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Abstract. Starting from a three-dimensional transport model in the Landauer-Biittiker for-
malism we derive a scale-invariant expression for the drain current in a nano-transistor. Apart
from dimensionless external parameters representing temperature, gate-, and drain voltage the
normalized drain current depends on two dimensionless transistor parameters which are the
characteristic length [ and -width w of the electron channel. The latter quantities are the physi-
cal length and -width of the channel in units of the scaling length A = A(2m*er)~'/2. Here e is
the Fermi energy in the source contact and m* is the effective mass in the electron channel. In
the limit of wide transistors and low temperatures we evaluate the scale-invariant I, — Vp char-
acteristics as a function of the characteristic length. In the strong barrier regime, i. e. for [ 2 20
long-channel behavior is found. At weaker barriers source-drain tunneling leads to increasingly
significant deviations from the long-channel behavior. We compare with experimental results.

Introduction

The transistor density in integrated circuits doubles every two years (Moores law). Increased
mobility in a short transistor channel leads to higher performance and less energy consumption.
In technology, the reduction of the channel length is accompanied with the introduction of high-
k gate dielectrics, metal gates, and strain engineering [1]. Currently alternative material systems
and -geometries are under intense consideration as well [2] including carbon nanotube FETs
[3], multi-gate FET's [4], nanowire transistors [5], Schottky barrier FETs [6], FETs with high-x
channel material (Ge [7]or III-V [8]) or transistors in hybrid-orientation technology [9].

As well-known, in conventional transistors with decreasing channel length the desired long-
channel behavior of a transistor is degraded by short-channel effects [10, 11, 12]. One major
source of these short-channel effects is the multi-dimensional nature of the electrostatic field
which causes a reduction of the gate voltage control over a short electron channel. A second
source is the advent of quantum transport. The most obvious quantum short-channel-effect is
the formation of a source-drain tunneling regime below threshold gate voltage. In Ref. [13] it was
found that in the source-drain tunneling regime the Ip — Vp-traces show a positive bending as
opposed to the negative bending for classically allowed transport. The source-drain tunneling-
and the classically allowed transport regime are separated by a close-to linear threshold charac-
teristic. Such a behavior is found in numerous MOSFETSs with channel lengths in the range of a
few tens of nanometers (see for example Refs. [14, 15, 16, 17, 18, 19, 7]). While in early scaling
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concepts long-channel behavior could be assumed [20, 21] in the meantime two-dimensional ef-
fects in the electric field have been introduced in scaling [22, 23, 24, 25]. This paper is devoted
to scaling properties of quantum transport.

For the modeling of quantum transport in nano-field effect transistors a number of advanced
methods exist including non-equilibrium Green’s function techniques [26, 27, 28, 29, 30], the
Wigner function approach [31, 32, 33], atomistic scale approximation schemes [34, 35, 36, 37]
or Monte Carlo-based techniques [38, 39, 40]. Naturally, these approaches rely to an essen-
tial extend on numerical methods. Therefore in many cases the scaling properties of nano-
transistors have been extracted from simulations of concrete systems with given physical sizes
[41, 42, 43, 44, 45]. As a complementary approach, there is a number of simpler one-dimensional
effective models which lead to a more compact description (for a review see Ref. [46] and more
recently Refs. [47, 48, 49]). Based on such a relatively simple approach a scale-invariant expres-
sion for the drain current was proposed recently [50]. Here the quantity A\ = h/v/2m*ep arises
as a natural scaling length for quantum transport where e is the Fermi energy in the source
contact and m* is the effective mass of the charge carriers. In this paper we show how the
scale-invariant expression for the drain current can be derived. Furthermore, comparing with
experimental results we study the quantum short channel effects as a function of the dimen-
sionless characteristic length [ = L/, where L is the physical length of the transistor channel
finding qualitative agreement.

