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Abstract. The problem on radial oscillations of an elastic cylinder with inhomogeneous residual 

stress (RS) is considered. Two acoustic techniques of RS reconstructing are suggested. Within the 

framework of the first method, a set of radial displacement values is assumed to be known, while 

the frequency is fixed. Within the framework of the second method, the radial displacement value at 

the outer radius is assumed to be known for a set of frequencies. The examples of numerical 

identification experiments are presented. 

Problem statement 

The motion equations, constitutive relations, and mixed boundary conditions describing steady-

state vibrations of isotropic body under residual stress state (RSS) have form [1,2]: 
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where zerere zr ∂∂+∂∂+∂∂=∇ − /// 1 ϕϕ , ρ  is body’s density, ω  is vibration frequency, u  is 

displacement vector, T  is the first nonsymmetrical Piola—Kirchhoff stress tensor, 
0σ  is the RS 

tensor, λ , µ  are the Lamé constants, ε  is strain tensor, body force is absent. Let us represent the 

expressions of displacement gradient u∇ , tensors T  and 
0σ  subject to the plane deformation 

)),,(),,(( construruu r ϕϕ ϕ  in the polar coordinate system ( r ,ϕ ): 
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As a particular practical example of the statement presented let us consider axisymmetric 

problem on steady-state vibration of a cylindrical region (inner radius 01 >r , outer radius 12 rr > ). 

Vibrations are caused by uniformly-distributed load repp −=  applied to the outer contour 2rr = . 

The boundary conditions take form 

( ) peTeT rrrrrr =+ = 2
|ϕϕ , ( )

1
| 0.rrr r r r

T e T eφφ =+ =          (5) 

Advanced Materials Research Online: 2014-08-11
ISSN: 1662-8985, Vol. 996, pp 404-408
doi:10.4028/www.scientific.net/AMR.996.404
© 2014 The Author(s). Published by Trans Tech Publications Ltd, Switzerland.

This article is an open access article under the terms and conditions of the Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0)

https://doi.org/10.4028/www.scientific.net/AMR.996.404


 

Assume that the only nonzero components of the RS tensor are two components 

0)(00 ≠= rrrrr σσ , 0)(00 ≠= rϕϕϕϕ σσ . Due to load symmetry and region geometry, the nonzero 

component of radial displacement ru  is a function of radius r  only: 

)(ruur = , 0.uφ =              (6) 

On the basis of the general formulas (1)-(4) let us express the components of the Piola—

Kirchhoff tensor and the motion equation: 
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The equilibrium condition for the RS tensor 
0σ  from (1) take form of relation binding together 

the components 0

rrσ  and 0

ϕϕσ : 
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Taking into account the relation obtained, let us write the motion equation in terms of 

displacement and the boundary conditions: 
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The Lamé parameters λ , µ  in the expressions above are assumed to be constants. Next, let us 

introduce dimensionless parameters and functions: )2/(2
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parameter characterizing vibration frequency, ]1,[ 0ξξ ∈  is the dimensionless radial coordinate, 
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rr  is a parameter characterizing the level of RSS, 

)()( 2 ξUrru = . The motion equation and the boundary conditions will take form 
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The Eq. (11) is a 1st order differential equation with variable coefficients. A solution of the 

boundary problem (11)-(12) generally may be found only numerically. One of the possible methods 

to solve it is the shooting method. To realize it, the problem is reduced to a system of two 

differential equations for two functions )()( ξξ Uy ′=  and )(ξU . The numerical solution is obtained 

in the package Maple using standard procedures. In case of homogeneous RSS ( 1)( =ξg ), an 

influence of the parameter τ  on frequency response function (FRF) revealed that the most sufficient 

effect appears in close vicinity of resonances and for higher values of natural frequencies. 
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Inverse problem 

The inverse problem for the object considered is to identify the function )(ξg  from some 

additional data on FRF. Let us view two approaches. 

