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Abstract. Kolmogorov-Arnold networks (KANs) have emerged as a promising counterpart to multi-
layer perceptrons (MLPs) which offer a more interpretable functionality for different machine learning
(ML) applications. Their main difference lies in the definition of KAN layers, using learnable activa-
tion functions, which has made these networks optimal for physics-based applications. In this work,
we focus on analyzing the performance of KANSs in capturing the physics of the hot rolling process,
which is an integral part of steel manufacturing industry. Initially, we introduce non-dimensional pa-
rameters to encapsulate geometrical factors in the process. We perform space-filling sampling in the
space spanned by these parameters. The sampled points yield the necessary parameters for the finite el-
ement (FE) simulations, forming the ground truth (GT) data for the network. A closed-form analytical
model for spread is considered from previous studies in the literature, and its predictive performance
is assessed against the FE results. In defining the input space for the network, different alternatives are
compared and it was seen that input space containing the non-dimensional features and the predictions
of the analytical model reduced overfitting and better generalization. The effect of KAN hyperparam-
eters are evaluated, and the network with tuned parameters demonstrate optimal performance on the
test set. Lastly, after applying symbolification for this network, a closed-form expression is obtained
that captures the discrepancy between the analytical model and the GT results, and its performance is
tested against test set data.

Introduction

MLPs or multilayer feedforward networks have become the essential constituents of ML applications
using deep learning. This was primarily due to the universal approximation theorem [1], which states
that a feedforward network with a linear output and at least one hidden layer with any type of squishing
activation functions can approximate any continuous and Borel-measurable nonlinear function with a
mapping between finite-dimensional spaces. The error of this approximation can be reduced arbitrar-
ily if a sufficiently large number of neurons are used in the hidden layer. Often to optimize their per-
formance, the architecture of MLPs includes multiple hidden layers with fixed activation functions,
which enables a nested formulation of the problem. However, such a formulation has also brought
forward various limitations associated with these networks. For instance, catastrophic forgetting in
accommodating variations in the data distribution [2], prioritizing learning data with higher frequency
as opposed to ones with lower frequency, a phenomenon referred to as spectral bias [3, 4], which
results in convergence problems for the network if the problem physics includes a high frequency
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solution, such as wave propagation [5]. Moreover, especially in deep neural networks (DNNs), MLPs
are prone to suffer from exploding gradients problem which can make the use of stochastic gradient
descent (SGD) unfeasible [6]. Moreover, the blackbox nature of MLPs makes them less interpretable
[7].

In search of circumventing or improving existing problems with MLPs, KANs have been introduced
as a promising alternative [8]. Development of KANs has been based on the Kolmogorov-Arnold’s
Representation Theorem (KART) [9], which as opposed to MLPs, translated into having learnable ac-
tivation functions on the edges rather than nodes. One of the main advantages of KANSs, that made them
attractive alternatives to MLPs, is the fact that KANs result in interpretable models with much less pa-
rameters required for the same task [10]. Consequently, KANs have been applied to benchmark prob-
lems, commonly tested with MLPs, to compare their performance. For instance, in the study of [11],
it was found that in physics-informed KAN using Jacobi orthogonal polynomials enhanced the limita-
tions of traditional physics-informed neural networks (PINNs), together with less ill-conditioning for
flow-field predictions in a fluid dynamical application. Moreover, in [12], a physics-informed KAN
was proposed to predict the temperature and velocity fields in a turbulent flow using 3D experimental
ground-truth (GT) data. To achieve this, the loss function included terms penalizing the residuals of
the governing equations for velocity, as well as boundary conditions.

