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Abstract. The mechanical analysis of sliding frictional contact under small scales is important to 

improve the understanding about the influence of the contact conditions on the real contact area 

and, consequently, on the apparent coefficient of friction. This study uses the finite element method 

to model the contact between an elastoplastic body and a rigid surface with a unidirectional 

sinusoidal topography, including large sliding. A sensitivity analysis is presented, studying the 

influence of the initial average pressure, local coefficient of friction and asperity wavelength on the 

contact conditions. The ratio between total tangential and normal force (apparent friction 

coefficient) reaches a steady state after a sliding distance of five roughness wavelengths, except for 

lower values of average initial contact pressure. Increasing the initial average contact pressure leads 

to an increase of the steady state apparent friction coefficient, particularly for a surface with sharper 

asperities. This increasing tends to stagnate also with the increase of the local friction coefficient. 

Withing the cases studied, increasing the initial average contact pressure from 25% to 100% of the 

material yield stress, leads to an increase of up to 0.07 in the apparent coefficient of friction and of 

the real-to-apparent contact area ratio up to 30%.  

Introduction 

The contact mechanics has attracted increasing attention because friction and wear are 

responsible for ~23% of the global energy consumption [1]. Improvements in the understanding of 

contact phenomena can contribute to reducing this cost and mitigating environmental impacts. 

Thus, design modifications in engineering systems are required, which can be supported by robust 

modelling and analysis of the contact mechanics to support decision-making.  

The mechanical analysis of sliding frictional contact under small scales is important to improve 

understanding about the influence of the contact conditions on the real contact area [2] and, 

consequently, on the apparent coefficient of friction. The finite element method (FEM) is 

commonly adopted to perform this type of study, since it enables parametric analysis considering 

parameters such as the surface roughness or the contact pressure, to evaluate quantities such as the 

real contact area or the residual stresses (e.g. Gao [3] and Alfredsson [4]). This enables the 

development of friction laws to describe the dependency of the apparent coefficient of friction on 

those parameters, which can be applied in simpler, equivalent macroscopic models. 

The concept of representative contact element (RCE) was introduced within the FEM to allow 

modelling contact phenomena at different scales, including the details of rough surfaces. For 

example, Wriggers [5] employed a RCE to develop a frictional law for an elastomer in contact with 

rigid surface. Carvalho [6] proposed a multiscale rough contact algorithm that considers RCEs at 

different scales, to estimate the real contact area in contact without sliding. The RCE consists of a 

unit cell (e.g. parallelepiped) with periodic boundary condition (PBC), i.e., the opposite parallel 

faces present the same displacement for counterpart nodes.  

When modelling two bodies in contact, if one has a much higher stiffness than the other, it can 

be considered rigid. This assumption is common is sheet metal forming or when studying 

elastomers, such as in pulley and conveyor belt system (see [5] or in the contact between the tire 

and the road (see e.g. [7]). Although it is arguable if this assumption is valid for metal-metal 
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forming contacts, since both bodies may plastically deform at the asperity scale, some works have 

also adopted this approach [8]. When modelling a real surface at sufficiently small scales, the 

asperities should be represented rather than assuming their macro-scale regular geometry (e.g. 

perfectly plane). One approach is to define the surface topography through measurements (e.g. 

stylus profilers). However, measurements artefacts make it difficult to obtain a surface geometry 

that is compatible with numerical models [9, 10]. Consequently, some authors prefer to use a 

surface that is stochastically generated with a selection of roughness parameters [11, 12, 13]. This 

approach also improves the study repeatability and facilitates parametric analysis. Another way of 

representing the roughness is to approximate the topography by a superposition of sinusoids ([3, 5]). 

This allows to accurately model the elastomers’ visco-elastic effects without an impractically fine 

finite element mesh, following the approach proposed by Wriggers [5]. In addition, a Weierstrass 

function can be employed to calculate the real contact area of a fractal surface, which may provide a 

more realistic description of engineering topographies [3, 14].  

The aforementioned asperities are responsible for the geometric component of the friction force 

during sliding (e.g. ploughing effect), while the remaining is due to the local contributions [15]. The 

apparent coefficient of friction (µ*) was defined by Lafaye [16] as the ratio between this total 

friction force and the applied normal force. As reviewed and discussed by Blau [15], the ratio µ* is 

a convenient and useful engineering metric, supporting the design of machines and buildings. 

