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Abstract. An elasto-viscoplastic phase field model is proposed to study the microstructural 
evolutions under mechanical loadings in a Ni-base superalloy single crystal. Elastic anisotropy and 
inhomogeneity, as well as the description of the long range order in the γ’ phase are included in the 
model. Plastic activity is introduced using a continuum crystal plasticity framework. The coupled 
model is used to study microstructural evolutions in superalloys under creep at high temperature. 
Two loading orientations are investigated, [001] and [011]. Moreover simulations under alternate 
fatigue loading in the [001] orientation are performed. The viscoplasticity simulations are compared 
to purely elastic phase field simulations and experiments in order to show the influence of plastic 
activity on microstructural evolutions. 

Introduction 

Ni-base single crystal superalloys are widely used in the aero-engine industry to manufacture turbine 
blades because of their outstanding mechanical properties at high temperature. We focus here on 
microstructural evolutions in Ni-base superalloys under mechanical loading at high temperature. 
The most commonly known microstructural evolution in these materials is the so-called rafting 
phenomenon which arises under creep loading along the orientation [001]. Phase field models are 
suitable to simulate microstructural evolution because they model the microstructure at mesoscale. 
Many studies of rafting have been proposed in the literature [1]. However, most of them do not 
include the plastic activity in the channels of matrix although it has been pointed out experimentally 
that it has a strong influence on microstructural evolution [2]. It is why phase field models have 
been coupled with plasticity recently [3,4]. 

The present contribution aims at presenting such a coupled model. This model is used to simulate 
rafting. More complex loading are then investigated, creep along the [011] orientation and fatigue 
along the [001] direction. The coupled simulations are compared to elastic simulations in order to 
show the plastic strain influence on microstructural evolutions. 

The phase field model 

The phase field method consists in describing a microstructure at mesoscale by the means of 
continuous fields. Assuming that the superalloy can be modeled as an effective binary alloy, four 
fields are needed. The concentration field ),( trc

�
 represents the local Al atomic concentration. Three 

long range order parameters fields ),( tri
�

η are added to model the four variant of the γ’ phase. 

The temporal evolution of these fields is obtained solving Cahn-Hilliard and Allen-Cahn 
equations for the concentration field and the order parameters fields respectively: 
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where vpelGL FEFF ++=  is the total free energy of the system. 
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The Ginzburg-Landau free energy. The free energy of a homogeneous microstructure 
{ }),(hom io cf η  is approximated using a polynomial expansion with respect to the order parameters: 
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f∆ is the energy density scale of the model and 2c is an arbitrary concentration chosen between the 

equilibrium concentrations γc and 'γc of the coexisting phases. B , C , D  constants are given by: 

)(2 ' γγ ccB −= ; ))((6 2' γγγ ccccC −−= ; )32)((6 2'' γγγγ cccccD −+−= .                                (3) 

The non equilibrium chemical free energy may be approximated by a standard Ginzburg-Landau 
functional: 
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The elastic energy. The elastic energy of a coherent microstructure reads: 

∫=
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where σ  is the stress tensor and elε is the elastic strain tensor. In the case of a coherent phase 
transformation, the elastic strain tensor is related to the total strain tensor 

trough )()()( 0 rrrel ���
εεε −= where )(0 r

�
ε is the stress-free strain tensor. Assuming a Vegard’s law, 

the stress-free strain tensor can be expressed using the concentration field: )()(0 rcr T ��
∆= εε where 

crcrc −=∆ )()(
��

, c being the average concentration. The transformation strain tensor Tε is diagonal 

and its components are related to the misfit δ . 
The strain tensor is computed by solving the mechanical equilibrium equations: 

0=σdiv  and aσσ =  in the case of an aplied stress.                                                                   (6) 
An iteratif scheme is needed to solve mechanical equilibrium. It is detailled in [4] .The strain tensor 

is related to the stress tensor by Hooke’s law: elελσ := . In the present model, the inhomogeneity 
in elastic constants is taken into account. This is obtained by making the tensor λ  dependent on the 
local value of the field: 

)('))(( rcrc
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∆+= λλλ ,                                                                                                                 (7) 

the λ and 'λ tensors being related to the elastic constants of both phases and their volume fraction. 
Numerical inputs. The phase field model requires four types of numerical inputs: numerical 

inputs for the homogeneous free energy density, for elasticity, for interface energy and diffusion 
coefficients. The identification of these quantities is detailed in [4]. 