In frames of the first one, as additional information we assume the nodal values of the 

displacement function ),( κξiU , Ni ..1=  in a finite set of points ]1,[ 0ξξ ∈i  for a fixed parameter 

],[ +−∈ κκκ . At that, the motion equation (11) may be considered as 1st order differential equation 

with variable coefficients with regard to the unknown function )(ξg : 
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The solution of this problem may be rewritten as follows: 
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It is evident from the Eq. (16) that the solution of the Eq. (14) does not exist or nonunique if 

0/),(),(),( =−′= ξκξκξκξ UUs . The calculations showed that there are some points ),( ** κξ  at 

frequency ranges above the 1st resonance frequency in which the function ),( κξs  may become zero. 

Moreover, a number of such points increases with selection of higher frequency ranges. Thus, it is 

necessary to implement the inverse problem solving in accordance with formulas (14)-(16) for a 

given frequency below the 1st resonance. 

Another important aspect of implementation of such an approach is a problem of approximation 

of the displacement function )(ξU  by a given set of its nodal values ),( κξiU , Ni ..1= , and further 

calculation of its first and second derivatives which is occurred using spline-interpolations. The 

computational experiments on a recovering of monotonic and non-monotonic functions )(ξg  are 

carried out in the package Maple with using splines of the fifth degree. The most precise 

reconstruction is typical for thin-walled cylinders ( 7.00 >ξ ). For instance, a relative error of a 

reconstruction of the function )514(6)( ξξ −=g  for 9.00 =ξ , 4.0=k , 1* =p , 6.0=κ , 310−=τ , 

30=N  was less than 3%. Also let us note that for a successful reconstruction of RSS of 310−  level, 

the accuracy of the input data ( ),( κξiU , κ , k , *p ) should be set up to 410− . 

In the framework of the second approach to reconstruction of inhomogeneous RSS, as additional 

information we assume the given values of the displacement at the outer radius )(),1( κκ dU =  in a 

finite set of frequencies ],[ +−∈ κκκ . The implementation of this approach is based on a 

constructing of an iterative process [3,4]. To derive this relation, we shall use the linearization 

method.  Let us rewrite the motion equation and the boundary conditions (11)-(12) in the form: 
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According to the linearization method, let us put 

1gg ε= , 10 UUU ε+= ,          (19) 

where ε  is formal parameter. Let us substitute (19) into the motion equation and the boundary 

condition. Next, by writing down the problems corresponding to the zeroth and first degrees of the 

parameter ε , and by occurring integral transformations, we get the following operator relation: 
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This relation may be treated as integro-differential equation for sought-for correction of radial 

RSS component )(1 ξg  with the displacement function ),1()( κκ Ud =  measured. The Eq. (20) 

),(0 κξU  contains the displacement function calculated at previous step. Note that the Eq. (20) can 

also be transformed into the integral form: 
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The solving of this equation is implemented numerically by discretization of integral operators 

and further using of the A.N. Tikhonov regularization method [5]. To organize an iterative process, 

the initial approximation for  )(ξg  was searched in a class of linear functions ξξ bag +=)( . 

Values of the coefficients a , b  are determined from the minimizing of residual functional at a 

compact set: 
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where ),1(
~

κU  is a function of displacement at the outer radius of the ring for a linear law of 

variation of the function )(ξg . The compact set considered is a set in a space of real parameters 

( a , b ) which is built from a condition of boundedness of the sought-for function Mg ≤|)(| ξ . 

When the quadrature trapezoidal rule was used, the computational experiments showed that the 

approach proposed may be successfully employed for a recovering of monotonic and non-

monotonic functions )(ξg . The relative error for monotonic functions does not exceed 4%, and for 

non-monotonic – 10%, when frequency range is selected between the 1st and the 2nd resonance 

frequencies. As well as for the first approach, the most precise reconstruction is typical for thin-

walled cylinders ( 7.00 >ξ ). For example, when reconstructing the function 1)( 7 −= −ξξg , the 

maximum relative error was 2.5% for the following parameters values: 9.00 =ξ , 310−=τ , 

]5,2[∈κ , 4.0=k , 1* =p . 
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Summary 

Two approaches to a reconstruction of inhomogeneous RSS in a cylinder under plane 

deformation are proposed. In frames of each approach, the analysis of computational experiments 

on determining RSS laws of variation is carries out. 
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