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Abstract. The present paper got the objective to propose and apply a methodology based on plastic 
behaviour modeling of a magnesium alloy AZ31 and on a Navier-Stokes approach to describe the rib 
geometry during printing by FDM (Fused deposition modeling). By the plastic modeling the rib 
section in terms of equivalent radius is obtained by the application of an already proposed constitutive 
equation under semisolid condition. The same information is obtained by the calculation of dynamic 
viscosity coefficient of the material under different conditions of nominal extruder nozzles that are 
0.36 and 0.06 mm in radius with related extrusion velocity and internal pressure. The rib radius 
obtained by the plastic model is higher when the big nozzle is used compared with that given by the 
Navier- Stokes approach while an opposite behaviour is evidenced with the small nozzle where the 
apparent viscosity is higher. Increasing printing velocity similar rib dimensions are obtained in both 
cases. 

Introduction 
In the field of additive manufacturing the extrusion base techniques are very useful to realize the 

discretization of the material by which to produce complex shapes (double curvature surfaces, 
connections between curved and planar parts, multiple faceted surfaces, etc.) [1]. In fact high is the 
discretization, meaning low thickness values, high is the complexity of the geometry to be potentially 
generated. This is possible by obtaining very thin layers to be applied in any direction at working 
speed as high as possible comparable with that obtained during idle motion [1-4]. 

Such technologies known in the field of semisolid materials as FDM (Fused Deposition Modeling) 
can be applied successfully directly with metals when the material behaviour is known and correctly 
described [5-9] instead of more classic deposition modeling of bound particles and sintering [1]. The 
significant variable is in general represented by the temperature and by the pressure inside the 
extruder allowing the material flow [5-11]. Both of such variables can be tuned in order to represent 
a positive effect on the material deposition on the platform. Other variables are in general the 
geometry of the extruder and printing machine parameters [9-11]. 

Some authors report applications on titanium, magnesium and aluminium alloys in order to realize 
prismatic objects starting by the material knowledge under semisolid conditions [2-4,6,7,11]. They 
observed a overall decrease in internal stress with increasing temperature due to semisolid condition 
achieved. Similar results were obtained by the author in previous works on magnesium alloys [7,12] 
once approaching high strain rates leading to a faster achievement of semisolid condition due to heat 
generated. Even if the initial stress levels could appear naturally higher than those described. 

This behaviour promotes high production rates also in prototyping phase in order to shorten the 
design stage by high printing velocities together with the discretization useful to manage very thin 
layers and complex surfaces. These objectives to be achieved at the same time in the field of light 
metal alloys need a modeling phase with which to describe the material also under the conditions of 
high pressure inside the extruder with micro-dimension diameters [9,11,13]. 

Many authors [8,9,11,14,15] approach the solution of the problem to describe FDM to get very 
thin layers by different methods based on analytics, on finite element simulation by different 
explicit/implicit algorithms, on discrete element methods, mesh less, discrete events, etc.  Up today 
the analytical modeling represents the fastest and save costing way to approach the problem even if 
under defined hypotheses. 
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The framework of the reported field can be updated with the following proposed methodology 
based on analytical modeling in which two different approaches are considered. The one based on 
extrusion plastic modeling in which the constitutive equation of a AZ31 [12] magnesium alloy is 
adopted in order to describe high strain rate semisolid ribs obtained with deformation and friction 
heating contributions evaluated in previous works under similar or less heavy conditions [7] starting 
by a temperature of 400°C. The other one based on Navier-Stokes fluid dynamic equation proposed 
in a form to get the dynamic viscosity coefficient under semisolid by which to calculate the rib 
thickness. The obtained results at under millimeter rib dimension are similar to each other when 
printing velocities increase. 

