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Abstract. This contribution presents a proof-of-concept and benchmark analysis between two 
different approaches for multiple domain modeling, employing numerical and experimental results 
relevant to the Radial-Axial Ring Rolling (RARR). First, a finite element method (FEM) simulation 
data-based Deep Neural Network (DNN) was employed as base model for a subsequent transfer 
learning (TL), carried out by employing 40 experimental (EXP) data belonging to a different RARR 
domain. The DNN-TL model is benchmarked against the proposed solution, in terms of a Proxy-
Physics Informed Neural Network (P-PINN), defined using proxy equations for the outer diameter 
(OD) expansion, the radial force (RF), and the axial force (AF) and trained on 30 FEM and 30 EXP 
data. The proxy equations for the P-PINN are based on known knowledge and analytical formulations 
developed for the RARR. The results show that employing the whole 218 cases strong FEM database 
for the training of the base DNN model results in high prediction accuracy on the FEM cases and can 
be adapted well through TL. When employing only 30 FEM cases for the training of the base DNN 
model results in slight improvements for RF and in a significant drop of performance for AF, after 
TL. Instead, in a limited data scenario, the P-PINN model, powered equally by data and proxy 
equations steering the learning process, is capable of modeling well and simultaneously both FEM 
and EXP cases with reasonable accuracy, averaging at 3.7% for OD and 24.0% for RF/AF. 

Introduction 
Radial-Axial Ring Rolling (RARR) enables the production of seamless rings for machinery, 

metallurgy and aerospace applications [1, 2]. Historically, RARR research progressed from analytical 
models to increasingly detailed finite element method (FEM) simulations [3-9]. In parallel, 
manufacturing research has recently shifted toward data-driven modeling, where machine learning 
(ML) is used to support process understanding, prediction and optimization of outputs such as 
geometry, loads, energy consumption and defect minimization [10, 11]. For RARR, ML has been 
applied to predict loads and torque [12] and energy consumption [13]. Moreover, Mirandola et al. 
[13] reported that the high process complexity and large number of independent variables present in 
RARR databases can cause relatively simple ML architectures to break down when experimental 
variability is introduced. 

Although ML can provide quick and flexible surrogates, its accuracy in interpolation, and 
especially extrapolation, depends strongly on the quality, variance and coverage of the training data 
[10, 11]. Consequently, recent manufacturing-oriented ML studies increasingly emphasized careful 
data pre-processing and structuring, and the use of hybrid formulations that introduce physical or 
expert information during training [14-16]. For instance, Lee et al. [14] used Gaussian Process 
Regression (GPR) to support deep-drawing blank design, demonstrating how probabilistic models 
can guide design decisions while quantifying uncertainty. Similarly, Lee et al. [15] proposed an 
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Extreme Gradient Boosting (XGB) inspired optimization algorithm aimed at RARR applications, 
exemplifying current trends toward combining powerful regressors with explicit optimization loops. 
Complementarily, Modanloo et al. [16] introduced a Gradient-Enhanced Expert-Informed Neural 
Network (GE-EINN) that translates expert knowledge into differential constraints, improving 
convergence and extrapolation accuracy also for small-scale EXP and FEM hybrid datasets. 

Within the ring rolling domain, the technical depth of data-driven workflows has similarly 
increased while remaining grounded in manufacturing targets. Lee et al. [15] coupled an XGB 
regressor with a Differential Evolution (DE) optimizer to create case-specific processing maps, 
focusing on minimizing mandrel work for flat rings. The XGB-DE model was trained on FEM data 
and validated against experimental cases. Lafarge et al. [17] explored data-based model predictive 
control for ring rolling, integrating measured process signals with predictive models to support 
closed-loop operation. Fahle et al. [18] addressed quality monitoring by modeling ring ovality from 
rolling time-series data through a semi-supervised scheme and further employed a Generative 
Adversarial Network (GAN) to augment scarce datasets with synthetic samples and reported the 
ability to generate distinct samples with comparable variance. Finally, Cappellini et al. [19] 
formulated a multi-objective optimization workflow that trades off production energy and time using 
surrogate response surfaces, illustrating how validated FEM models can be leveraged to generate 
structured databases for process analysis and optimization. 

Besides the groundwork laid so far, a key issue for deployment is model longevity [11]. Trained 
models often degrade when applied to new mills, products or operating windows, making domain 
adaptation essential [10, 11]. Transfer learning (TL) addresses this challenge by reusing a model 
trained in a source domain and fine-tuning it using comparatively limited data from a target domain. 
In RARR, Seitz et al. [20] demonstrated TL across two mills with a pronounced size ratio (20:1), 
reducing training effort for the target configuration; the study also discussed the use of GAN-
generated synthetic data to alleviate underfitting in low-data scenarios. However, TL remains fully 
data-driven, and its success depends on having a robust pre-trained backbone and sufficient variance 
in the target domain database [10, 11]. Synthetic data generation and oversampling can be practical 
for regularization and dataset expansion [21, 22], but generated samples typically remain close to the 
distribution of the data used to train the generator. Hence, synthetic data cannot reliably create new 
information density in poorly sampled regions. To further reduce dependence on large datasets, 
physics-informed neural networks (PINNs) have been proposed, adding residual terms derived from 
governing equations to the loss function [23]. Expert-informed variants, such as GE-EINNs [16], 
extend this idea by encoding heuristic trends as differentiable constraints. However, the lack of 
differentiable equations typical of RARR, and other manufacturing processes, limits the direct 
applicability of standard PINNs/EINNs as benchmarks for the multi-output prediction problem 
considered in this research. 

To address these limitations, this contribution propose a Proxy-Physics Informed Neural Network 
(P-PINN) that follow the PINN training philosophy [23] but replace exact governing equations with 
proxy relations encoding cause-effect trends between features and target variables. These proxy 
residuals provide a tunable bias through the loss function and offer a control for model customization, 
with the aim of improving generalization in low-data and cross-domain settings. The proposed P-
PINN was benchmarked against a supervised DNN with transfer learning (DNN-TL). The base DNN 
models were trained on FEM datasets of varying size and then fine-tuned using experimental data, 
while performances were evaluated for three key process outputs: OD, RF) and AF using mean 
average percentage error (MAPE), together with training time and model complexity. Results show 
that when a sufficiently large FEM database is available, DNN-TL delivers the lowest deviations 
(≈3.7% for OD, ≈12.7% for RF and ≈17.3% for AF). Conversely, when only 30 FEM cases are 
available, the base DNN becomes unreliable for force prediction (deviations >60%), and TL inherits 
this weakness, leading to noisy AF predictions (≈36% MAPE). Under the same low-data scenario,  
P-PINNs trained with 30 FEM and 30 EXP cases use the proxy residuals as an initial backbone and 
achieve more consistent cross-domain predictions (≈3.7% OD and ≈23–25% RF/AF), positioning P-
PINNs as an alternative to TL in the case of data scarcity or PINN framework incompatibility. 
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FEM and EXP database generation 

To train the models proposed in this research time-series belonging to both FEM simulations and 
RARR experiments were employed. The thermo-mechanical FEM simulations were implemented in 
the Simufact Forming 15 by employing a model developed by one of the authors and extensively 
validated against analytical solutions and experimental results [5, 6], as in Fig. 1(a). 

