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Abstract. By finding stress states which are consistent both with any existing experimental
measurements and with elasticity theory, residual stress fields can often be reconstructed from
incomplete measurement data. We discuss such methods of residual stress reconstruction, their
implementation using finite element analysis, and the measurement strategies which enable them.

In general, reconstruction of residual stress fields must be formulated as an inverse problem, which
can usually be solved using stress basis functions. However, prior knowledge of the form of the
residual stress field and/or underlying eigenstrain distribution often allows the problem to be
reduced such that inverse methods become unnecessary, greatly simplifying the analysis. Two
examples of when residual stress field reconstruction can be simplified in this way are given.

Introduction

Regardless of the measurement technique applied, residual stress fields are notoriously difficult
to determine due to their self-equilibrating nature [1]. Often, there is a fundamental discrepancy
between the requirement for accurate residual stress data, and the ability of measurement specialists
to acquire it at reasonable cost. For example, although the presence of residual stress in a
component or structure is considered in structural integrity assessment standards such as BS7910
[2] and R6 [3], the residual stress distribution is rarely measured in practice due to the difficulty and
cost involved. Instead, the residual stress distribution is most often taken from conservative
handbook values or from modelling results. At the same time, the majority of practical residual
stress measurement methods are quite limited in terms of stress resolution, spatial resolution, and
number of stress tensor components measured. For instance, in the deep hole drilling method [4],
[5], three in-plane stress components are measured at points along a single line (the hole axis).
While this provides a significant amount of stress information, it does not allow the complete
residual stress field in an object to be measured explicitly.

Reconstruction of residual stress fields, i.e. inferring the complete stress field from a limited
number of measurements, can be carried out by finding distributions of residual stress which are
consistent both with existing measurements and with elasticity theory. Generally, stress field
reconstruction must be formulated as an inverse problem [6]: basis stress distributions are generated
which satisfy equilibrium and boundary conditions, and a linear combination of basis distributions
is determined which corresponds closely to the existing measurements. Stress basis functions which
satisfy equilibrium and boundary conditions can be generated in a number of ways. These are
discussed below. Later, we discuss situations in which an inverse analysis can be avoided.

Eigenstrain-Based Methods. Fundamentally, residual stresses arise due to the presence of
incompatible inelastic strains in an object. This can be represented in Cartesian coordinates by a set
of modified compatibility equations given by [7]:
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where ey, e, etc. are components of the elastic strain tensor, and &4y, &, etc. are components
for the eigenstrain tensor. One way to generate a set of residual stress bases is to first define a
corresponding complete set of eigenstrain bases. Basis distributions of eigenstrain which have been
used for this purpose include orthonormal polynomials [8—10] and piecewise linear functions [11],
[12]. Finite element analysis is then used to find the distribution of stress in the object which results
from each of the eigenstrain bases. The main advantage of eigenstrain-based methods is that a
complete set of eigenstrain bases automatically corresponds to the complete set of residual stress
distributions.

Stress Function Methods. An alternative approach is to select a set of stress functions (e.g. Airy
stress functions for a 2D case) which satisfy the equilibrium and the object’s boundary conditions
[13], [14]. In a linear elastic material any linear combination of such stress functions will also
satisfy these conditions. Therefore, by assuming that the residual stress distribution can be
represented by stress functions which satisfy the boundary conditions, the boundary conditions are
automatically imposed on the result.

After residual stress basis functions have been generated, both the stress function based and
eigenstrain based methods proceed in a similar fashion (this can be seen in references: [15], [16]). A
weighted sum of the stress basis functions is constructed, and (some function of) the difference
between any available measured residual stress values and the corresponding values from the
weighted sum is minimised. This yields a set of weighting coefficients which define the
reconstructed residual stress state in terms of the basis stress fields [7].

Limitations of Inverse Analyses. The inverse methods described above are very powerful, but
have some significant practical limitations. For all inverse methods, the number of basis functions
required rapidly becomes large as the stress field becomes more complex, and consequently the
computational cost increases. Typically, gross simplifications must be made to apply inverse
eigenstrain or stress function methods to three-dimensional states of residual stress, for example by
assuming plane stress or strain states.

In certain cases it is possible to infer additional information about the residual stress distribution
without using inverse methods. Two examples are given below. In the first, the incompatible strain
resulting from the welding process is known to have a limited spatial extent. Using the stress field
in this incompatible region, the residual stress distribution in the remainder of the component can be
reconstructed without explicitly determining the eigenstrain distribution. In the second example,
assumptions regarding both the form of the eigenstrain distribution and the symmetry of the
component are used to reconstruct the residual stress distribution in a clad plate.

Examples

NeT TG1 Weld Benchmark. In this example, reconstruction of a complex three-dimensional
stress field is demonstrated using synthetic measurement data taken from a finite element model of
the NeT TG1 weld benchmark specimen [17]. NeT TGI is a single-pass bead-on-plate TIG weld in
SAE Type 316L austenitic stainless steel. A thermo-mechanical model of the welding process for
this specimen was developed and used to generate a ‘target’ residual stress state representative of
that in the real plate. The plate was assumed to be symmetric about the weld line, and only one half
was modelled (see Fig. 1).

