4 has been executed 

under three assumptions: linear elastic, elasto-plastic and elasto-viscoplastic. It is demonstrated that 

for the superalloy sitting within a perfectly rigid shell, plasticity is expected to occur in two 

regimes: namely, by creep strain between 1150ºC and 1000ºC and tensile strain at below 650ºC. 
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