Theory

Starting from a complete three-dimensional model of a nano-transistor we derive in the Ap-
pendix a simpler one-dimensional effective model (see Figs. 1 (a) and (b)). In the latter model
the effective potential acting on the current carrying charges is given by V¢//(y < 0) = 0,
Vell(0 <y < L)=1-Vpy/L, and V//(y > L) = —Vp = —eUp, where Up is the applied
drain voltage. After a proper normalization a scale-invariant expression for the drain current
results which is given by

=) [ [s (1= =) (=222 oo =2 ] )

In this expression the normalized supply function for a wide transistor reads

~

wVaFy (e - m)%|. @)

u

1
2\/m

the effective current transmission is given by

s(a) =

TF%W—M»UD}:%©W@a%Wm®W, (3)
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and the normalized chemical potential m = pu/ep is

G%mw) (4)

Furthermore, F_y5 is the Fermi-Dirac integral Fj(u) = I'(j +1)7" [ dvv? /(1 4 €*™*) of order
—1/2 and X% is the inverse function of F7 /o. The normalized current 7 = I/1y with Iy = 2eep/his

m(u) = uX
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Fig. 1: a) Schematic representation of a generic n-channel nano-field effect transistor. b) One-
dimensional effective potential V¢//, and c) scaled effective potential v = yeff /Vo as a function
of y = y/L entering Eq. 5.

seen to depend on three normalized external parameters vp = Vp/ep , v = Vg /e, u = kpT/ep
and two dimensionless transistor parameters, namely the characteristic length [ = L/ and -
width w = W/A, L and W being the physical length and -width of the electron channel.
As illustrated in Fig. 1 (b) the gate voltage parameter Vi is defined as the deviation of the
maximum of the source-drain barrier from the chemical potential in the source, Vg = p — V.
The effective current transmission in Eq. 3 is calculated from the scattering solutions of the
scaled one-dimensional Schrodinger equation

1 d&
B dy?

A

+0(9) — €| P(g,€) =0, (5)

with 8 = 2m*VyL?/h? = I(m — vg), and ) = y/L. The scaled effective potential ¢ = Ve///V}
is given by 9(y < 0) =0, 9(0 < g < 1) = 1 —9py, and o(y > 1) = —0p, where 9p =
vp/(m — vg). As usual, the scattering functions emitted from source contact ¢S obey the
asymptotic conditions 5 (j < 0,€) = exp (iksg) + 75(€) exp (—iksy) and

V(5 = 1,8) = £5(& B, 0p) exp (ikp) (6)
with kp = B(é+ vp) and ks = \/Bé. The notation t3(&; 3,0p) is chosen to point out that

because of Eq. 5 the scaled transmission coefficient only depends on the three parameters €, 3,
and Up.



52 Journal of Nano Research Vol. 10

Fig. 2: Calculated low-temperature drain characteristics (v = 0.01) in the wide transistor limit,
ve starting from 0.5 with decrements of 0.1 (solid lines). a) ’ideal limit’ | = 500, b) ’strong
barrier’ [ = 40, ¢) ’transition regime’ [ = 10, and d) 'weak barrier’ [ = 5. In dashed lines TH
(best fit to a linear characteristic) for [ = 40 at vg = 0.02 and for [ = 10 at vg = 0.04. For
[ =500 the TH is not resolvable from the abscissa and for [ =5 it is absent.

Numerical Results

Evaluating Eq. 1 in the limit of low temperatures, u ~ 0, we analyze the dependence of i/w
on the three remaining dimensionless parameters vg, vp, and [. There are three possible types
of plots, namely i vs. vp at constant vg and [ (drain characteristics’ see Fig. 2), i vs. vg at
constant vp and [ ("transfer characteristics’, Fig. 3 (a)), and ¢ vs. [ at constant vp and vg (Fig.
3 (b)).

From Figs. 2 (a) and 3 (a) it can be seen that Eq. 1 yields a typical long-channel behavior
at very large [ (ideal limit’, [ = 500 in our numerical examples): First, the drain characteristics
show for small drain voltages an approximately linear dependence of the drain current turning
quite abruptly into a saturation regime for larger drain voltages. Second, the transfer charac-
teristics demonstrate that the transistor can be blocked rapidly below threshold, exponentially
fast.