Phenomenological viscoplasticity 

The total strain tensor ε  can be decomposed into an elastic and a plastic part: pel εεε += . Single 
crystal superalloys have an anisotropic viscoplastic behavior at high temperature. The crystal 
plasticity framework is therefore used [5]. In this model, the plastic deformation tensor reads as the 
sum of the strain over all slip systems: 

∑=
s

ssp mγε                                                                                                                                 (8) 
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where sm repersents the orientation tensor for the slip system s. The plastic shear on each slip 
system is determined from a constitutive model based on the Schmid criterion. A Norton’s flow rule 
is used: 
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In this equation, sτ is the resolved shear stress on the slip system s and sx denotes the kinematic 
hardening, isotropic hardening being negliged in the case of superalloys [5]. A non-linear evolution 
law is adopted for the kinematic hardening: 

sss cx α= with sssss d αγγα ��� −=                                                                                             (10) 

where sα denotes the kinematic hardening state variable and sc and sd are two material parameters. 
Single crystal superalloys deform via slip in the octahedral planes due to their crystallography. 

However, for <111> oriented specimens, the macroscopic slip occur via cubic systems although 
they are contested at the microscale [6]. In the model, cubic slip systems are taken into account. 

Coupling between the phase field model and viscoplasticity 

When tacking plasticity into account, the elastic energy reads: 
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Moreover, an hardening free energy density appears in the model: 
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The driving forces have to be derived from these energies in order to compute the evolution of the 
fields )(rc

�
and )(ri

�
η . 

Viscoplasticity parameters in the phase field model. The two phases γ and γ’ have a different 
mechanical behavior. The plastic activity mainly occurs in the matrix γ channels while the γ’ 
precipitates remain elastic under creep loading. It is why different material parameters have to be 
chosen for the two phases. Within the elasto-viscoplastic framework, the simplest way to ensure an 
elastic behavior for the γ’ phase is to set the initial threshold 

'0γr to a very high value for all slip 

systems. The threshold is thus interpolated in the γ/γ’ interface: 
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= .The other viscoplastic material parameters are taken constant. 

This choice implies that the hardening driving force 
c

Fvp

δ

δ
vanishes. Consequently, in the model, the 

coupling between plastic activity and microstructure arises through the elastic driving force.  
The material parameters for both phases have been identified on monotonic and cyclic 

experiments on the AM1 superalloy. The identification procedure is explained in [4]. 
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Simulation of microstructural evolution under creep along the [001] orientation 

The first simulations concerns microstructural evolutions under creep at 1050°C, 150MPa along the 
[001] orientation. A rafted microstructure is expected. The simulations are performed in 3D on a 
64x64x64 points mesh. Figure 1 shows the results of the elastic simulation and figure 2 presents the 
results of the elasto-viscoplastic one. The tensile axis is horizontal. In both cases, the microstructure 
evolves in order to form platelets perpendicular to the tensile axis. However, two differences can be 
noted between the two simulations. Firstly, the rafting kinetic is faster in the elasto-viscoplastic 
simulation. Indeed, rafting is completed after 1.75h in elasticity whereas only 0.61h are needed with 
plasticity. Secondly, plasticity has an influence on the precipitates shape. The rafts obtained in 
elasticity are straighter than the rafts obtained in elasto-viscoplasticity which leads to more realistic 
shapes. Figure 3 presents the plastic strain field. After 0.44h, the plastic activity is concentrated in 
the vertical channels of matrix. An intermediate value of plastic deformation is observed near the 
corners of the precipitates. The plastic activity in these areas explains the curved shape of the 
precipitates. 

 

                
Figure 1: Microstructural evolution simulated with the elastic phase field model under creep along 

the [001] orientation at 0h, 0.89h, 1.31h, 1.75h, 3.50h, and 8.90h respectively. Pictures represent the 
central section of the simulation box. The simulation size is 526nmx526nmx526nm. 