Modeling Procedures 
The methodology reported in Fig.1 consists in two modeling approaches based on flow behaviour 

knowledge of material updated to consider semisolid condition in one case and in a fluid dynamics 
approach based on Navier-Stokes equation to calculate the dynamic viscosity coefficient. The 
material bahaviour is described in order to get the thickness of the layer function of different variables. 

Modeling by plastic behaviour of material is applied by an analytical model of extrusion 
considering the slab method when the semiconical angle approaches 90°. In the described condition 
material flow promotes 45° angle under high temperatures at solid state. That is the conical part of 
extruding tool as reported in previous works by the author [7] where friction, deformation and 
distortion heating produce a rapid increase in temperature by the 400°C initially tuned. The conditions 
are similar to those reported in the cited work, in which a initial radius of 0.6 is deformed to the 
nominal 0.3, completed with a study concentrated on the initial radius of 0.36 mm deformed to 0.06. 
The solid/liquid fraction is considered under similar hypotheses. The rib section dimensions obtained 
by the modeling of the plastic behaviour and the one by the fluid dynamics approach are compared 
to each other. 

 
       Modeling                                                                             Variables 

Fig. 1. Modeling procedure. 
When applying the first model the stress amount is calculated with the following equation: 

σz =
2∙σ�∙ln �R0Rf

�R02

Rf(2∙R0−Rf)
∙ exp �2µ

R0
∆ldef�         (1) 

where: 
σz: tension at the stem of the container 
σ: material flow 
μ: friction coefficient 
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R0: initial billet radius 
Rf :final billet radius 
Δl: travel covered by the stem 
The total stress amount can be calculated considering the fraction of the solid by respect to one of 
completely solid. In the formulation the factors of 0.2 and 0.3 for friction and distortion phenomena 
are implemented [7]. 
The tension amount in the extrusion chamber is given by: 

σextr =
2∙σ�∙ln �R0Rf

�R02

Rf(2∙R0−Rf)
             (2) 

The flow behaviour of material is reported by the power law based approach [7,12]: 
σ� = K ∙ ε�n ∙ ε̇m            (3) 

In which K, n, m are material constants being ε = 2⋅ln (R0 Rf⁄ ) and ε ̇ =  ε/∆t while 0.1 represents the 
part to be multiplied in order to model the semisolid state. 
Once calculated the absolute stress amount the pressure interval evaluation inside the extruder is 
reported by the following: 

∆σextrusion solid fraction  ≈ ∆p          (4) 

The already reported formulas allow to determine the equilibrium equation given as follows: 

ρ⋅V⋅g⋅∆h+ ρ⋅V ∙ ∆vy
∆t

∆h =σ⋅∆ε⋅V          (5) 

Being the vy the velocity along the direction perpendicular to the platform and ∆h the shortening of 
material in form of layer once arrived to the surface of that. The previous equation can be developed 
in: 

ρ⋅g⋅∆h + ρ⋅
∆vy
∆t

∆h = K ∙ �∆vy
h0

 �
m
∙ �∆h

h0
 �
n
 ∆h
h0

          (6) 

Considering the density that can be represented as a function of temperature [16,17] 
ρ = ρ0 − 0.23⋅(T- 30)            (7) 

displacement of the upper surface of the layer at contact with the platform is evaluated in terms of: 

∆h = �
ρ∙�∆v

∆t+g�

k∙�∆vh0
�
m
∙� 1h0

�
n+1

n
          (8) 

The results obtained by the proposed analytical modeling are plotted in terms of the difference h=h0-
∆h. They are compared with those obtained by the analytical modeling of the second approach. 
In particular, it is based on Navier-Stokes model described by the following applied equation: 

ρ ∆v
∆t

+ ρv ∆v
∆y

= − ∆p
∆y

+ k �∆v
∆x
�
2

          (9) 

It can be used in the form of the following: 