In the strong barrier regime, represented by the calculation for [ = 40 in Fig. 2 (b), the
drain characteristics still look similar to the long-channel characteristics. However, the traces
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Fig. 3: a) Transfer characteristics for [ = 500 (solid lines), [ = 40 (dashed lines), and | = 10
(dash-dotted lines). Fat lines at vp = 1, thin lines at vp = 1.5. b) Drain current versus
characteristic length for V, = 1.0 and vg starting from 0.5 with decrements of 0.1 (dashed line
Vg = O)

close to threshold gate voltage vg ~ 0 are not given by ¢ ~ 0. Instead, they can be described by
a linear regression which increases in slope with decreasing characteristic length. This nearly
linear regression has already been found in the three-dimensional transistor model in Ref. [51]
where it was called close-to-linear threshold characteristic (TH). Above the TH, in the ON-
state regime, the i-v traces are similar to the ones in the long-channel limit, however, instead
of a current saturation only a quasi-saturation with a marked residual slope di/dvp is found.
Below the TH, at vg < 0, the transistor works as a tunneling transistor. Here another type of
characteristic arises showing a positive bending as opposed to the negative bending above the
TH. Source-drain tunneling also causes a degradation of the transfer characteristics which at
[ = 40 exhibit a weaker decrease of the drain current with decreasing negative vg (Fig. 3 (a)).
In consequence for negative gate voltages only a quasi-OFF state is assumed. Furthermore a
substantial dependence of the drain current on vp is found in the transfer characteristics.
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Fig. 4: Experimental drain characteristics: a) transistor with 15nm gate length (see Fig. 3 of
Ref. [14]), b) with 10nm gate length (see Fig. 13 of Ref. [16]), and ¢) with bnm gate length (see
Fig. 16 of Ref. [52]). We estimate the position of the TH as marked by an arrow.

In the transition regime to weak barriers (I ~ 10, see part (c) of Fig. 2) the traces for
positive vg in the drain characteristics become more and more rounded so that it becomes
difficult to define a quasi-saturation regime. In the quasi-OFF state regime small oscillations
become noticeable in the i-v traces. In Ref. [13] it was demonstrated that these oscillations are
due to resonant Fowler-Nordheim tunneling.

As shown in Fig. 2 (d) in the weak barrier limit, [ < 5, the i-v traces differ qualitatively from
the long-channel characteristics because of very strong source-drain tunneling. In particular no
TH can be defined.

As in the drain characteristics the traces 7 vs. [~ in Fig. 3 (b) develop a close-to-linear form
at gate voltages close to zero. Above zero gate voltage the drain current tends to a finite value
at large [ which is growing with vg. At negative gate voltages the current vanishes for large [
increasingly fast with decreasing gate voltages.

Discussion and conclusions

We discuss our numerical results on the background of selected experimental drain characteris-
tics reproduced in Fig. 4. To make contact with our theory we assume in absence of experimental



Journal of Nano Research Vol. 10 55

values A = 1nm corresponding to a reasonable doping level of N; ~ 2 x 10®%cm =3 (with Eq. 13
one obtains A = 0.32N{1/3NZ-_1/3, where we take a valley degeneracy of Ny, = 6). At A = 1nm the
experimental gate lengths of L = 15nm, 10nm, and 5nm correspond to characteristic lengths of
| = 15, 10, and 5. Furthermore, the Fermi energy ey ~ 0.2¢V is found from \ = A(2m*ep)~1/2
with A = Inm and m* = 0.2mg. Then the maximum of vp = 2 in our numerical calculations
corresponds to an experimental drain voltage of 2ex = 0.4V. Since in the experiments the series
resistance of the source- and the drain contact has to be taken into account it can be expected
that vp = 2 in fact corresponds to an experimental drain voltage between 0.4 V and 0.8V
which are the maximum experimental values considered in Fig. 4. With these presuppositions
it is seen that the transistor with 10nm gate length in Fig. 4 (b) can be regarded to represent
the transition regime of characteristic lengths around [ ~ 10 with rounded i-v traces (compare
with Fig. 2 (c)). Likewise, the transistor with 15nm gate length in Fig. 4 (a) represents the
lower edge of the strong barrier regime which is characterized by a marked transition between
the initial linear- and the quasi-saturation regime (compare with Fig. 2 (b)). Finally, the 5nm
gate length transistor in Fig. 4 (c) can be associated with the weak barrier regime with no TH
and no quasi-saturation (see Fig. 2 (d)).

To conclude, we present a scaling-approach for quantum-transport in nano-transistors. In
a simple model we find a scaling length for quantum transport and an expression for the
dimensionless drain current as a function of five dimensionless parameters. These parameters
are the normalized drain voltage, -gate voltage and -temperature as well as the characteristic
length and -width of the electron channel. For a wide transistor and low temperatures we
evaluate the drain characteristics numerically and find qualitative agreement with experiments.

