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Abstract. It is shown that the knowledge of standard deviations (Ac;; ) of the components of a stress
tensor (oj;) is not sufficient to calculate also standard deviations of quantities derived from the stress
tensor, as principal stresses (oy, o1, o11), von Mises stress, Tresca stress, and the components of the
deviatoric stress tensor ¢';j. For such a calculation one needs all information about the measurement
and the method for the calculation of o;;. This information is: the accuracy of each measured lattice
plane distance and the X-ray elastic factors Fj(@,y,hkl) of each measured point. Equations are given
for the calculation of the standard deviations of all the mentioned quantities. For special cases of
measurement strategy the wanted calculations become easier. This is also given.

Introduction

In an X-ray stress measurement, the primary results are components of the stress tensor together
with their standard deviations. Further quantities of interest like principal stresses, deviatoric stress,
von Mises stress etc. are easily calculated. But it is much more complicated to calculate also the
standard deviations for these quantities.

The problem has been tackled in [1], yet not in a general and analytic way but instead by some
Monte Carlo simulation. Furthermore, in this paper only the scatter of principal stresses together
with the scatter of principal stress axes is investigated. In [2] the error calculation for principal
stresses can be found, but in this paper it has been done under the assumption that the traditional
sinzw method is used which, to our opinion, should be regarded as obsolete [6].

All the following considerations and results are done on the basis of the matrix method -
sometimes we call it also generalized sinz\v method - and are therefore only valid for data obtained
by this method. Actually it would be also possible to do the same for virtually all other methods for
stress calculation, from sin®y method to Délle-Hauk method, to f-method, to y-integral-method and
so on. But it would be much more complicated and we don’t think it is necessary.

Our considerations regard only statistical errors, possible errors in the x-ray elastic factors F;; are
not dealt with since these are systematic errors. If the material to be probed has a sharp texture,
these errors can stem from incorrect values of the single crystal elastic parameters (S;; / Cjj) or
inaccurate texture data. In a quasi-isotropic material inaccurate x-ray elastic constants (sj, sp) would
also result in systematic errors of the components of the F-tensor. Inaccurate values of x-ray elastic
factors produce inaccurate entries in the Moore-Penrose pseudoinverse and therefore inexact stress
values. This is quite similar to errors produces by wrong XEC in the sin2\|/ method but much more
complicated from a mathematical point of view. It is also clear that if one knew the errors in F and
therefore in the pseudoinverse and in oj; , the errors in all the derived stresses can be calculated in
the same way as described below.

The Difficulties for ''Error Propagation' from o;; to the Derived Quantities

There are two obstacles in the error propagation:

a) The quantities Ac;; are not independent from each other, because each of them depends in
different ways on the standard deviations of the measured values Ad(e,y,hkl). Therefore, the simple
error propagation by calculation of sums of Azcij would not be correct.
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b) Neither Ac;j nor Azcij are components of a second rank tensor. Therefore none of these matrices
transform like o;; or &;; does.

The Solution

Our approach is based on the matrix method together with the concept of the Moore-Penrose
pseudoinverse. The matrix method is based on the linear relationship between the measured data
d(e,y,hkl) and the wanted components of the stress tensor o;; . This relationship is the well known
equation discovered by Dolle and Hauk [3,4].

&(@,y,hkl) = F;;(p,y,hkl) oj; (D)

Actually it can be regarded as some special form of Hooke's law.
With Délle-Hauk's equation and knowing the components of the second rank tensor Fj;(¢,y,hkl)
one can establish a system of linear equations, the solution can be written in the form

Gij = bijn ¥n - (2)

For the moment we use y as the measured data, y can be either &(o,y,hkl) or d(¢,y,hkl), the
measured lattice plane distance or a(@,y,hkl), a fictitious lattice parameter calculated from
d(o,y,hkl). Usage of a(p,y,hkl) would be necessary when different (hkl)s are used (see e.g. [5,6,7]).
If one uses Voigt's or Mandel's notation, we obtain Eq. 3. In the following, we will write all
equations in either the one index or the two index notation without further indication.

Om = bmn Yn (3)

This array of equations is the key for all the error calculations needed since here we can use the law
of error propagation.