In all simulations the following settings were employed: 325 mm for main roll radius, 125 mm for 
the mandrel radius, 596 mm for the axial rolls’ length and 35° for their vertex angle, 175 mm for the 
radius of the centering rolls, 150°C for the tools’ temperature and 50°C for the environmental 
temperature. As per the ring dimensions, the following ranges were considered: 429.3~990.2 mm and 
211.0~646.6 mm for the outer and inner diameters, 112.2~423.0 mm for the height for the preforms 
and 556.7~1992.8 mm and 397.0~1812.9 mm for the outer and inner diameters, 99.8~388.0 mm for 
the height for the final rings, for a total of 218 FEM simulations. 

 

 
Fig. 1. (a) Example of FEM model implementation with results for the RARR process and (b) RARR 
process experiment at the Chair of Production Systems of Ruhr-University Bochum. 
 

As materials, a 42CrMo4 medium-carbon low-alloy steel, an E355 carbon-steel, a S355-J2 
structural grade steel, an AlMgSi1 6000 series aluminum, and a nickel-based Inconel 718 superalloy 
were employed. The material properties of all five materials employed in the FEM simulations were 
modeled by employing the Hensel-Spittel (H-S) flow stress, Eq. (1), summarized by material in Table 
1. In the FEA simulations considered in this research, a shear friction law was employed by setting 
the friction factor to m = 0.85 for the contact between the ring and the mandrel and the ring and the 
main roll whereas to m = 0.6 for the contact between the ring, axial rolls and centering rolls [5, 6].  

 
𝜎𝜎𝑓𝑓 = 𝐶𝐶1 ⋅ 𝑒𝑒𝐶𝐶2⋅𝑇𝑇 ⋅ 𝜀𝜀(𝑛𝑛1⋅𝑇𝑇+𝑛𝑛2) ⋅ 𝑒𝑒(𝐿𝐿1⋅𝑇𝑇+𝐿𝐿2) ⋅ 𝜀𝜀̇(𝑚𝑚1⋅𝑇𝑇+𝑚𝑚2) [𝑀𝑀𝑀𝑀𝑀𝑀] (1) 

 
Table 1. Hensel-Spittel flow stress material constants employed in the FEM simulations. 

 Constants 
Materials C1 C2 n1 n2 L1 L2 m1 m2 
42CrMo4 5290.5 -3.7E-3 -3.3E-4 2.1E-1 -8.3E-5 2.9E-2 3.0E-4 -1.6E-1 

E355 2549.5 -3.4E-3 -3.2E-4 1.9E-1 -4.9E-5 1.1E-2 1.2E-4 -4.3E-1 
S355-J2 2478.7 -2.9E-3 -4.2E-4 3.7E-01 -7.5E-5 3.2E-2 2.6E-4 -1.4E-1 
AlMgSi1 378.5 -4.9E-3 -1.1E-4 -2.6E-2 6.0E-5 -2.6E-2 3.5E-4 -3.2E-2 

Inconel 718 10501.1 -3.1E-3 -1.8E-4 5.4E-1 -2.2E-5 2.4E-2 -2.7E-6 9.8E-2 
 
The 218 FEM cases were discretized with 3D 8‑node brick hexahedra (MARC® element type 7) 

using a 16/12/16 mm (axial/radial/tangential) mesh with elements’ number scaling with the initial 
ring size and no remeshing. Simulations were solved with MUMPS using a Lagrangian formulation 
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for large deformations. Contact employed a 1/20 element‑size criterion, and relative velocities < 
0.001 mm/s were treated as sticking conditions. Each run took ~10 h and the cases originate from a 
repository at the University of Padova [13]. Full settings are available from the corresponding author. 

The experimental database comprises 40 rolling series, 17 from the Chair of Production Systems 
(Ruhr‑University Bochum) and 23 from an industrial collaboration at the University of Padova (mill 
details confidential). The former tests were run on a ThyssenKrupp Wagner mill (20/16‑1000/160; 
max forces 200 kN radial and 160 kN axial; capacity ≈ 1 m diameter and 160 mm height). Data were 
acquired via the CARWIN control system: RF/AF through analog‑to‑digital converters, ring 
thickness/diameter via an ultrasonic displacement transducer and an elastically supported metering 
roll, and process time from the PLC sampling rate. Each case provides force/geometry time series 
plus static initial/final geometries, material properties and process parameters. All experiments used 
S235 steel with H-S model constants (Table 1): 1967.97, −3.0E−8, −6.9E−4, 0.58, −9.9E−5, 0.049, 
4.2E−4, −0.27. Preforms covered OD 262~2148 mm, inner diameter 158~1357 mm, height 71~515 
mm; final rings OD 387~4192 mm, ID 289~3741 mm, height 51~450 mm. 

For each FEM and EXP case, the same feature set composed of initial and final ring geometry 
(outer diameter, wall thickness and height), billet temperature, main‑roll rotational speed during 
rolling, and material encoded by H-S coefficients was collected. The targets in terms of outer diameter 
(OD) evolution and the radial (RF) and axial (AF) force time series were collected as well. Figure 2 
reports the corresponding FEM and EXP distributions as mean curves with Min–Max envelopes. 
 

 
Fig. 2. Mean curves and Min-Max ranges for FEM and EXP time-series for three target variables 

employed in this study, namely (a) OD, (b) RF, and (c) AF. 

Base DNN and transfer learning models 
Preprocessing. Since ring‑rolling FEM time series differ in duration, sampling rate, and noise, each 
raw simulation was converted into a uniform fixed‑size sample. Process inputs (main‑roll rotational 
speed, mandrel feed, upper axial‑roll feed, and initial ring temperature) were time‑normalized and 
sampled at 32 evenly spaced instants, while targets (OD, RF, AF) resampled at 100 instants. Static 
descriptors, initial/final ring geometry (OD, thickness, height) and material encoding via the 
flow‑stress law of Eq. (1), were appended, while all signals smoothed with a Savitzky–Golay filter. 
 
DNN for Multi-Output Prediction (base DNN). A feed forward DNN, as the one employed in [16] 
is employed in this research. For numeric stability, RF and AF were mapped through an asinh 
transform, as in Eq. (2), where 𝑦𝑦 is the physical force value in kN, 𝑦𝑦′ is the transformed value, and    
𝑠𝑠 ≥ 1 is the scaling coefficient. 
 

𝑦𝑦′ = 𝑀𝑀𝑠𝑠𝑎𝑎𝑎𝑎ℎ �
𝑦𝑦
𝑠𝑠
�  →  𝑦𝑦 = 𝑠𝑠 ∙ 𝑠𝑠𝑎𝑎𝑎𝑎ℎ �

𝑦𝑦
𝑠𝑠
�  (2) 

 
Differently from the DNN in [16], the loss function employed in this research utilizes some 

specific features to help steering the learning process, as hereafter detailed. First, considering the 
substantial difference between OD and RF/AF behaviors, while all losses are based on the mean 
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square error (MSE), their formulations differ. As concerns OD, the loss is defined as in Eq. (3) while 
the single components are detailed in Eq. (4). 
 