Appendix: The scaled one-dimensional effective model in detail
Initial three-dimensional model Our starting point is the three-dimensional time-independent

Schrodinger equation

h?

Com*

A+V(r)— E} U(r, E) = 0. (7)

It is assumed that the potential acting on the current carrying charges is independent of the
width-direction, V' (r) = V(y, z). The finite width of the transistor is represented by Dirichlet
boundary conditions V(z = 0,y, 2, F) = V(z = W,y, z, E) = 0. Writing

U(r, B) = ¢(y, 2, e)\/%sin (]\éf/”x) (8)

we obtain

o (5t o) V) — e vtz o, )

2m

where the total energy for the motion in the y—z-plane is e = E—N2EY, E? = (h?/2m*)(7/W)2.
In our scattering theoretical approach we furthermore assume for the source contact V(z,y <
0) = v(z) and for the drain contact we set V(z,y > L) = v(2) — Vp. Then in the contacts
transversal modes @, can be defined as the solutions of the eigenvalue problem

{ A +v(z2) — EN} Py (2) =0. (10)

" 2m* dz2
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We neglect leakage currents to the top- and to the back gate setting ®5(0) = Pn(2.) = 0,
where z. is a suitable cut-off parameter. To keep the presentation as simple as possible the free
additive constant for V(r) in Eq. 7 is chosen so that EY = 0. The scattering solutions "
and YN of Eq. 9 are defined by their asymptotic behavior in the contacts. For the scattering
function 1°" emitted from the source contact with a transversal mode ®y we write

zk:SNy —szN/y

Z SNN(I) \/% (11)

¢SN(y S 07276) (I)N

and in the drain contact

Uy 2 L) = 3 5 N () (12)
y> Lz €)= t> N (2)——.

~ V2T
Here the reflection- and transmission coefficients are given by V'V and t5N'N | respectively,

and the wave numbers by ksy = /2m*(e — EN)/h as well as kpy: = 1/2m*(e — EN' + Vp)/h.

For a wide enough transistor and a sufficient junction depth a (see Fig. 1) the electrons in
the contacts can be treated as a three-dimensional non-interacting electron gas. The electron
density in this case is given by ng = Ny NspF o[/ (kgT)], where N3p = 2 (27rm*/’{:BT/hQ)?’/2
(see Sect. 1.5 of Ref. [46]) and Ny is the valley-degeneracy factor. We assume that all impurities
of density N; are ionized, independent of the temperature. In the zero temperature limit one

has Fyjo[p/(kpT)) — 4(er/kpT)*?/(4y/7) and thus
8 2rm*er 3/2
=N, =N : 1
L i Vgﬁ ( 72 ) (13)

Equating the finite temperature expression for ny with the zero-temperature limit it results
that

(14)

Drain current in the three-dimensional model From Eqs. 8, 11, and 12 it follows that
the source-emitted scattering solutions of (7) are

wnm:wWMm@:¢M@%@¢%ﬁnC$r) (15)

A transmitted component of W5VNz (¢, €) associated with the index N’ in Eq. 12 only contributes
to the current if the incident channel is open (real kgy) as well as the transmitted one (real
kpn+). For the current carried by such a state one obtains

/dz/da:ejy = e/dz x—[m {\I!SNNZ(r,e)*ag\IISNNI(r, €)
Y

= E:H““Wk (e—Efxxe—E§+4@)zﬁW@y (16)

2mm*
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The total current from source to drain, Is_.p, results from summing over all scattering states
USNNz (1 €) with a weight given by the Fermi distribution,

s =23 [ degsn (e N2E2 — )10 a7)

The function gsy(€) = dksy/de = m*/[h*ksy] is the one-dimensional density of states and
f(z) = [e*/®8T) 4-1]71. Since E? = 0 the Theta-functions in I°V(¢) ensure that the energy
integral ranges from zero to plus infinity. The factor of two in front of the r. h. s. of (17) accounts
for the spin degeneracy. Formally the N,-summation in (17) can be carried out defining the
supply function

S(e—pE)) = > fle—pu+ NED). (18)

Nz=1

Here, essentially a Riemann sum is obtained in the variable N,/ E? which in the limit of wide
transistors, E2 — 0, can be replaced by an integral yielding