The initial version of KANSs allows for great flexibility, which has been explored in different studies.
For instance, the main development of KANs introduced B-spline functions together with a smooth-
ing term as bases to expand the edge activation functions. However, other orthogonal basis functions
have been implemented and compared, and each has shown to contain advantages for different ap-
plications. Chebyshev polynomials [13], ReLU [14], Jacobi polynomials [15], Gaussian radial basis
function (RBF) [16], and Fourier bases [17] include some of the alternatives that have been introduced
as possible replacements of B-spline functions. These alternatives have proved to reduce the compu-
tational time and the required parameters associated with B-splines while maintaining the overall
network accuracy and precision for different applications. Also, in [18], a method was introduced for
better tackling the model complexity in KANSs, based on the differential evolution (DE) algorithm for
selecting the optimal KAN structure. This method showed enhancements in convergence, prediction
performance, and interpretability, compared with traditional KANS.

KANSs have attracted attention for their potential benefits across different research fields, from mate-
rial modeling to industrial applications. For instance, Zhang et al. in [19] have shown that integrat-
ing KANSs into PINNSs result in more accurate predictions of nonlinear deflections of ionic polymer-
metal composites (IPMC) and an improved convergency compared with MLP-based PINNs. Also
in [20], KANs were used to construct physically admissible and polyconvex free-energy functions
that were later used for modeling compressible hyperelastic materials. With the aim of reducing the
training time for KANs, Howard et al. [21] introduced an architecture for KANs, based on domain-
decomposition of the analysis region, allowing for multiple KANs to be trained in tandem in smaller
domains, yielding more accurate solutions. As another application, in [22], the graph convolutional
networks (GCNs) were replaced by spline-based KAN layers, resulting in graph Kolmogorov-Arnold
networks (GKANSs), forming a new way of inter-layer information processing, which proved to have
a superior accuracy compared to GCNs when comparable number of parameters were considered.
MLPs have been used for modeling different aspects of hot rolling process, including lateral flow or
spread, which refers to the transverse deformation that occurs during thickness reduction. A hybrid
CNN-long short-term memory (LSTM) model was proposed to predict lateral flow in hot strip finish-
ing mills by integrating spatial and temporal features from rolling data [23]. Zhong et al. [24] enhanced
the Shibahara spread model by incorporating equipment wear and interference factors, optimizing its
parameters with Bayesian-optimized differential evolution and adaptive gradient descent, achieving a
9.77% improvement in width prediction.
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In this work, we explore the potential of KANs to render interpretable models for spread in hot rolling
of steel slabs. For reaching this purpose, initially, the GT data is generated via FE simulations. Next,
an analytical model resulting in a closed-form solution for the spread is compared to the simulations
results. Lastly, KANs are utilized for modeling the discrepancy between the analytical models and GT
data, yielding interpretable models for width prediction that can serve as online monitoring tools.

Methodology

KART and KANs: The main development of KANs has been established based on KART. According
to this theorem [9], every continuous multivariate function f : [0, 1]* — R for n € N on a close and
bounded interval can be expressed as a composition of finite number of continuous functions ¢; ; and
addition operation:

2n+1 n
f(iEl,...,]}n) = Z (bl Z ¢i,j(wj) N (iL‘l,...,l’n) S [O, 1]n (1)
=1 j=1

In this equation, ¢; ; : [0, 1]" — R and ®; : R — R correspond to the continuous inner and outer map
functions, respectively. Also, ¢; ; are global, hence they are independent of f, and ®, depend on the
mapping f that is to be approximated. Theoretically, it is possible to express any nonlinear function
f with only 2 layers, if those layers are wide enough; however, this might make the ¢; ; functions
non-smooth and hence pathological [25]. One of the main innovations that was proposed in [8] was
how to make a KAN layer and deeper KAN networks. Using the global nature of the inner functions
¢;,;, B-spline functions were used as bases to expand them. The number of the chosen splines (/V) and
their order (k) are considered as tunable hyperparameters:

N-1

¢(x) =Y caBh(@), )

n=0

where BF(z) represents the n'" B-spline of order k and c,,’s are parameters that are optimized in the
back propagation. At one KAN layer, the ranges of considered grid points are updated according to
the outputs of the previous layer. Moreover, to gain more control over the magnitudes of the resulting
activation functions, a residual term was introduced in the expansion of the inner functions:

N-1
o) = 3 cuBi(e) + g e 3)

where wy, 1s another trainable parameter. Between the nodes of KAN layers [ and [ + 1, the inputs are
transformed via the inner functions to form the outputs, as it can be seen in Fig. 1.

layer: I + 1 Li4+1,15 L1+1,25 L14+1,3y Ti+1,45 ---
P | 11,1, D121, D31, Pra, - | |¢1,1.2~, D122, D132, D142, - | | 11,3, P1,2,3, 91,33, D1,4,35 --- |
layer: 1 ZL11,21,2,%1 3 ---

Fig. 1: Structure of a KAN layer.
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If the nodes on layer [ and [ + 1 are represented by «; and x;. 1, respectively, where:

. T . T
€T = [xl,h X1,2,213 - - ] y L4l = [$z+1,1, Li41,2, L141,3, Li4+1,4, - - ] .
then, the transformation equation between these two layers can be written as:

i1 (1) b2 () o brim ()
Gioa () 22 () o diam (¢) iqb N
1,7,i 1.3

T4l = . . . T = Ti+15 =

Oimnt () Gmena() o Gimrm ()
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ZZ@Z

“
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where for layer [, n; represents the number of inputs and ®,; defines the collective activation functions.
As aresult, the overall mapping for the KAN network containing a total number of L layers performing
on the input vector Xj,, can be expressed as:

KAN (i) = (o @10+ 0Py 0 P1) (Biny) - (5)

During the training of the KAN networks, for having sparse and simpler models, the concepts of
sparsification and pruning were introduced to the network. In the sparsification of KAN networks,
the L; norm was initially defined for the individual and collected inner activation functions over the
edges. Within a KAN layer [ with nj,, and n, number of inputs and outputs, respectively:

Minp Minp  Nout

) ‘(I)lHl : ZZH@,MH1 (6)

i=1 j=1

el =

Also, an entropy regularization term for gaining a sufficient effect on sparsity was introduced:

Tinp  nout ¢l,z,]H1 H¢l WHl
— In ;
;; A [®4[4 (7)

As a result, for a KAN with a total of L layers, the total loss objective L is the sum of the network
prediction loss L4 and the regularization loss.

L L
L=Loeat A | > 1@l +p2 Y S(@1)| . (®)

=1 =1

For a regression task with a total number of N samples, if we denote the GT target with 3 and if ()
represents the it sample, Lpreq Teads:

Lonea ——Z (KAN( ) “>2~ ©)

The overall model sparsity is dependent on the parameter A in Eq. 8. In addition to regularization,
pruning is performed on the node level as a strategy to detect the nodes that do not contribute to the
overall network performance. For doing so, for each node i at layer [, the incoming and outgoing
inner activation functions are evaluated, and the maximum value is taken for all the input and output
connections (represented by I;; and O,; in Fig. 2). The node is deactivated if the difference between
these scores are less than a threshold value, resulting in smaller overall networks. The value of the
threshold is considered a hyperparameter.
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Fig. 2: Pruning of KANSs at node level.

FE simulations:

Fig. 3: The geometric parameters of the rolling process.

For generating the GT data, initially, the process parameters, including the initial width (1), ini-
tial and final thicknesses (hg and hq, respectively), and rolling radius () were transformed into non-
dimensional parameters using Buckingham-II theorem [26]. The resulting three dimensionless groups
x1 := Wy/hg, x2 := ho/R, and x3 := hy/hg also define the input space for the KANs, with bounds
xy € [1,5], x5 € [0.1,0.25], and x3 € [0.5,1). In the second step, to capture the full problem non-
linearity resulting from the FE simulations, a space-filling sampling was performed in the (z1, 2, z3)
space within the considered intervals. The space-filling quality of a particular sampling is quantified
via its central discrepancy (CD) value [27] as the lower values correspond to better space-filling qual-
ity. We considered Latin Hypercube Sampling (LHS), Sobol, Halton, and random sampling methods,
and it was observed that for lower sample sizes, Sobol sampling resulted in a lower CD value, which
made it the optimal choice for the subsequent analysis (see Fig.4). Also, we considered a total of 128
sample points for the subsequent analysis.