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠(𝑂𝑂𝑂𝑂) = 𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 + 𝐿𝐿𝐵𝐵𝐶𝐶 + 𝐿𝐿𝑏𝑏𝑠𝑠𝑏𝑏𝑛𝑛 + 𝐿𝐿𝑏𝑏𝑎𝑎𝑏𝑏𝑏𝑏 + 𝐿𝐿𝑚𝑚𝑚𝑚𝑛𝑛𝑚𝑚 + 𝐿𝐿𝑐𝑐𝑐𝑐𝑎𝑎𝑐𝑐  (3) 

𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 =
1
𝑁𝑁
� (𝑦𝑦�𝑘𝑘 − 𝑦𝑦𝑘𝑘)2

𝑘𝑘
   ;    𝐿𝐿𝐵𝐵𝐶𝐶 = (𝑦𝑦�0 − 𝑦𝑦0)2 + (𝑦𝑦�𝑁𝑁−1 − 𝑦𝑦𝑁𝑁−1)2      

𝐿𝐿𝑏𝑏𝑠𝑠𝑏𝑏𝑛𝑛 = �𝑦𝑦�𝑁𝑁−1 − 𝑦𝑦�0 − (𝑦𝑦𝑁𝑁−1 − 𝑦𝑦0)�2   ;    𝐿𝐿𝑏𝑏𝑎𝑎𝑏𝑏𝑏𝑏 = ��𝑦𝑦�𝑘𝑘
𝑘𝑘

−�𝑦𝑦𝑘𝑘
𝑘𝑘

�
2

 

𝐿𝐿𝑚𝑚𝑚𝑚𝑛𝑛𝑚𝑚 = �𝑚𝑚𝑀𝑀𝑚𝑚(0, 𝑦𝑦𝑘𝑘 − 𝑦𝑦𝑘𝑘+1)2
𝑘𝑘

   ;    𝐿𝐿𝑐𝑐𝑐𝑐𝑎𝑎𝑐𝑐 = �(𝑦𝑦�𝑘𝑘+1 − 2𝑦𝑦�𝑘𝑘 + 𝑦𝑦�𝑘𝑘−1)2
𝑘𝑘

  

(4) 

 
For OD, the loss for the predicted curve 𝑦𝑦� combines six terms to enforce accuracy and physical 

plausibility, namely: a pointwise MSE term 𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 against the target 𝑦𝑦, boundary constraints 𝐿𝐿𝐵𝐵𝐶𝐶 to 
match known initial/final OD, and 𝐿𝐿𝑏𝑏𝑠𝑠𝑏𝑏𝑛𝑛  to prevent cumulative drift. Global behavior is additionally 
controlled through an area-matching term 𝐿𝐿𝑏𝑏𝑎𝑎𝑏𝑏𝑏𝑏 , a monotonicity penalty 𝐿𝐿𝑚𝑚𝑚𝑚𝑛𝑛𝑚𝑚  that discourages 
negative OD increments, not physically possible in RARR, and a curvature term 𝐿𝐿𝑐𝑐𝑐𝑐𝑎𝑎𝑐𝑐 that suppresses 
higher‑order oscillations, consistent with the expected pseudo‑linear OD expansion trend. For RF and 
AF, the loss is tailored to emphasize the mid‑cycle active region where forces matter most. Thus, 
points between 25% and 75% of normalized time are weighted more, Eq. (5), sudden peaks are 
smoothed/stabilized, Eq. (6), and 𝐿𝐿𝑏𝑏𝑎𝑎𝑏𝑏𝑏𝑏 is also included. Hence, performance is then evaluated as 
MAPE@active over that active region avoiding excessively effort on fitting the near-zero regions. 

 

𝐿𝐿𝐿𝐿(𝑅𝑅𝑅𝑅/𝐴𝐴𝑅𝑅) =  �
∑ 𝐿𝐿𝑘𝑘(𝑦𝑦�𝑘𝑘 − 𝑦𝑦𝑘𝑘)2𝑘𝑘

∑ 𝐿𝐿𝑘𝑘𝑘𝑘
�  𝐿𝐿𝑎𝑎𝑤𝑤ℎ 0.25 ≤ 𝐿𝐿𝑘𝑘 ≤ 0.75 (5) 

𝐿𝐿𝐿𝐿(𝑅𝑅𝑅𝑅/𝐴𝐴𝑅𝑅) = [𝑚𝑚𝑀𝑀𝑚𝑚𝑘𝑘(𝑦𝑦�𝑘𝑘) −𝑚𝑚𝑀𝑀𝑚𝑚𝑘𝑘(𝑦𝑦𝑘𝑘)]2 (6) 
 

The three encoded output sequences, OD residual, asinh-transformed RF, and asinh-transformed 
AF, are concatenated into a single multi-output prediction vector, employed during the learning 
process of the base DNN model, and subsequently also in the TL stage. 

 
Transfer learning (TL) module. Considering the feed forward DNN model, as presented in the 
previous section, to adapt it to the EXP domain, a transfer learning module was developed. The TL 
workflow predicts first a zero-shot prediction aimed at understanding the differences between the 
origin (FEM) and target (EXP) domains, and then progressively updates the DNN weights and biases 
to adapt them to the target domain. To ensure compatibility between FEM-trained models and EXP 
training data, all EXP targets are transformed into the same encoded space used during FEM training. 
The OD curve is first residualized as in Eq. (7) while RF and AF are transformed by employing the 
same asinh scaling coefficients, as in Eq. (8), respectively. 
 

𝑂𝑂𝑂𝑂𝑎𝑎𝑏𝑏𝑏𝑏𝐸𝐸𝐸𝐸𝐸𝐸(𝑘𝑘) = 𝑂𝑂𝑂𝑂𝐸𝐸𝐸𝐸𝐸𝐸(𝑘𝑘) − 𝑂𝑂𝑂𝑂𝑅𝑅𝐸𝐸𝐹𝐹(𝑘𝑘) (7) 

𝑅𝑅𝑅𝑅𝑡𝑡𝑎𝑎𝐸𝐸𝐸𝐸𝐸𝐸(𝑘𝑘) = 𝑀𝑀𝑠𝑠𝑎𝑎𝑎𝑎ℎ �
𝑅𝑅𝑅𝑅𝐸𝐸𝐸𝐸𝐸𝐸(𝑘𝑘)

𝑠𝑠𝑅𝑅𝑅𝑅
�    ;    𝐴𝐴𝑅𝑅𝑡𝑡𝑎𝑎𝐸𝐸𝐸𝐸𝐸𝐸(𝑘𝑘) = 𝑀𝑀𝑠𝑠𝑎𝑎𝑎𝑎ℎ �

𝐴𝐴𝑅𝑅𝐸𝐸𝐸𝐸𝐸𝐸(𝑘𝑘)
𝑠𝑠𝐴𝐴𝑅𝑅

� (8) 

 
The OD baseline 𝑂𝑂𝑂𝑂𝑅𝑅𝐸𝐸𝐹𝐹(𝑘𝑘) is defined as the linear interpolation between the known initial and 

final ring diameters and serves as an initial guess of the trajectory for this target variable. By 
considering Eq. (7) and (8), the TL training proceeds in the same latent space previously defined 
during the base DNN training, meaning that the domain is adapted rather than retrained. After 
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transforming each experimental target curve into the same encoded representation used during FEM 
training, the three sequences are concatenated into a single target vector, as in Eq. (9), standardized 
by using the FEM latent space statics in terms of mean (𝝁𝝁𝑦𝑦𝑅𝑅𝐸𝐸𝐹𝐹) and variance (𝝈𝝈𝑦𝑦𝑅𝑅𝐸𝐸𝐹𝐹), as in Eq. (10).  
 