Error Calculation for o;;
Using Eq. 3 and the law of error propagation we can write:

A6 = (b Ay1)” + (b Ay2)* + (buz Ays)* + ... (4)

Error Calculation for the Principal Stresses
If the principal stress axes are known the calculation of the principal stresses is simply a tensor
transformation.

p
G jj = tik G on b b 5)
GI=0C {1;001=0 2;0mM=0 33 (6)

tic means the transformation matrix, its lines are unit vectors in the directions of the principal axes.
Obviously Eq. 5 can also be applied to Eq. 3. This means that bj;, or by, transform to bPijn or men in
the same way as G;j OF Gy, t0 G jj OF G' r, . How this can be done is described below. With b’y we can
write

A% 1 = (6°m1 Ay)? + (072 Aya)? + (b7 Ayz) + ...

Here it must be pointed out that although the components 6;; = 0 for 1 # j their standard deviations
are always larger than zero. Therefore it would be wrong to write:
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o, t Aoy 0+ 0 0+ 0

(Oio o+ Aoy 0+ 0 ) (7)
0 i 0 0 i 0 GI” i AGIII

Instead one must write

0 i Ao_lz (5 i AO_” 0 i AO_23
0tA4013 0x40,3 oyt Aoy

(a, + 40, 04 Aoy, 0t 4043 )
(8)

This statement does not apply to the case when one or more than one stress component is set to zero
as the consequence of an extra condition, for example a stress free surface or the determining of a
principal stress axes due to physical or symmetry reasons. In other words, for a stress component
which is not calculated we can also not calculate a standard deviation.

About the Scatter of Principal Stress Axes

The directions of principal stresses can be very poorly defined or can be completely undefined, even
if ojj are measured with high accuracy. With poorly defined we mean that a small change in one of
the oj; can cause a large change in the directions of the principal axes. This happens in the following
cases:

a) 011 =02 =033,  Oj2, 013, 023 << Oy
b) o1 = ox; G12 , 013, 023 << O

In [1], the authors deal a lot with the question of the scatter of principal axes. In our opinion this is

not necessary. Principal axes alone have no physical meaning they describe the stress state only in
combination with the principal stresses.

Error Calculation for the Deviatoric Stresses
The deviatoric stress tensor is defined as

Gij ' =Gijj—Pp ©)
p = tr(c;)/3 (10)

If we define:

b = buun - (bin+ bant bsn)/3 (11)
we can write for the stress deviator tensor

6" m =b"mn Va (12)
Instead of Eq. 4 we then have:

A%6 = (b°m1 Ay1)? + (6P Aya)® + b3 Ays)® + ... m=1,2,3 (13)
Ao =AG,: m=4,5,6 (14)

Error Calculation for the Tresca Stress

For the Tresca yield criterion (maximum shear stress) one needs the largest difference between
principal stresses. Since usually principal stresses are ordered according to their magnitude we can
write
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GT =01 -0m (15)
and
A6 = ((b711- BP31) Ay1)” + ((biz - b'32) Aya)*+ (bia- b¥33) Ays)” + ... (16)

Error Calculation for the von Mises Stress
A frequently used yield criterion was proposed by von Mises. The Mises stress is defined as V3
times the second invariant of the deviatoric stress tensor.

M=03Rcjo;)" (17)

We again use the error propagation law. But here it is a little bit more complicated since one must
use the derivatives of Mises-stress with respect to the measured values y,.

A*o™ = (do™ /dy))? A%y, + (do™ /dy,)* Ay, +(do™ /dys)* Alys  + ... (18)
The derivative do™ /dy, are calculated from Eq. 17 together with Egs. 9, 10.

do™ /dy, = 0.75/6™ (6° b n) (19)
Calculation of the Factors by,
In the matrix method we have to distinguish between two main cases, and within these there is also
some subdivision necessary.