10724
10—3<
[
o 104 —— Random
Latin Hypercube
10-5] ——— Halton
—— Sobol
o4 95 96 97 98 99 910

Sample size n

Fig. 4: CD vs. n for different sampling methods.

For obtaining the value of the geometrical parameters, required in the FE simulations, the value of the
rolling radius was set to a value of 200 mm. The FE simulations were performed using the explicit
solver of Abaqus with the assumption of an isothermal process at a temperature of 1100 °C, typical
for industrial hot rolling applications. For the considered geometries, a global mesh size of 3 mm and
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mass scaling was applied, while keeping slab kinetic energy within 5% of its internal energy. The
angular velocity (w) of the rollers were set to a constant value of 2.7227 rad/s. Also, the rollers were
assumed to be analytical rigid surfaces. For modeling the material behavior in the slab, the values of
Poisson’s ratio () and coefficient of friction (1) were set to 0.28 and 0.2, respectively. Although the
elastic modulus of steel decreases significantly at elevated temperatures, a constant value of £ = 200
GPa was adopted, as elastic effects are negligible compared to plastic deformation under hot rolling
conditions. Also, the Johnson-Cook (JC) model was selected for modeling the hardening behavior,
accounting for plastic strain (£,), plastic strain-rate (£,), and temperature (non-dimensionalized as

~

T = [T - ﬂef]/[Tmelt - Tref]):
(&1, &1, T) = [A+ Ben][1+ C'ln (£,1/80)][1 — T™]. (10)

The required parameter set (A, B, C, m, n, T, Tref, £0) Was adopted from [28] (corresponding to steel
grade 2), as shown in Table 1.

Table 1: Selected JC parameters for steel grade 2 in [28].
A[MPa] B[MPa] n[-] C[-] m[-] & [s™] Twt[°C] Tmer[°C]
33.901 100.18  0.4951 0.2471 0.6444 0.0037 900 1500

Moreover, since it was necessary to evaluate the spread value for each simulation only under steady-
state (SS) condition, the SS detection utility of Abaqus, available for the explicit solver, was utilized
[29]. For this purpose, among the different possible norms, equivalent plastic strain (SSPEEQ) was
chosen with the default tolerance of 0.001. Also to form the SS detection control volume, exit plane and
cutting plane were located at the roller center, and at x = 60 mm from the roller center, respectively.

Us PEEQ

a)8266 % 107 sttt it 8.652 b) C) 0 bttt 6.299 x 107!

Fig. 5: FE simulation of the rolled slab with depicted results at the last time-step for a) transverse
displacement distribution (Us), b) deformed cross-section at SS, and ¢) distribution of the equivalent
plastic strain (PEEQ). In a) and b), absolute values of U; are represented with units of mm.

Results and Discussion

Traditionally, there have been different closed-form solutions for predicting spread in hot rolling
applications either grounded on assumptions to simplify the multi-physics problem or on empirical
correlations. Accordingly, they introduce partial physics to the considered problem with reasonable
generalization capability. One of such models is the proposed model by Shibahara [30]:

. 0.376 0.016 [%} 0.015 [%]
In Wl,Shlbahara —In @ exp | — 1.64 % WO 0 @ 0 . (1 1)
Wy hy ho VRS R
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Considering the FE solutions obtained for the sampled configurations, Shibahara’s model indicates
a drastic deviation from the GT with R? ~ —0.159, MSE = 18.3058 mm?, as shown in Fig. 6. The
pronounced observable discrepancy between Shibahara’s model and the GT is the objective to be
defined as the output for KANS.

—_
ot
L

=] — ar
= O  Shibahara
101
=
g i) |:|:HZ'
o & o E‘.?%'ﬂn
"5 5‘ D@ﬁm
8 = ﬁ @
D—1 TH
. 7.5 10.0 12.5 15.0

True [mm]

Fig. 6: Prediction vs. true plot for Shibahara model compared to the GT data.