𝑦𝑦𝑡𝑡𝑎𝑎𝐸𝐸𝐸𝐸𝐸𝐸 = �𝑂𝑂𝑂𝑂𝑎𝑎𝑏𝑏𝑏𝑏,𝑡𝑡𝑎𝑎
𝐸𝐸𝐸𝐸𝐸𝐸 ,  𝑅𝑅𝑅𝑅𝑡𝑡𝑎𝑎𝐸𝐸𝐸𝐸𝐸𝐸,  𝐴𝐴𝑅𝑅𝑡𝑡𝑎𝑎𝐸𝐸𝐸𝐸𝐸𝐸�   ∈   ℝ3,𝑁𝑁 (9) 

𝑦𝑦𝑏𝑏𝑡𝑡𝑠𝑠𝐸𝐸𝐸𝐸𝐸𝐸 =
𝑦𝑦𝑡𝑡𝑎𝑎𝐸𝐸𝐸𝐸𝐸𝐸 − 𝝁𝝁𝑦𝑦𝑅𝑅𝐸𝐸𝐹𝐹

𝝈𝝈𝑦𝑦𝑅𝑅𝐸𝐸𝐹𝐹
 (10) 

 
At this point, fine-tuning is applied by constructing TL heads for each of the target variables, 

namely OD, RF, and AF, separately. It should be noted that even though separate sections of the 
network are devoted to different target variables, the model is still a multivariate regression algorithm. 
Given a standardized EXP input (𝑿𝑿𝑏𝑏𝑡𝑡𝑠𝑠𝐸𝐸𝐸𝐸𝐸𝐸), the TL phase aims to adjust the heads, defined by the 
parameter 𝜃𝜃𝑔𝑔, so that the predictions match the encoded experimental targets 𝑦𝑦𝑏𝑏𝑡𝑡𝑠𝑠𝐸𝐸𝐸𝐸𝐸𝐸, as per Eq. (11). 

 
𝑧̂𝑧𝑔𝑔𝐸𝐸𝐸𝐸𝐸𝐸 = 𝑓𝑓𝑔𝑔�𝑿𝑿𝑏𝑏𝑡𝑡𝑠𝑠𝐸𝐸𝐸𝐸𝐸𝐸,𝜃𝜃𝑔𝑔�  𝐿𝐿𝑎𝑎𝑤𝑤ℎ 𝑔𝑔 ∈ {𝑂𝑂𝑂𝑂,𝑅𝑅𝑅𝑅,𝐴𝐴𝑅𝑅} (11) 

 
At this point, the losses are constructed with the same strategy employed for the base DNN model 

and reported in Eq. (3) and (4), yet the main aim changes. For OD, their purpose shifts from enforcing 
global consistency to applying localized corrections that compensate for small experimental 
deviations while for RF and AF, since EXP forces contain longer low-force phases and sharper active 
windows, the weighting isolates the physically meaningful segment more aggressively than in the 
FEM stage, preventing the model from being dominated by negligible force regions. 

Proxy-Physics Informed Neural Networks (P-PINNs) model 
P-PINN governing equations. This section presents all the details relevant to the P-PINN model, 

developed for this research due to the lack of RARR-related physical equations translatable into 
learnable constraints. Moreover, as previously mentioned, EINN formulations [16] were also not 
suitable for the task at hand considering the high dimensionality of features and target variable that 
are described in ℝ3,𝑁𝑁 and not in ℝ2,𝑁𝑁, as in [16]. In this regard, the P-PINN model is grounded on 
two separate input groups, employed for the prediction of OD, RF, and AF. The former, defined as 
in Eq. (12), comprises the so-called deformation sequence, composed of the resampled rotational 
speed 𝑟𝑟𝐿𝐿𝑚𝑚(𝑘𝑘) , mandrel feeding distance Δ𝑇𝑇(𝑘𝑘) , upper axial roll feeding distance Δ𝐻𝐻(𝑘𝑘) , and 
resampled axial height (H(𝑘𝑘)) calculated from the feeding speed. The latter, as presented in Eq. (13), 
is a scalar descriptor including the initial/final geometry of the ring (𝑂𝑂0,𝑇𝑇0,𝐻𝐻0,𝑂𝑂𝑓𝑓 ,𝑇𝑇𝑓𝑓,𝐻𝐻𝑓𝑓), a material 
strength proxy (𝑆𝑆𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦), and the 8 constants for the Hensel-Spittel flow stress model (𝐻𝐻𝑆𝑆1,, … ,𝐻𝐻𝑆𝑆8,), 
previously defined in Eq. (1). 𝑿𝑿𝑏𝑏𝑏𝑏𝑠𝑠 and 𝒙𝒙𝑏𝑏𝑐𝑐𝑏𝑏𝑠𝑠 of Eq. (12) and (13) are then stacked in a unified latent 
vector, as in Eq. (14), together with the labels identifying the material (𝒆𝒆𝑚𝑚𝑏𝑏𝑡𝑡) and the domain (𝒆𝒆𝑠𝑠𝑚𝑚𝑚𝑚), 
either FEM or EXP, for data management and plotting purposes. 
 

𝑿𝑿𝑏𝑏𝑏𝑏𝑠𝑠 = [𝑟𝑟𝐿𝐿𝑚𝑚(𝑘𝑘),Δ𝑇𝑇(𝑘𝑘),Δ𝐻𝐻(𝑘𝑘), H(𝑘𝑘)]𝑇𝑇   ∈   ℝ4,𝑁𝑁 (12) 

𝒙𝒙𝑏𝑏𝑐𝑐𝑏𝑏𝑠𝑠 = �𝑂𝑂0,𝑇𝑇0,𝐻𝐻0,𝑂𝑂𝑓𝑓 ,𝑇𝑇𝑓𝑓,𝐻𝐻𝑓𝑓, 𝑆𝑆𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦,𝐻𝐻𝑆𝑆1,, … ,𝐻𝐻𝑆𝑆8,� (13) 

𝒛𝒛 = �𝑿𝑿𝑏𝑏𝑏𝑏𝑠𝑠,𝒙𝒙𝑏𝑏𝑐𝑐𝑏𝑏𝑠𝑠, 𝒆𝒆𝑚𝑚𝑏𝑏𝑡𝑡, 𝒆𝒆𝑠𝑠𝑚𝑚𝑚𝑚� (14) 
 
P-PINN OD modeling. After constructing the training dataset, the learning process is different for 
OD and for RF/AF. For the former, rather than predicting 𝑂𝑂𝑂𝑂(𝑘𝑘) directly as a single sequence, the 
P-PINN model predicts incremental radial growth and then constructs OD from these increments. 
First, through a small MLP (multi-layer perceptron), the OD raw head is constructed to roughly 
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estimate how much OD should grow at each step based on the information in 𝒛𝒛, as in Eq. (15). For 
all means and purposes, Eq. (15) represents a standard data-driven learning process, as the one shown 
for the base DNN in the previous section. 
 