Therefore, it has been used to characterize the slide resistance of 3D printed surfaces with bio 

inspired textures [17], general polymer friction [5, 16] and the cutting performance of a machining 

tool [18].  

The objective of this work is to investigate the influence of the initial average pressure p̅i, local 

Coulomb coefficient of friction (µ) and asperity wavelength (λ) on the apparent friction coefficient, 

when a deformable body slide against a rigid rough surface. Therefore, a finite element model that 

employs a RCE to assume an effectively infinite interface is used to perform a sensitivity analysis at 

the microscale. The ratio between the real contact area (Ar) and the apparent contact area (Aa) is 

estimated based on the number of interface nodes in contact over its total. This is an indirect 

measure of the ratio, which assumes that the distance between the nodes remains approximately 

uniform during the simulation. The apparent friction coefficient µ* is evaluated during sliding as the 

ratio between the total tangential and normal force components. Finally, the average contact 

pressure during the slide (p̅) and shear stress and distortion are reported. 

Finite Element Model 

The contact between a rough rigid surface and a flat deformable body was modelled using an 

RCE, under plane strain conditions. Local interfacial friction was described using Coulomb’s law 

with different constant values for the friction coefficient. The rough rigid surface was represented 

by a unidirectional sinusoidal surface. Considering the roughness average of a typical machined 

surface Ra=3.2 µm [19], the corresponding wave amplitude is g=5.03 µm. Two different values of 

the ratio between the amplitude and the wavelength (λ) were studied, namely g/λ=0.01 and 

g/λ=0.02, which lie within the range suggested by Gao [3]. Accordingly, the wavelengths 

considered are λ=502.65 µm and λ=251.33 µm. The roughness wavelengths defined at the 

microscale fall within the range admissible for which macroscale constitutive models remain 

applicable. The rigid surface is composed by at least six waves in order to allow large sliding 

distances between the RCE and the rigid surface. The geometry of the rigid sinusoidal surface was 

discretized with Nagata patches [20]. 

The RCE is presented in Fig. 1. It has a parallelepiped geometry with a width equal to the 

wavelength λ and a height of 3λ, which ensures a uniform stress state at the upper surface, as 

suggested in [3]. The length along the out-of-plane direction is 8 µm. The RCE was discretized with 

hexahedral finite elements, using selective reduced integration, considering four zones with element 

sizes of λ/40, λ/20, λ/10 and λ/5. The non-conforming mesh is shown in Fig. 1 (c). Each zone has 

approximately the same height and they are connected through the hanging nodes feature [21]. The 

mechanical behaviour of the RCE is assumed isotropic and elastic-plastic, described by the von 
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Mises yield criterion. Accordingly, the Young’s modulus is 210 GPa, the Poisson’s ratio is 0.3 and 

the yield strength is 1.5 GPa. The plastic behaviour is described by the Swift law, such that the flow 

stress Y= 1.505(0+p)0.001 (the small hardening coefficient is chosen to approximate an almost 

perfectly plastic behaviour). 

The numerical simulation of the contact between the RCE and the rough rigid surface comprises 

two stages. First, the rigid surface is pressed against the RCE by imposing a vertical displacement 

until an initial average contact pressure p̅i is reached, as shown in Fig. 1 (a). Four different values of 

p̅i were adopted, which were defined according to the yield strength of the material, namely 25%, 

50%, 75% and 100% of the yield strength. Then, large sliding is generated by imposing a sliding 

distance Δs=5λ to the rigid surface, as shown in Fig. 1 (b). During this second stage, the nodes on 

the upper face of the RCE are clamped, since it is a boundary condition easy to impose. The 

periodic boundary conditions associated with the RCE allow the representation of an infinite 

contact interface and ensure continuity of displacement and stress fields across the lateral 

boundaries [6]. All numerical simulations were carried out using the in-house finite element code 

DD3IMP [22]. 

 

 
Fig. 1. Schematic of the contact between a rough rigid surface and deformable RCE: (a) rigid 

surface pressed against the RCE; (b) sliding of the rigid surface against the RCE; (c) non-

conforming finite element mesh of the RCE. 