 

                  
Figure 2: Microstructural evolution simulated with the elasto-viscoplastic phase field model under 

creep along the [001] orientation at 0h, 0.44h, 0.61h, 0.89h, 1.75h, 8.90h respectively. Pictures 
represent the central section of the simulation box. The simulation size is 526nmx526nmx526nm. 

 

    
Figure 3: Plastic deformation field p

11ε at 0.44h and 8.90h respectively. 

Simulation of microstructural evolution under creep along the [011] orientation 

This section presents simulation results for creep at 1050°C, 150MPa along the [011] orientation. 
The elastic results, figure 4, show that the microstructure coarsens along the z axis, the precipitates 
section remaining cubic. The elasto-viscoplastic simulation, figure 5, exhibits a different result. A 
coarsening along the z axis is still observed but the section of the precipitates is different. At the 
beginning (after 0.89h), it is cubic but it evolves and in the latest stages the [110] orientation 
becomes energetically equivalent to the [100] and [010] directions. 

The elasto-viscoplastic result is coherent with experimental observations [7]. This author has 
pointed out the coexistence of three platelets families: platelets normal to the directions <100>, 
<010> and <110>. These orientations correspond to the orientations given by the elasto-viscoplastic 
simulation. 
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Figure 4: Microstructural evolution simulated with the elastic phase field model under creep along 

the [011] orientation at 0.89h, 1.75h and 8.90h. Pictures of the lower line represent the central 
section of the simulating box. The simulation size is 526nmx526nmx526nm. 

 

       

       
Figure 5: Microstructural evolution simulated with the elasto-viscoplastic phase field model under 
creep along the [011] orientation at 0.89h, 1.75h and 8.9h. Pictures of the lower line represent the 

central section of the simulation box. The simulation size is 526nmx526nmx526nm. 

Simulation of microstructural evolution under alternate fatigue in the [001] orientation 

The influence of an alternate fatigue loading at 950°C has been simulated. The applied deformation 
is 0.9%, the deformation rate is 10-5s-1. Simulations are performed in 2D on a regular mesh 
containing 512x512 points. The initial configuration is generated from a disordered state with 
stress-free boundary conditions with the elastic phase field model. Annealing at 1200°C during 15 
minutes followed by annealing at 950°C during 1.5h is simulated to obtain the cuboidale 
microstructure.  

Figure 6 presents the results of the elastic and elasto-viscoplastic simulations after 15 cycles. 
With the elastic model the precipitates coarsen but the directions <100> and <010> are still the 
preferential orientations of the microstructure. In the elasto-viscoplastic case, a microstructure 
disorientation is observed. The microstructure tends to be aligned to directions at 45° from the cubic 
axis. The plastic deformation field after 15 cycles is plotted on figure 7. The plastic strain is 
oriented at 45° from the cubic directions. Consequently, the plastic strain field explains the 
orientation taken by the microstructure. 
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This result is in agreement with the microstructure evolution observed experimentally [8]. When 
the loading rate is slow enough, a 45° oriented microstructure is observed as in the elasto-
viscoplastic phase field simulation. This results shows that it is necessary to take the plastic activity 
influence into account to reproduce the experimental microstructure evolution. 

 

       
Figure 6: Microstructural evolution under alternate fatigue along the [001] direction. The left picture 

is the initial configuration. The middle picture represents the evolution after 15 cycles simulated 
with the elastic model and the right picture the simulation with the elasto-viscoplastic model. 

 

 
Figure 7: Plastic deformation field p

11ε after 15 cycles. 

Conclusion  

We have developed a phase field model coupled to a continuum crystal plasticity model. This model 
has been applied to study microstructural evolutions in Ni-base single crystal superalloys. Various 
loading conditions have been simulated: creep along the [001] orientation, creep along the [011] 
orientation and alternate fatigue along the [001] orientation. For all cases, elastic and elasto-
viscoplastic simulations have been compared to experiments. The simulations have shown that it is 
necessary to take plasticity into account to get the proper microstructural evolution. 
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