ΔOD𝑖𝑖
𝑎𝑎𝑏𝑏𝑟𝑟 = ℎ𝑒𝑒𝑀𝑀𝑒𝑒𝑂𝑂𝑂𝑂(𝒛𝒛)𝑖𝑖  𝐿𝐿𝑎𝑎𝑤𝑤ℎ  𝑎𝑎 = 1, … ,𝑁𝑁 (15) 

 
However, the estimation of Eq. (15) is completely unconstrained, meaning that ΔOD𝑖𝑖

𝑎𝑎𝑏𝑏𝑟𝑟 could be 
negative, not following the true 𝑂𝑂0 − 𝑂𝑂𝑓𝑓  behavior or inconsistent OD domain. To avoid this, 
physical-proxy constraints are applied to ΔOD𝑖𝑖

𝑎𝑎𝑏𝑏𝑟𝑟 to both make it physically meaningful and learn 
the patterns of the EXP domain. The constraints of Eq. (16), enforced sequentially, ensures that the 
predictions are positive and follow a positive growth for OD, as per Eq. (17). For OD, the P-PINN 
predicts incremental radial growth from a preliminary shape evolution (ΔOD𝑖𝑖

𝑎𝑎𝑏𝑏𝑟𝑟 ) by enforcing 
physical-proxy constraints, as per Eq. (16) at model level in the forward pass of the network rather 
than through PDE residuals or soft physics penalties typical of standard PINNs. 
 

ΔOD𝑖𝑖 = 𝑠𝑠𝐿𝐿𝑓𝑓𝑤𝑤𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠(ΔOD𝑖𝑖
𝑎𝑎𝑏𝑏𝑟𝑟) > 0       ;       ΔOD𝑖𝑖

∗ =  ΔOD𝑖𝑖
𝑂𝑂𝑓𝑓 − 𝑂𝑂0
∑ ΔOD𝑖𝑖
𝑁𝑁
𝑗𝑗=1

 
 

(16) 

OD(𝑘𝑘) = 𝑂𝑂0 + �ΔOD𝑖𝑖
∗

𝑘𝑘

𝑖𝑖=1

 (17) 

 
P-PINN RF/AF modeling. For RF and AF, proxy modeling is formulated more explicitly than 

for OD, reflecting their different feature dependence and relying on prior analytical RARR force 
models developed by the authors [5, 6]. In P-PINNs, physics is not imposed through PDE residuals 
or loss penalties, instead, the governing structure is embedded as forward-pass proxies, so that the 
proxies capture the dominant geometric and material drivers while the data-driven residual 
component mainly provides fine tuning. Accordingly, the RF proxy in Eq. (18) is expressed as a 
weighted combination of the principal contributors, namely the thickness variation Δ𝑇𝑇(𝑘𝑘), diameter 
growth Δ𝑂𝑂𝑂𝑂(𝑘𝑘), and main-roll speed 𝐿𝐿𝑚𝑚(𝑘𝑘), scaled by an effective flow stress 𝜎𝜎eff computed from 
the H-S law. The weights 𝜔𝜔1,𝜔𝜔2,𝜔𝜔3 and a small scaling factor 𝑠𝑠soft𝑅𝑅𝑅𝑅  are learned to calibrate the RF 
magnitude. As concerns AF, the modeling is similar is shape but different in meaning than that of 
RF. As shown in Eq. (19), the ReLU function is not included in AF𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦(𝑘𝑘) to allow for negative 
values in case of specific machine or simulation settings. 
 
𝑅𝑅𝑅𝑅𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦(𝑘𝑘) = 𝜎𝜎𝑏𝑏𝑓𝑓𝑓𝑓[𝜔𝜔1𝑅𝑅𝑒𝑒𝐿𝐿𝑅𝑅{Δ𝑇𝑇(𝑘𝑘)} + 𝜔𝜔2𝑅𝑅𝑒𝑒𝐿𝐿𝑅𝑅{Δ𝑂𝑂𝑂𝑂(𝑘𝑘)} + 𝜔𝜔3𝑅𝑅𝑒𝑒𝐿𝐿𝑅𝑅{rpm(𝑘𝑘)}] ∙ 𝑠𝑠𝑏𝑏𝑚𝑚𝑓𝑓𝑡𝑡𝑅𝑅𝑅𝑅  (18) 

𝐴𝐴𝑅𝑅𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦(𝑘𝑘) = 0.75 ∙ 𝜎𝜎𝑏𝑏𝑓𝑓𝑓𝑓[𝜔𝜔4𝑐𝑐(𝑘𝑘) + 𝜔𝜔5Δ𝑂𝑂𝑂𝑂(𝑘𝑘) + 𝜔𝜔6rpm(𝑘𝑘)] ∙ 𝑠𝑠𝑏𝑏𝑚𝑚𝑓𝑓𝑡𝑡𝐴𝐴𝑅𝑅  (19) 
 
Moreover, 𝐴𝐴𝑅𝑅𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦(𝑘𝑘) is also based on the outer diameter Δ𝑂𝑂𝑂𝑂(𝑘𝑘) and main roll rotational speed 

rpm(𝑘𝑘), as 𝑅𝑅𝑅𝑅𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦(𝑘𝑘), but includes 𝑐𝑐(𝑘𝑘) = 𝑚𝑚𝑀𝑀𝑚𝑚(𝐻𝐻0 − 𝐻𝐻𝑘𝑘, 0), defined as the compression gap. In 
this regard, 𝑐𝑐(𝑘𝑘) quantifies the instantaneous axial displacement between the ring and the axial roll, 
estimated through the upper axial roll feeding speed, and serves as the primary driver of axial force 
in the Proxy-PINN by activating AF only when true geometric compression, and not noise, occurs. It 
ought to be pointed out that Δ𝑂𝑂𝑂𝑂(𝑘𝑘) in Eq. (18) and (19) is estimated through Eq. (17), thus it is an 
internal model estimation and is not based on the ground truth OD. Accordingly, RF and AF are 
predicted, at each epoch of the calculation, by a mix of data- and physics-driven equations (20).  
 

RF(𝑘𝑘) = RF𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦(𝑘𝑘) + 𝑔𝑔𝑅𝑅𝑅𝑅 ∙ Δ𝑅𝑅𝑅𝑅(𝑘𝑘)   ;    AF(𝑘𝑘) = AF𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦(𝑘𝑘) + 𝑔𝑔𝐴𝐴𝑅𝑅 ∙ ΔA𝑅𝑅(𝑘𝑘) (20) 
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In Eq. (20), 𝑅𝑅𝑅𝑅𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦(𝑘𝑘) and 𝐴𝐴𝑅𝑅𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦(𝑘𝑘), are fully proxy-driven and serve as the backbone of the 
learning process, while the latter parts of both equations are DNN residual-based. The data-driven 
contribution is learned, through the scalars 𝑔𝑔𝑅𝑅𝑅𝑅 and 𝑔𝑔𝐴𝐴𝑅𝑅, during the training of the model.  

In terms of losses, since most of the constraints are applied at model level in the forward section 
of the network, the loss for OD is only based on the batch size (B) and the number of discretized 
points (N), as in Eq. (21), which is based on an MSE.  
 