µ = k′ =
ρ∆v� 1

∆t+v
1
∆y�+

∆p
∆y

�∆v
∆x�

2
∆z
∆t

                (10) 

to calculate the dynamic viscosity coefficient µ. 
In the same equation: 
v= velocity along the y axis (parallel to the extruder nozzle) 
∆v= velocity variation along the y axis 
∆x, ∆y, ∆z = the dimensions of the volume considered 
∆p= pressure variation inside/outside the extruder 
By the above equation the shear stress normally reported in terms of τ = μ ∙ γ ̇ =  µ⋅∆l/(∆y ∙ ∆t) gives: 
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∆l = ∆y∆t∙τ
µ

              (11) 

∆l′ = ∆l
√3

                    (12) 

The values obtained by the described equations allow to evaluate the thickness of the layer by the 
constant volume hypothesis and then the h=h0-∆h where h0 is described for both the models by the 
following: 

h0 = Drib = �0.8∙vextr∙Dextr
2 ∙t

L
           (13) 

By that value the equivalent radius of the layer thickness is evaluated as r=(h0 − ∆h)/2 depending also 
on extruding velocity, nozzle diameter and printing velocity L/t. 
The reduction in thickness due to shrinkage can be calculated considering the decrease in temperature 
until ambient by the following: 

rf = α ∙ r ∙ ∆T             (14) 

With α dilatation coefficient and ∆T temperature variation. 

Results 
The pressure inside the container in terms of stress can be estimated mainly with eqs. 1 to 3 through 

the material behaviour knowledge at the solid reported in [7]. It is adapted in order to consider the 
strain rates typical of the extruding ratios above described approximating hundreds of 1/s with 
coefficient 0.1 to describe semisolid. Fig. 2 reports the stress trend characterized by an increase at the 
exit as in more conventional extrusion operations. The obtained values to reach the filament radius 
of 0.06 mm are higher than those already reported in previous works where the strain rates and 
extruding ratios were lower. 

Obviously when used for load sizing the eq. 1 must be applied at the end of displacement in which 
the stress values are calculated with eq. 2 at the maximum. Even if such evaluation is not the objective 
of the investigation being the value at the stem obtained by the value at the beginning of the extrusion 
chamber. 

Instead, the values obtained in the forming chamber can be considered for ∆p evaluation with eq. 
4 inside the extruder on a length not higher than 0.3 mm.  Following the values in terms of stress, ∆p 
can be approximated to about 800 MPa being low the stress amount given by the constitutive equation 
at semisolid. 

 
Fig. 2. Stress behaviour inside the extrusion container for AZ31 magnesium alloy at nominal nozzle 

radius of 0.06 mm. 
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Considering the equilibrium energy of eq. 5 in order to get information by eqs. 6 to 7 the ∆h when 
material drops to the platform surface can be calculated by eq. 8. 

The other method based on viscosity evaluation at extruding velocity of 360 mm/s through an 
extruding radius of 0.06 mm allows the obtaining 3.60⋅104 Pa⋅s. To the purpose eqs. 9 and 10 are used 
with density of material of eq. 7. 

By those the h amount is calculated by the knowledge of ∆l being the material deformation under 
semisolid along the axis parallel to the platform evaluated by eq. 11 and eq. 12 as reported in the 
modeling procedure. 

The results are reported initially in Fig. 3 in terms of section equivalent radius obtained by an half 
of the actual layer thickness h versus printing speed including the constat flow rate described by the 
eq. 13. It can be observed a decrease in equivalent radius mainly with printing speed. The effect of 
cooling in terms of geometry variation can be extremely negligible so that it can be overcome in 
subsequent threats. 

In Fig. 4 the calculation of dynamic apparent viscosity using eq. 10 versus pressure is reported 
considering the working interval by 800 MPa revealed inside the extruder up to 1000 MPa when a 
quasi-hydrostatic condition needs to be realized without changes in any other variable. The results 
substantially agree with that found in [6]. 

 
Fig. 3. Rib equivalent radius with semiplastic modeling function of printing velocity for nominal 

nozzle value of 0.06 mm. 