Results and Discussion  

Real Contact Area. The discretization of the contact surface (see Fig. 1 (c)), together with the 

use of a node-to-segment algorithm for handling contact, results in oscillations when the number of 

nodes in contact is used to evaluate the real contact area. Accordingly, the ratio Ar/Aa presented in 

this work must be interpreted as a discrete approximation, which must be improved in future works 

based on the contact variables [23]. The ratio Ar/Aa was evaluated during the pressing phase of a 

rigid surface against the RCE, leading to a step-like behaviour as shown in Fig. 2. This figure shows 

the evolution of this ratio as the normal load increases, comparing two different values of g/λ, for 

µ=0.10 at the contact interface. The real contact area increases approximately linearly with the 

applied normal load (R2=0.98), which is consistent with elastic–plastic asperity deformation. The 

slope is higher for the lower ratio g/λ because it is more comparable to a flat surface, which would 

present Ar/Aa=1. In classical rough-surface contact models, only a small fraction of the apparent 

area actually carries load, even under high contact pressures [24]. It has been shown that for an 

elastoplastic rough surface there is a linear load-area relation at small contact fraction (Ar/Aa ~0.45), 

and the proportionality is determined by the mechanical properties and surface morphology. As the 

contact fraction increases further, dramatically higher load will be required owing to asperity 

interactions [25]. One can expect that the contact area fraction calculated in this study to be higher 

than the one obtained with 3D models due to the plane strain conditions, i.e. the real contact area is 

composed by stripes instead of islands.  
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(a) (b) 

Fig. 2. Evolution of the ratio between the real contact area (Ar) and the apparent contact area (Aa) 

during the pressing of a rigid surface against the RCE considering µ=0.10 at the interface for:  

(a) g/λ=0.01; (b) g/λ=0.02. 

 

  
(a) (b) 

Fig. 3. Evolution of the average contact pressure during the sliding of a rigid surface against the 

RCE for different levels of initial average contact pressure: (a) g/λ=0.01; (b) g/λ=0.02. 

During the sliding phase of the rigid surface against the RCE, its position normal to the surface is 

kept constant (see Fig. 1 (b)). Fig. 3 shows the evolution of the average contact pressure during 

sliding, comparing different values of p̅i and two levels of friction coefficient. The horizontal axis 

represents the normalized sliding distance (Δs/λ), indicating that the total applied sliding 

corresponds to five wavelengths of the rigid surface roughness. 

As sliding stage begins, the average contact pressure decreases due to the development of a shear 

stress component, particularly for high values of the initial average contact pressure. Around 

Δs/λ=0.15, the average contact pressure starts to increase because of the misalignment between the 

asperity peaks and the deformable surface valleys created during the compression phase. When 

these points begin to realign, the pressure decreases again. This cyclic behaviour repeats, with 

progressively lower amplitude. In most cases, the average contact pressure can be considered stable 

after sliding over approximately two wavelengths of the rigid surface roughness. The effect of the 

friction coefficient µ on the predicted average contact pressure is low, as shown in Fig. 3. For 

p̅i=1.5 GPa, the increase of the friction coefficient leads to a decrease of the predicted average 

contact pressure, particularly for g/λ=0.02. On the other hand, for p̅i=0.38 GPa and g/λ=0.02, the 

increase of the friction coefficient leads to a slight increase of the predicted average contact 
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pressure. Although sliding is imposed under fixed normal displacement, rather than fixed normal 

load, which is more commonly adopted in this type of studies, the results show that this condition 

also leads to stable average contact pressure. 

 

  
(a) (b) 

Fig. 4. Evolution of the ratio between the real contact area (Ar) and the apparent contact area (Aa) 

during the sliding of a rigid surface against the RCE, considering different values of initial average 

contact pressure and coefficient of friction: (a) g/λ=0.01; (b) g/λ=0.02.  

Due to the use of the number of contact nodes to calculate the real contact area, during sliding 

sudden jumps can occur. Therefore, a moving average was applied to smooth the data during the 

sliding stage. Fig. 4 presents the evolution of the ratio between the real and apparent contact area 

during the sliding stage. Under frictionless conditions (µ=0.0), the steady state is achieved for 

Δs/λ<5, except for p̅i=0.38 GPa. However, when friction is considered (µ=0.1), a steady state is 

achieved only for g/λ=0.01, as shown in Fig. 4 (a). In contrast, for g/λ=0.02, the real contact area 

exhibits a slight (continuous) decrease throughout the sliding process, as illustrated in Fig. 4 (b). 