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠(𝑂𝑂𝑂𝑂)
𝑠𝑠𝑏𝑏𝑡𝑡𝑏𝑏 =

1
𝐵𝐵𝑁𝑁

���𝑂𝑂𝑂𝑂�𝑏𝑏
(𝑗𝑗)(𝑘𝑘) − 𝑂𝑂𝑂𝑂𝑏𝑏

(𝑗𝑗)(𝑘𝑘)�
2

𝑁𝑁

𝑘𝑘=1

𝐵𝐵

𝑗𝑗=1

 (21) 

 
As concerns RF and AF, they use the same data loss structure on scaled outputs, as in Eq. (22), 

thus only the former is hereafter summarized. First, the data-driven part of the loss is constructed 
considering discrepancy between predicted and measured RF and AF curves using an asinh-scaled 
MSE with FEM/EXP domain-dependent weights as 𝜔𝜔𝑅𝑅𝐸𝐸𝐹𝐹

(𝑗𝑗) = 0.5 and 𝜔𝜔𝐸𝐸𝐸𝐸𝐸𝐸
(𝑗𝑗) = 2 and where 𝑀𝑀𝑎𝑎𝑓𝑓 is the 

asinh scaling constants used to normalize the force magnitudes before applying MSE. The asinh 
scaling reduces the dynamic range of RF/AF and improves numerical conditioning for large and noisy 
force peaks. The second part of the loss is represented by the P-PINN consistency term, where the 
predictions are steered to be closer to the surrogate proxies. The utilization of this additional control 
over the learning process applied at loss level required the utilization of the PINN module over the 
standard DNN module. For RF, and for AF, the proxy part of the loss is defined as in Eq. (23). The 
last part of the loss is introduced to stabilize and capture physical smoothness of force evolution, thus 
the main behavior over noise, as per Eq. (24). 
 

𝑅𝑅𝑅𝑅�𝑏𝑏
(𝑗𝑗)(𝑘𝑘) = 𝑀𝑀𝑠𝑠𝑎𝑎𝑎𝑎ℎ �

𝑅𝑅𝑅𝑅(𝑗𝑗)(𝑘𝑘)
𝑀𝑀𝑎𝑎𝑓𝑓

�  

𝑠𝑠𝐿𝐿 𝑤𝑤ℎ𝑀𝑀𝑤𝑤:  𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠(𝑅𝑅𝑅𝑅)
𝑠𝑠𝑏𝑏𝑡𝑡𝑏𝑏 =

1
𝐵𝐵
�𝜔𝜔𝑠𝑠𝑚𝑚𝑚𝑚

(𝑗𝑗) �
1
𝑁𝑁
��𝑅𝑅𝑅𝑅�𝑏𝑏

(𝑗𝑗)(𝑘𝑘) − 𝑅𝑅𝑅𝑅𝑏𝑏
(𝑗𝑗)(𝑘𝑘)�

2𝑁𝑁

𝑘𝑘=1

�
𝐵𝐵

𝑗𝑗=1

 
(22) 

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠(𝑅𝑅𝑅𝑅)
𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦 =

1
𝐵𝐵𝑁𝑁

���𝑅𝑅𝑅𝑅�𝑏𝑏 − 𝑅𝑅𝑅𝑅�𝑏𝑏,𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦�
2

𝑁𝑁

𝑘𝑘=1

𝐵𝐵

𝑗𝑗=1

 (23) 

𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠(𝑅𝑅𝑅𝑅,𝐴𝐴𝑅𝑅)
𝑏𝑏𝑚𝑚𝑚𝑚𝑚𝑚𝑡𝑡ℎ = �Δ2𝑅𝑅𝑅𝑅�𝑏𝑏�2

2 + �Δ2𝐴𝐴𝑅𝑅�𝑏𝑏�2
2
 (24) 

 
In conclusion, the total loss for the P-PINN model is the sum of 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠(𝑂𝑂𝑂𝑂)

𝑠𝑠𝑏𝑏𝑡𝑡𝑏𝑏 of Eq. (21), the data-
driven loss for RF and AF as shown for the former in Eq. (22) in terms of 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠(𝑅𝑅𝑅𝑅)

𝑠𝑠𝑏𝑏𝑡𝑡𝑏𝑏, the proxy PINN 
part of RF 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠(𝑅𝑅𝑅𝑅)

𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦 as in Eq. (23), and the corresponding 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠(𝐴𝐴𝑅𝑅)
𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦 part constructed in the same 

way, and the 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠(𝑅𝑅𝑅𝑅,𝐴𝐴𝑅𝑅)
𝑏𝑏𝑚𝑚𝑚𝑚𝑚𝑚𝑡𝑡ℎ part of Eq. (24) helping to promote a behavior towards the main trend. 

Models’ Pre-Processing and Tuning 

This last section before the results chapter summarizes all the technical information related to the 
base DNN, the TL, and the P-PINN models defined in the previous sections. All computations were 
performed in Python on a MacBook Pro (Apple M4), without external GPU acceleration. 
DNN for Multi-Output Prediction (base DNN). The base DNN operates on the FEM-only matrix 
considering a combination of scalars, namely the initial/final geometry of the ring, the initial ring 
temperature, and time-sequences describing the main roll rotational speed, the thickness reduction 
rate and height compression rate, namely the mandrel and upper axial roll feeding speeds. The 
network outputs the full trajectories of OD, RF and AF on a fixed grid of N = 100 points per target, 
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i.e. 300 output channels and inputs are standardized with a StandardScaler. OD is handled in physical 
units by subtracting a linear baseline (added back after inference). RF/AF are first scaled by a per-
group factor, then mapped with an asinh transform to compress noisy peaks and finally standardized. 
Training is performed in this transformed space, and predictions are post-processed by de-
standardization, inverse-asinh, and reconstruction in physical units. Hyperparameters are tuned 
separately for each target, consistently with the different pre-processing approaches, using a grid 
search of 60 trials combined with k = 3 cross-validation and a 90%/10% train/validation split. Given 
the sparsity of EXP data, no independent test set is held out during tuning. In contrast, the selected 
model is evaluated across 5 random seeds to assess generalization. The same tuning protocol is used 
for DNN-TL and P-PINN to ensure a fair comparison. Here follows the search ranges, while the full 
grid available on request. OD: hidden units 256–512, dropout 0.00–0.35, learning rate 3×10⁻⁵–5×10⁻³, 
weight decay 10⁻⁷–10⁻³, batch size 48–256, epochs 450–1500. RF: hidden units 384–1024, dropout 
0.00–0.40, learning rate 3×10⁻⁵–10⁻², weight decay 10⁻⁸–10⁻³, batch size 64–384, epochs 450–1500. 
AF: hidden units 384–512, dropout 0.05–0.25, learning rate 10⁻⁴–3×10⁻³, weight decay 10⁻⁷–10⁻⁴, 
batch size 64–192, epochs 600–1200. All runs used the AdamW optimizer coupled with an early 
stopping to limit overfitting and select the best model based on the validation performance. 
 
Transfer learning (TL) module. The transfer learning (TL) stage adapts the pre-trained base DNN 
to the experimental (EXP) domain while preserving the structure learned from the FEM simulations. 
TL is performed separately for OD, RF, and AF output heads. Inputs are normalized using the original 
FEM-trained StandardScaler, and the TL targets are standardized using the stored FEM statistics for 
each group. OD is fine-tuned in residual form, exactly as in pre-training, while RF and AF remain in 
the asinh-scaled space. Each TL head is trained on an 80%/20% split of the filtered EXP dataset using 
AdamW with learning rate 3×10-4, weight decay 10-5, batch size 128, and gradient-norm clipping at 
1.0. Training proceeds for a maximum of 1,000 epochs with early stopping based on the validation 
loss and a patience of 35~60 epochs. After TL, predictions are de-standardized, inverse-transformed, 
and reconstructed in physical units. For the TL model, a manual hyperparameters tuning was carried 
out on a subset of those employed for the base DNN model. 
 