1) The specimen has a stress free surface. ci3 = 0
Then, the basis of the whole procedure is Eq.20, 21 [5,6,7]

a(q),\y,hkl) =Qqy + F11(([),\|/,hkl) a0 011 + Fzz((p,\}l,hkl) ap 022 + 2 Flz(([),\v,hkl) ap O12 (20)
In the one index notation after Voigt it reads
a(e,y,hkl) = ag + Fi(@,y,hkl) ag 61 + Fa(@,y,hkl) ag 62 + Fs(@,y,hkl) ag o6 21

1.1) o are unknown for m=1,2,6
With enough measured data, one can create a system of linear equations, the solution of it is:

a0 = k-tln ap (22)
a0 0] = kTZn an (23)
a0 62 = kT3n ap (24)
Ao O¢ = kT4n an (25)

k' mn are the entries of the pseudoinverse belonging to that system of linear equations. For further
details we refer to [5,6].
By comparing the equations above (Egs. 22 to 25) with Eq. 3 we see

bin= Ko /a0 ; bon = k'3y /a0 3 ban = k' /29 (26)

1.2) o6 =0, which means that the main stress axes are the x-, y-, and z-axis.

Then we have only 6, and o, as unknowns and only Eq. 22,23,24 are needed, also only by, and
b, . The error calculations are the same as in the case 1.1, except that principal stresses are
already known, therefore also their standard deviations.
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1.3)61=03,06=0
Here instead of Eq. 21 one must use Eq. 27

a(,y,hkl) = ag + [Fi1(e,y,hkl) + Far(,y,hkl)] ag 611 (27)

For the calculation we again refer to [5,6], the rest is analogous to the considerations above.
1.4) o; #0, all other components are zero.

Then o™ = 6" = 61 = 0, and all their standard deviations are also known.

For the deviator stress we obtain Azc’m = A201

2) No stress-free surface. Then Dolle Hauk's equation (Eq. 1) in its original form must be used.
The components of the stress tensor can be calculated with Eq. 28. k', are the entries of the
pseudoinverse. For the calculation of them we again refer to [5,6].

O m=1..6 (28)
We again compare this equation with Eq. 3 to find Eq. 29.
bmn = kTmn (29)

Transformation of the Matrix b, to men
The calculation of principal stresses is done with the aid of Eq. 5. If we apply the same procedure to
Eq. 3 we immediately obtain the transformation equation for the factors b’ mp.

b¥iin = tix tj1 by (30)

Here we have to use the two-indices notation (ij or kl instead of m), this means that at first one must
transform by, to bj, and after applying Eq. 30 ijjn must be transformed to b'n,. Both
transformations must follow the schema of Eq. 31. (If Voigt’s notation is used the tensors b;j, and
kTijn must be dealt with as c;; whereas F;; must be transformed like €;; when changing from one index
to two indexes or back.)

b11n b12n b13n bln b6n b5n
b12n b22n b23n = ben b2n b4n (31)
b13n b23n b33n b5n b4n b3n

Two Special Distributions of Measurement Direction
For some special configurations of measurement directions, some relationships among different
standard deviations are fixed no matter how large standard deviations are.
a) ¢1=0%vy1, Y2, ... Vn
Q2= 600, Vi, V2, ... Yn

03=120° w1, Va2, ... Yy
Then we find: Aoy = Acy;  Ace=0.67 Aoy

AGI = AGH = AGIH = AGl
A= 1.4 Aoy ; Ac! = Ao,

b) ©1=0%wyi, ¥, ... Yy
Q2=45° V1, Y2, ... Wn
Q3= 900, Vi, V2, ... Yn
Then we find: Ac; = Acy;  Ace = Ac
09 Ac; <Ao< 1.5 Aoy
Ac' = 1.4 Aci; AcM = 1.9 Ao,
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This is another demonstration that the distribution ¢ = 0°, 60°, 120° or any other more “symmetric”
¢-distribution is much better than the frequently used distribution ¢ = 0°, 45°, 90°. See also [2].

Summary

With the matrix method and its intermediate result, the Moore Penrose pseudoinverse, together with
the law of error propagation a tool, not very difficult to handle, has been found to calculate standard
deviations of all parameters derived from the stress tensor. In general, all information about the
whole measurement procedure must be known. That is: the measurement direction, given by ¢/,
the reflection (hkl), the standard deviation Ad(¢,y,hkl) and the x-ray elastic factor Fjj(¢,y,hkl) of
each measured lattice plane distance d(¢,y,hkl).
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