The increase of the friction coefficient leads to a global increase of the real contact area, particularly 

for high levels of initial average contact pressure. Considering p̅i=1.5 GPa and g/λ=0.01, the ratio 

Ar/Aa increases about 2.5% as µ increases from 0.0 to 0.1. 

Apparent Friction Coefficient. The apparent friction coefficient µ* was evaluated as the ratio 

between the tangential and normal force components during the sliding phase. Fig. 5 shows the 

evolution of µ* during the sliding phase, comparing four values of initial average contact pressure 

and three different values of µ. Globally, increasing µ leads to an increase of µ*. Moreover, the 

apparent friction coefficient increases when the ratio g/λ increases from 0.01 to 0.02, as shown by 

comparing Fig. 5(a) with Fig. 5(b). This occurs due the higher slope between the valleys and the 

peaks for g/λ 0.02, resulting in sharper asperities that penetrates the RCE and increases sliding 

resistance. Hence, increasing the initial average contact pressure also increases the apparent friction 

coefficient. One can expect that the apparent friction coefficient µ* calculated in this study to be 

higher than the one obtained with 3D models due to the plane strain conditions.  

The Coulomb friction law states that the ratio between the tangential and normal force is always 

constant. However, this relation was not observed in the numerical results due to the roughness 

present at the interface of RCE. As shown in Fig. 5, for most cases µ* attains a steady state value. 

Therefore, the values of µ* attained for Δs/λ=5 were extracted, for all cases, and assumed as the 

ones corresponding to the apparent friction coefficient at the steady state regime (µ*
ss), since the 

variation beyond Δs/λ>4 is at most 0.006. Fig. 6 presents µ*
ss considering different values of input 

friction coefficient µ and four levels of initial average contact pressure. Increasing the initial 

average contact pressure leads to an increase of µ*
ss, particularly for g/λ=0.02. The interlocking of 

asperities is generated when the initially flat deformable body acquires roughness when pressed 

against a rough rigid surface. This effect is amplified by the pressure p̅i. When the average contact 
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pressure is low (p̅i<0.38 GPa), the µ*
ss is approximately the input µ, particularly for g/λ=0.01. On 

the other hand, increasing both the µ and the p̅i, the obtained µ*
ss present a stagnation in their 

increase. 

 

  
(a) (b) 

Fig. 5. Evolution of the apparent friction coefficient during the sliding of a rigid surface against the 

RCE for different levels of initial average contact pressure: (a) g/λ=0.01; (b) g/λ=0.02. 

  
(a) (b) 

Fig. 6 Apparent friction coefficient evaluated at the steady state as a function of the input friction 

coefficient, considering different levels of initial average contact pressure: (a) g/λ=0.01; (b) 

g/λ=0.02. 

Strain and Stress Distribution. The plastic strain distribution at Δs/λ<5 was evaluated along the 

mid-width of the RCE, as show in the detail of Fig. 7 (b). Fig. 7 compares the plastic strain 

distributions for different levels of initial average contact pressure and two different values of µ. 

The maximum value occurs near the contact surface and decreases as the distance to the surface 

increases. Increasing the ratio g/λ leads to an increase of the maximum plastic strain value and 

reduces the height of the region with plastic deformation. Increasing the initial contact pressure also 

leads to an increase of the plastic strain due to the increase of the level of stress at the interface 

generated by the increase of compression force. In the same way, the increase the friction 

coefficient leads to an increase of the plastic strain, particularly for the ratio g/λ=0.01. Additionally, 

the increase of µ also moves the maximum plastic strain closer to the surface, as shown in Fig. 7. 

This agrees with the Hertz solution, where the maximum stress moves from the subsurface to the 

surface when µ increases. 
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It must be noted that even relatively moderate normal load leads to extremely high local 

deformations: accumulated plastic strain reaches 300%. Normal metal materials are not supposed to 

bear such high deformations. Consequently, a damage or/and a fracture model should be 

incorporated in the analysis to get more physical results [26]. Nevertheless, the plastic strain levels 

are strongly dependent on the hardening law. Although not shown here, a small increase of the 

hardening coefficient drastically reduces the maximum values attained.  