LB = S(e — ) = o) kBT € p
bl%rilOS(e w, E)) = S(e—p) = 2 WF_I/Z(/{:BT)' (19)

Inserting Eqgs. 19 and 16 in Eq. 17 as well as the expression for ggy results in

2 (o)
Isp =" / deS(e — ) Ts (), (20)
0
with
Ts_ple) =Y O(c = EN)O(e — EY + Vp)kpa|t5N ™ (e) Phgy- (21)
N,N’

Taking into account that the chemical potential in the drain contact is given by pu — Vp an
analogous expression can be derived for the total current from drain contact to source contact

o0

2e ~
]DHS = F dES(E — U + VD)TDH5<€>. (22)

0

As shown in Refs. [51, 13] (see in particular Eqs. A14 and A15 in the latter reference) it holds
that Ts_.p = Tp_s = Tsp. Then, for the total drain current I = Is_,p — I[p_.s the Egs. 20 and
22 yield

_ 2_; / de [S(e — ) — S(e — j1+ V)] Ton(e). (23)
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Effective Transmission The summations over N and N’ in Eq. 21 to obtain the total current
transmission Tp in (23) represent intricate mode conversion processes between the incident
and the transmitted part of the scattering functions. As demonstrated in Ref. [13] it is possible
to introduce systematic approximations to derive a simpler one-dimensional effective scattering
problem with

Top ~ T (24)

Here the effective current transmission 7%/ = k7 [¢52(k%/7) =1 is calculated from the scattering
solutions of

R d?

gz TV W) e v (. =0 (25)

with the effective potential V¢// obeying the boundary conditions V¢//(y < 0) = 0 and
Vell(y > L) = —Vp. The scattering solutions 1*//** emitted from the source contact obey
the asymptotic relations /735 (y < 0, €) = exp (k5 y) + 5 exp (—ik§Ty) and

ISy > Loe) = t5(e)e* ', (26)

where k7 = \/2m*e/h? and k47 = V/2m* (e + Vp)/h2. We list the requirements for (24) to be
valid. The first requirement is a narrow confinement in the z-coordinate so that it is appropriate
to assume that the potential in the scattering area is separable,

V(2,0 <yL) = V.(2) + Vy(y). (27)

The conclusions drawn in the separable potential can be generalized to the non-separable case
as described in Ref. [53]. Second, because of the strong confinement in the z-direction only the
lowest quantum level E,_; = E; in the electron channel has to be taken into account which is
defined through the eigenvalue problem

n? o2

Third, the wave numbers kgsy and kpy in can be replaced by effective ones setting in Eq. 21

ksn ~ kS = \/2mre/R2, and  kpy ~ kST = \/2m (e + Vp) /2. (29)

Finally, evanescent modes (imaginary kgy or kpy) can be neglected. Under these conditions
one obtains the effective potential

0 for y <0
VI y) =1 BEr+Vy(y), for0<L (30)
—Vb, fory > L

to be entered in Eq. 25. While in Ref. [13] a transistor which is narrow in both lateral directions
is considered using essentially using the same approximations it is easy to show that (24) also
applies to the general case of an electron channel narrow in the z-direction but exhibiting an
arbitrary width in the x-direction.
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Scale-invariant formulation In this section we write Eq. 23 with Eq. 24 in a scale-invariant
form. To this end in Eq. 25 lengths are normalized to L and energies to Vj to obtain

I A
_B dy2 +U(y) — € w(Z/u E) = 07 (31)

where 3 = 2m*VyL2/h2, § = y/L, € = €/Vy, 8(9) = VI (y)/Vo, and 4(g,6) = ¢/ (y,€) =
VeI (Ly, Voé). Applying the latter relation to the scattering states in Eq. 26 and 6 yields
t3(& B3,0p) = t5(¢) so that

T (€) = kp(&)|t%(é; 8, 0p)P[ks(6)] ™ = T(é; 8,0p) = T {g; (m —vg), m”_DUG . (32)

For the scaling of the supply function in Eq. 19 we define

1
C2yT

where & = a/Vj. At a given thermal energy the chemical potential m can be calculated from
Eq. 14 as

s(@) = 5(1h0) = 3 =uVry (ve - m)%|. 33

m(u) = uX (%u—?ﬂ) | (34)

We can now recast Eqs. 23 and Eq. 24 in the dimensionless form given in Eq. 1.
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