Reconstruction of the complete target residual stress field was carried out using a sub-set of the
available residual stress distribution calculated using the welding process model. This sub-set was
defined as the region of the solid model having undergone plastic deformation during the welding
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process. This was the only region of the plate which contained incompatible inelastic strain. Since
the rest of the plate underwent purely elastic strain during welding, it contained no incompatible
inelastic strain once the process was complete. This reconstruction was carried out to demonstrate
that the residual stress field in this plastic zone can be used to characterise the complete residual
stress field in the specimen. The plastically-deformed region accounted for approximately 17% of
the total volume of the welded plate.

Reconstruction was carried out via an iterative finite element based procedure described in detail
elsewhere [18]. Briefly, in each iteration the residual stress state in the eigenstrain-containing region
was imposed on the solid model, equilibrium was established, and the resulting stress field in the
rest of the object was determined. As the residual stress distribution in the eigenstrain-containing
region was iteratively re-imposed, the stress field outside of the ‘measured’ region asymptotically
approached a stationary value. The results, shown in Fig. 2b, illustrate that there is good agreement
between the target and reconstructed residual stress fields.
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Figure 1: a.) Equivalent plastic strain during welding of NeT TG1 (modelled). b.) Distribution of
longitudinal residual stress in the the region of finite plastic strain.

a. b.
400 £ >0 £,=0 —Targetay,
P P —Target o
yy
300¢ —Target Ty

x Reconstructed o

N
o
o

o Reconstructed ny

2 Reconstructed rxy

Stress (MPa)

100
: w
-00r "
easure .
i Reconstructed region
_2000 10 20 30 40 50 60

Distance y from weld centreline (mm)

Figure 2: a.) Reconstructed residual stress state (longitudinal), b.) Comparison of target and
reconstructed fields along a transverse line.
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In this example, the residual stress field in the eigenstrain-containing region of the plate was
assumed to be perfectly characterised. In reality this would not be possible, since all real residual
stress measurement methods have practical limitations in terms of spatial and strain resolution.
Therefore, in addition to the reconstruction described here, a parametric study of the effects of
various types of error and incompleteness in the ‘measurement’ data was carried out. The effects of
limited strain resolution, limited spatial resolution, limited knowledge of size of the eigenstrain-
containing region, and a limited number of measured stress tensor components were all
investigated. This showed that the iterative reconstruction technique is sufficiently insensitive to
errors in the supplied stress data to be used with results from neutron or synchrotron diffraction
experiments, and we are currently investigating the application of this method to real measurement
results.

TIG-Clad Plate. In this example, the specimen is a rectangular plate of ASME SA 508 Class 3
pressure vessel steel overlaid with SAE Type 308 austenitic stainless steel in multi-layer TIG
cladding process. The parent plate prior to cladding had overall dimensions of 300 mm (length in
cladding direction) x 150 mm (width) x 50 mm (thickness). The clad layer, covering most of the
upper surface, increased the plate thickness by approximately 8 mm. Since the cladding was
uniform over the upper surface of the plate, the eigenstrain distribution was assumed to vary in only
one dimension, i.e. through the plate’s thickness. At the centre of the plate (half-way along the x
and y dimensions), symmetry suggests that the elastic strain derivatives in the x and y directions are
zero. Hence the compatibility equations (Eq. 1) reduce to:
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Therefore the eigenstrain distribution was characterised using a single through-thickness
incremental Deep Hole Drilling (iDHD) measurement made at the middle of the plate specimen.

iDHD measurements were carried out and the residual elastic strain components (exy, €yy, €xy)
in the plane of the specimen were obtained, resolved through the depth of the hole (i.e. through the
total plate thickness of 58 mm). The corresponding eigenstrain components &xy, €y, and &y, were
found. This distribution of eigenstrain was then applied as an anisotropic thermal expansion to a
solid model of one quarter of the plate and clad layer consisting of approximately 50,000 linear
tetrahedral elements. The resulting reconstructed residual stress field is shown in Fig. 3b.

b.

Figure 3: a.) TIG-clad plate, b.) Residual stress field reconstructed from iDHD measurement
(longitudinal component shown).
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Concluding Remarks

Reconstruction of residual stress fields from limited amounts of measurement data can be carried
out by using equilibrium and boundary conditions to reduce the number of viable solutions which
are compatible with the measured data. This reduction of the solution space is the fundamental
principle underlying the application of inverse eigenstrain and stress function methods for residual
stress field reconstruction.

Information about the process which introduces the residual stress state, such as the extent of
inelastic deformation generated during a peening or welding operation, can be incorporated into this
analysis. Very often this allows a problem which would otherwise need to be tackled using inverse
methods to be made much more easily solvable. Specifically, when the distribution of incompatible
strain can be described using the available measurement data, reconstruction of the rest of the
residual stress field can be performed without the use of inverse methods. Therefore, careful
selection of measurement methods and locations with the aim of best characterising the underlying
eigenstrain distribution can greatly aid residual stress field reconstruction.
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