 
Fig. 4. Viscosity values at different pressures. 

Fig. 5 reports the rib equivalent radius vs. printing velocity with values of viscosity obtained by 
eq. 10 with layer thickness h calculated by the constant volume hypothesis. It is plotted vs. printing 
velocity considering the material flow dependent on the velocity outside the extruder. 

The comparison between the rib behaviour obtained by the plastic model and that given by the 
Navier-Stoke equation based one is reported in Fig. 6 for nozzle radius of 0.06 mm. The high values 
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of viscosity obtained as reported in Fig. 3 determine low values of ∆h. In Fig. 7 the values are reported 
in the case of higher nominal nozzle radius 0.36 mm. The lower values of the rib equivalent radius 
vs. printing velocity curve obtained by the fluid dynamic model with respect to those of plastic model 
are due to different apparent viscosities obtained. 

Similar behaviours in both extruding ratios are obtained by two models at high printing speed 
representing the significant variable of the metal FDM under investigation. This means the possibility 
to obtain high curvatures typical of those required for complex geometries as in conventional polymer 
additive manufacturing. 

 
Fig. 5. Equivalent radius obtained with fluid dynamic modeling function of printing velocity for 

nominal nozzle radius of 0.06 mm. 

 
Fig. 6. Comparison between plastic and fluid dynamic models in describing rib equivalent radius 

with extruder nozzle at 0.06 mm. 

 
Fig. 7. Comparison between plastic and fluid dynamic models in describing rib equivalent radius 

with extruder nozzle at 0.36 mm. 
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Fig. 8. Comparison between layer radii obtained by semisolid plastic model and fluid dynamic 

model at extruder diameter of 0.06 mm. 
Being the effect of temperature decrease negligible as reported previously due to the requirement 

to keep temperatures of the extruding system not higher than 600-630°C in order to maintain the solid 
fraction of 0.1 according to the melting map [13], rib dimension is mainly dependent on the other 
variables according to that found in [6,10,18] under similar conditions. 

To the purpose Fig. 8 reports synthetically the results of the rib layer in terms of the main variable 
represented by printing velocity when the extruding nozzle of 0.06 mm in radius is considered. Values 
by 0.134 mm at 40 mm/s to 0.026 mm at 1000 mm/s in the case of plastic model are obtained being 
0.024 mm that given by the fluid dynamic model at the highest speed studied. The difference is about 
0.84 % in last case.  At 0.36 mm nozzle radius it can be observed that for given printing velocities of 
40, 360 and 1000 mm/s the rib section in terms of equivalent radius tends to be similar for two 
modeling approaches in particular at high printing speeds. Some considerations could be done also at 
∆p =0 with similar results. 

Summary 
Computing the layer thickness through the rib radius vs. nozzle dimension, extrusion velocity and 

printing velocity is the object of the investigation. Two approaches are proposed and followed. The 
one based on plastic modeling of the material considering semisolid at temperatures not higher than 
600-630°C in order to maintain the semisolid fraction of 0.1. The other one starting by the Navier 
Stokes equation through viscosity evaluation in order to determine the elongation of the rib and 
subsequent layer thickness in terms of equivalent radius. 

It is observed that layer thickness evaluated with plastic behaviour model descreases with 
increasing printing speed representing the main variable of the modeled FDM system where the effect 
of cooling appears negligible and that of the nozzle radius arises when the printing speed approaches 
the extrusion velocity. In particular, higher values are obtained by the fluid dynamic model compared 
with ones of plastic model for the extrusion nozzle of 0.06 mm. While lower values are given for the 
highest value of the nozzle. Such behaviour can be due to the increased value of relative apparent 
viscosity obtained being higher the pressure inside the extruder when the nominal 0.06 mm in radius 
is considered for analysis. The rib section described by both the models in terms of equivalent radius 
is similar when the printing speed is increased. 
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