P-PINN model. The P-PINN is trained on 30 and 30 randomly sampled FEM and EXP cases. Inputs 
consist of a deformation sequence and scalar descriptors. The sequence block is encoded by a 1D 
CNN with three Conv1d layers (4→32→64→128 channels) and ReLU activations. Material and 
domain labels are appended to tag each case during learning. As for the base DNN, OD is kept in 
physical units, while RF/AF are mapped to asinh space. In the total loss, AF is prioritized by using 
weights of 8:1 vs OD and 4:1 vs RF. Optimization uses AdamW for stability under mixed data-driven 
and proxy-physics terms and consistency with DNN-TL, with gradient-norm clipping = 5 to avoid 
instabilities. The best model selection retains the parameters at the minimum validation data-loss. 
Hyperparameters were tuned with Optuna under 3-fold cross-validation, rather than grid search, 
because P-PINN hyperparameters are more strongly coupled due to loss-weight scheduling and 
proxy-term interactions. Each trial samples: learning rate [5×10⁻⁴, 3×10⁻³] (log-uniform), weight 
decay [10⁻⁶, 10⁻³] (log-uniform), batch size {4, 8, 12}, and epochs {4000, 12000} in 1000-step 
increments. The intervention/decay schedule for 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑅𝑅𝑅𝑅

𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦 and 𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑅𝑅𝑅𝑅,𝐴𝐴𝑅𝑅
𝑏𝑏𝑚𝑚𝑚𝑚𝑚𝑚𝑡𝑡ℎ is also optimized via 

𝜆𝜆𝑏𝑏𝑡𝑡𝑏𝑏𝑎𝑎𝑡𝑡
𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦 ∈ [0.1,0.6]and 𝜆𝜆𝑏𝑏𝑛𝑛𝑠𝑠

𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦 ∈ [0.02,0.3], with the schedule switch epoch selected from {500, 750, 
1000, 1250, 1500, 1750, 2000} to control when training transitions from capturing global behavior 
to correcting smaller deviations. The Optuna objective is the fold-average of MAPE@active summed 
over OD, RF, AF, evaluated on the full FEM and EXP sets. The best setting yields lr ≈ 6.35×10⁻⁴, wd 
≈ 6.4×10⁻⁶, B = 4, 12,000 epochs, with 𝜆𝜆𝑏𝑏𝑡𝑡𝑏𝑏𝑎𝑎𝑡𝑡

𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦 ≈ 0.34, 𝜆𝜆𝑏𝑏𝑛𝑛𝑠𝑠
𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦 ≈ 0.03, and a switch at epoch 2000. 

The model is then retrained once on the full FEM+EXP training set with this configuration, and the 
best checkpoint is used for benchmarking against DNN-TL. 
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Results 
Given the large result set, each model is presented through representative OD/RF/AF charts and a 

numerical comparison based on MAPE@active averaged over five runs and five random seeds. The 
chapter compares the base DNN trained on 218 vs 30 FEM cases, the corresponding TL models 
adapted with 40 EXP cases, and a P-PINN trained on a balanced 30 FEM + 30 EXP subset, to contrast 
data-rich and data-limited regimes and benchmark P-PINN against DNN/TL under both. 
 
Base DNN performance. Two base-DNN configurations were evaluated: training on the full FEM 
set (218 simulations) and on a reduced subset (30 randomly selected cases). Both tests were repeated 
five times with different random seeds and train/validation splits to assess repeatability. Fig. 3 shows 
representative validation cases, while performance is reported as MAPE@active.  
 

 
Fig. 3. Examples of true vs predicted curves by the base DNN model trained with 218 cases for (a) 
the outer diameter OD, (b) the radial force RF, and (c) the axial force AF considering 218 input cases. 
(d), (e), and (f) show the same comparison but considering 30 training cases for the base DNN model. 
 

Prior to consolidation, five FEM files were discarded because some features could not be reliably 
extracted/encoded, mainly due to unresolved material-name mapping, leaving 213 FEM cases for the 
“full-data” training. Across the five seeded trials, the DNN trained on 213 FEM cases predicts all 
three targets well, achieving a MAPE@active of 1.98% (OD), 15.5% (RF), and 17.4% (AF). Reducing 
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training data to 30 FEM cases degrades performance considerably, Fig. 3(d)–(f). OD remains 
reasonable but is slightly overestimated (6.2%), whereas RF and AF are strongly underestimated, 
with 62.8% and 63.9% MAPE@active, respectively. Overall, the results confirm that purely data-
driven accuracy depends critically on database size/coverage, motivating hybrid formulations, id est 
P-PINN, for low-data or boundary scenarios. 
 
DNN-TL performance. As concerns the TL application, the two base DNN models reported in the 
previous section were employed by applying the same 40 cases strong EXP database. In this regard, 
the first attempt is related to the utilization of the base DNN model trained with 218 FEM cases, 
which showed the best performance in its own latent space, as reported in Fig. 4.  
 

 
Fig. 4. True vs predicted curves by the DNN-TL model for an example EXP case (#121) for (a) the 
outer diameter OD, (b) the radial force RF, and (c) the axial force AF considering 218 input cases. 
(d), (e), and (f) show the same comparison but considering 30 cases for the training of the base DNN. 
 

The above-mentioned model, hereafter referred to as DNN(218)-TL, showed comparable 
performance in comparison to the base DNN model from which it is transfer learned, being the 
MAPE@active, for the three target variables, equal to 3.7% OD, 12.69% for RF, and 17.3% for AF, 
respectively. The results for an example case are reported in Fig. 4(a), (b), and (c). However, when 
the base DNN model is switched from DNN(218)-TL, to the one trained with only 30 FEM cases, 
defined hereafter as DNN(30)-TL, an interesting scenario arises. First, thanks to its monotonic 
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behavior and the similarity between the FEM and EXP domains for this target variable, OD seems to 
be insensitive to the change in the base DNN model with the MAPE@active changing to 3.2. On the 
other hand, while RF predictions improve to 10.6%, those for AF degrade to 36.3%. Since all the 
results of Fig. 4 refer to the same case, by comparing Fig. 4(c) with Fig. 4(f) is it possible to grasp 
the increase noise in the predicted curve, a symptom of the lack of stability in the base DNN model. 

Large AF errors are not purely computational but reflect the intrinsic complexity of axial loading 
in RARR. AF arises from contact between curved, out-of-plane ring and axial-roll surfaces, where 
force transmission depends on rapidly changing contact states and secondary deformation. These 
mechanisms are weakly constrained when the base DNN is trained on only a few FEM cases, and the 
mismatch is amplified in experiments, making AF particularly sensitive to the representational 
capacity inherited by TL. Consistently, applying the 30-FEM base DNN directly to EXP data yields 
MAPE@active = 20.3% (OD) but extreme errors for forces (>800% RF, ~300% AF), highlighting a 
strong FEM–EXP domain gap not evident from Fig. 2 alone. 