 

  
(a) (b) 

Fig. 7. Plastic deformation distribution at the mid-width of the RCE after sliding against a rigid 

surface for different levels of initial average contact pressure: (a) g/λ=0.01; (b) g/λ=0.02. 

The sliding of the rigid surface from the right side to the left side induces a shear deformation on 

the deformable body. This effect was quantified by the total tangential displacement, d, of the left 

lower node. Fig. 8 presents the evolution of this distance during the sliding stage, highlighting the 

global increase of d. The distortion of the deformable body is higher for g/λ=0.02, as shown in Fig. 

8 (b). Increasing either the initial contact pressure or the friction coefficient yields an increase of the 

distortion. For cases that achieve a steady state apparent friction coefficient (see Fig. 5), the distance 

d is continuously increasing during the sliding stage. The fluctuations are consequence of the 

asperity entering in contact with the monitored node, which produces an increase of the local 

tangential loading. 

 

  
(a) (b) 

Fig. 8. Evolution of the tangential displacement of node located at the left lower corner of the  

RCE while sliding against a rigid surface for different levels of initial average contact pressure:  

(a) g/λ=0.01; (b) g/λ=0.02. 
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Fig. 9 presents the distribution of the shear stress (𝜏xy) evaluated at the RCE after sliding against 

the rigid rough surface, considering different conditions for g/λ=0.01. The shear stress distribution 

is approximately symmetric in relation to the mid-width plane, when the initial average contact 

pressure is p̅i=0.75 GPa and the friction coefficient is zero (see Fig. 9 (a)). This distribution is like 

the one obtained in the Hertz contact theory, because the contact occurs locally in a small area. 

Increasing the initial average contact pressure leads to the distortion of the deformable body due to 

the sliding and, consequently, of the shear stress distribution, as shown in Fig. 9 (b). Using the same 

value of pressure, the increase of the friction coefficient amplifies the geometrical distortion, as 

shown in Fig. 9 (c).  

 

 
Fig. 9. Shear stress distribution on the RCE after sliding against the rigid surface with g/λ=0.01:  

(a) µ=0.0 and p̅i=0.75 GPa; (b) µ=0.0 and p̅i=1.5 GPa; (c) µ=0.1 and p̅i=1.5 GPa. 

Conclusions  

This paper presented a numerical investigation of the frictional contact conditions arising from 

surface roughness in the interaction between a deformable body and a rough rigid surface under 

large sliding. The finite element method was employed to simulate the contact problem, making use 

of a representative contact element (RCE) and plane strain conditions to reduce the computational 

cost. The influence of the local friction coefficient, the initial average contact pressure and 

roughness wavelength was analysed, with particular emphasis on the steady-state sliding regime. 

Since sliding is imposed under a fixed normal displacement, the average contact pressure 

remains approximately constant throughout the sliding stage. The results show that the main 

parameter governing the real contact area is the initial average contact pressure, whereas both the 

friction coefficient and the roughness ratio g/λ have only a minor influence on this quantity. In 

contrast, the apparent friction coefficient is significantly affected by all three parameters, increasing 

with higher local friction coefficient, higher initial average contact pressure, and larger values of 

g/λ. For a surface roughness ratio of g/λ=0.02 and a local friction coefficient of μ=0.05, the 

predicted apparent friction coefficient is approximately µ*=0.09, when the initial average contact 

pressure is about half of the material yield stress. 

Although the applied initial average contact pressure is at most equal to the yield stress of the 

material, the roughness of the rigid contact surface induces high levels of plastic deformation in the 

vicinity of the contact interface. Indeed, for a surface roughness ratio of g/λ=0.01, the maximum 

equivalent plastic strain exceeds 50% when the initial average contact pressure is larger than 75% 

of the yield stress. The high shear stress levels at the contact interface induce significant distortion 

of the RCE in the vicinity of the contact zone. This effect is amplified for higher local friction 

coefficients, higher initial average contact pressures, and larger values of the roughness ratio g/λ. In 

this exploratory work, an almost perfectly plastic behaviour was assumed, to simplify the analysis. 

This enabled the validation of the contact area fraction under loading, but disabled further 

comparisons for the sliding stage. 

(a) (b) (c)

xz [GPa]
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