Overall, the 218-FEM base DNN is a robust FEM-domain regressor and its DNN(218)-TL remains 
reliable for OD/RF/AF. With only 30 FEM cases, the base model captures mainly the global trends, 
making TL more flexible and even improve RF adaptation, but it does not provide a sufficiently 
structured backbone to transfer-learn AF, whose performance degrades relative to DNN(218)-TL. 
Hence, while TL can still work under limited FEM data, the weak FEM representation particularly 
limits AF transfer. Hence, the proposed P-PINN is introduced next to jointly model FEM and EXP 
within a single, proxy-constrained framework. 

 
P-PINNs performance. Since the P-PINN is trained on a randomly selected 30 FEM + 30 EXP mix, 
the results in this section refer to both numerical and experimental cases, which are learned and 
predicted simultaneously by a single model. Representative validation curves from the five repetitions 
(different random seeds) are shown in Fig. 5, while the mean performance across seeds is 
MAPE@active = 3.66% (OD), 22.9% (RF), and 25.1% (AF). Notably, RF and AF errors are 
comparatively balanced, addressing the DNN(30)-TL behavior where RF was adapted much better 
than AF. However, deviations remain higher than DNN(218)-TL, indicating that proxy relations alone 
cannot fully compensate for the information density provided by the full FEM database used to build 
the TL backbone. 

Comparing the FEM example in Fig. 5(a)–(c) with the EXP example in Fig. 5(d)–(f) shows that 
the proxy equations can represent the FEM domain, but joint FEM+EXP training prevents the build 
in source domain → adapt to target advantage of DNN-TL, which mainly affects the EXP accuracy. 
For OD, enforcing known initial/final geometry, as in analytical approaches [5, 6] translated in here 
into proxy forms, stabilizes the trajectory but may overconstrain the mid-expansion evolution, 
producing larger mid-phase errors for smoother expansions, Fig. 5(d). For RF/AF, predictions are 
substantially less noisy than DNN(30)-TL, yet they can still exhibit sharp peaks and misestimate 
rises/drops, suggesting that limited data coverage cannot be fully replaced by proxies. Nonetheless, 
the model captures the overall trends and peak magnitudes of both forces with reasonable accuracy 
across both FEM and EXP, using a single formulation. 

Although the P-PINN model is more accurate in the presence of small-scale databases, it is also 
more computationally demanding, requiring a proxy equations’ definition phase, similarly to EINN 
[16], a more complex tuning, which was carried out by the Optuna hyperparameters optimization 
scheme, and a running time of approximately 30 minutes, in contrast to the 10 minutes of the base 
DNN trained on 218 cases and TL which is almost real time.  
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Fig. 5. True vs predicted curves by the P-PINN model for an example FEM (#193) and one EXP case 
(#317) for (a)-(d) the outer diameter OD, (b)-(e) the radial force RF, and (c)-(f) the axial force AF 
considering 30 FEM and 30 EXP cases for the training. 

Discussion 

This section expands on the previous results chapter by discussing the advantages, limitations, and 
improvement paths of the proposed P-PINN formulation, and by providing practical guidance on 
when to prefer P-PINNs versus transfer learning. 

Consistent with prior TL studies in RARR [20], DNN(218)-TL achieves higher accuracy with 
lower modeling complexity than P-PINN. This outcome is expected since proxy equations capture 
dominant trends, but cannot reproduce the full variability embedded in a large well-contructed 
database. The broad geometric/material coverage of the 218-case FEM set is therefore central to the 
robustness of TL across source and target domains. Conversely, when data are limited and the feature-
target variables relationships are highly nonlinear, typical for RARR [13], purely data-driven models 
become difficult to train reliably, especially for the most complex targets, such as AF. In this low-
data regime, hybrid approaches can provide useful robustness by combining prior knowledge with 
data, at the cost of higher model complexity and computational effort. Since proxies are not exact 
closed-form laws, they also require a design phase to avoid overwhelming the data-driven component. 
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In this regard, and from a modeling perspective, P-PINNs use the proxy terms as an initial 
structural backbone that guides optimization toward physically admissible solutions, while later 
training stages rely increasingly on data-driven residuals for fine-scale corrections. Operationally, 
this behaves like an integrated transfer-learning scheme where the base model is given by the proxies, 
and domain adaptation is performed by the residual network. In this work, this was implemented 
through a two-stage proxy schedule 𝜆𝜆𝑏𝑏𝑡𝑡𝑏𝑏𝑎𝑎𝑡𝑡

𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦and 𝜆𝜆𝑏𝑏𝑛𝑛𝑠𝑠
𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦, with 𝜆𝜆𝑏𝑏𝑡𝑡𝑏𝑏𝑎𝑎𝑡𝑡

𝑠𝑠𝑎𝑎𝑚𝑚𝑝𝑝𝑦𝑦about an order of magnitude larger, 
effectively introducing curriculum learning. Before the switch, a stronger proxy coupling biases 
training toward proxy-consistent behavior to establish the global trends. Then, after the switch (2,000 
epochs in this study) the proxy influence is relaxed so the data can refine deviations rather than 
reconstruct the overall dynamics from scratch. Because the balance between proxy and data residuals 
is problem-dependent, both 𝜆𝜆values were tuned via Optuna. 

Considering what stated in the last paragraph, the degradation of AF in DNN(30)-TL is not only a 
matter of data volume, but also of losing latent geometric structure that the base DNN learns when 
trained on the full FEM set. In contrast, P-PINN partially preserves this architecture through the proxy 
structure, yielding more balanced RF/AF errors under limited data. In addiiton to that, the slightly 
better RF adaptation observed in DNN(30)-TL relative to DNN(218)-TL is consistent with a known 
TL effect where a mild underfitting in the source model can increase flexibility in the target domain, 
as also reported in other TL contexts [24, 25]. However, when underfitting becomes severe, as for 
AF, transfer performance deteriorates, leading to high deviations in both the source and target 
domains. 

In this regard, and conceptually speaking, P-PINNs can be seen as embedded TL where proxies 
act as a fixed, non-trainable prior, while the residual network performs data-driven adaptation. 
Accordingly, P-PINNs are not intended to replace TL when large, high-quality FEM databases are 
available. Rather, they provide a viable option when data scarcity, domain mismatch, or longevity 
requirements limit purely data-driven approaches. Overall, P-PINNs occupy a middle ground between 
TL and physics-informed or expert-informed modeling, offering controlled customization and 
robustness while still requiring data for calibration. While the present formulation remains a proof of 
concept, the results indicate that P-PINNs can prioritize controlled generalization over maximum 
achievable accuracy in practically relevant, data-limited settings. 

Conclusions 
This contribution detailed a proof-of-concept study for the development of customized neural 

networks that employs the PINNs structure while grounded on proxy equations, thus P-PINNs. The 
proposed P-PINN model was benchmarked against the well-established transfer learning approach. 
In low data scenario, for both the origin and target domains, P-PINNs allow for a better and wiser 
modeling, resulting in a stable training and better overall performance. On the other hand, for 
industrial applications, or more broadly when large datasets are available, TL is still confirmed as the 
tool of choice, being easier to set up and overall, better performing. To this end, some key issues 
raised in this contribution will require additional work in the future. First and foremost, the definition 
of the proxy equations would benefit from a semi-automatization, possibly based on a known set of 
analytical or empirical equations. Moreover, the threshold underlining the choice between P-PINN 
and TL should also benefit from a deeper and more systematic modeling, allowing end-users to select 
the best modeling approach based on model selection maps, helping in this initial yet critical choice.  
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