B-spline activation functions of order 3 were used as the bases to expand the network activation func-
tions. For the input-output (I/O) configuration of KANSs, three definitions for the input space were
tested. In the first setup, analytical spread predictions were used, without any further information. In
the second setup, only the input space features {z1, z2, x3} were considered. In the last configuration,
the combined set of the input feature set and the predictions of the analytical model were introduced to
the network. The output for all of these cases were defined as GT spread values. Furthermore, as one
of the tunable hyperparameters of the network, we allowed the network width to vary in a range {16,
32, 64, 128}. The network was trained for a total of 80 steps. Moreover, a train-validation-test ratio
of 80-10-10 was selected as splitting criterion for the considered 128 samples. In Fig. 7, the obtained
learning curves for training and validation losses are depicted for different network widths and input

definitions.

a) b)
1.425 x 10
= 1.4 x 10°
£1.375 x 10"
= 1.35 x 10°
£1.325 x 109,
1.3 x 109 N
1.275 x 109 T
d) 100
\
6x 107! l ~.
Do fh-_ —
4 x 1071 ‘.\-1\1\,4\\&-—7’/;_3‘7:&____:
x0T =

0

train: width:64
validation: width:64
train: width:128
validation: width:128

train: width:16
validation: width:16
train: width:32
validation: width:32

train: width:1 train: width:4

validation: width:1 validation: width:4
train: width:2

validation: width:2

train: width:8
validation: width:8

Fig. 7: Learning curves for the networks when the network input (/) is considered to be a) [ =
{AWShibahara}a b) I = {$1,$2,$3} with A = 01, C) I = {$1,x2ax37AWShibahara} with A = 001,
and d) I = {1’1, ZTo,X3, AWShibahara} with A = 0.1.
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As can be seen in Fig. 7 a), the input space definition I = { AWgnipahara} Where Wnibanara 1S appropri-
ately nondimensionalized, yields higher values of training and validation loss errors compared to the
cases in b) — d). Moreover, although the expanded definitions in b) and ¢) results in lower root mean
square error (RMSE) values, overfitting remains a problem in these cases. Choosing the expanded
input space definition, including the input space features and analytical model predictions, together
with a smaller regularization parameter of 0.01, results in models with less overfitting, while retaining
the model accuracy (Fig. 7d)). The number of grid extensions is one of the trainable hyperparameters
referring to fine-graining the spline grids in KANSs. For the network with I = {21, 2, 3, AWSshibahara }
and A = 0.1, fine-graining was performed for the considered width spectrum with a grid range of
g € {2,3,4,5,8,10,15,20}. As it can be seen in Fig. 8, the stair-case loss reduction can be seen up
to a grid-size of 3.

ffffff train: width:1 ----=- train: width:64

validation: width:1 validation: width:64

train: width:2 train: width:128
validation: width:2 validation: width:128
E h train: width:4 erid: 2
= 100 validation: width:4 grid: 3
E‘ ‘; train: width:8 erid: 4
Q \% | validation: width:8 grid: 5
é *‘,i)}l VY BN hNp R e Wt |\ (i S train: width:16 erid: 8
= — validation: width:16 grid: 10
train: width:32 erid: 15
validation: width:32 erid: 20
0 200 400 600

Fig. 8: Learning curves for network grid and width updates.

As an ultimate metric to evaluate the selected KAN network, the selected KAN network with 4 inputs
and overall regularization parameter of 0.1 and a grid size of 2, the network was applied to the test
set, for which the results are shown in Fig. 9. In Fig. 9 a), the learning curves between the training
and validation loss are not suggestive of overfitting in the network and in part b) the network shows
an acceptable performance on the test set with R? and RMSE metrics equal to 0.99 and 0.38 mm,
respectively. Also, the pruned network is shown in Fig. 9 d), from which a closed-form expression
can be obtained in the symbolification step. The resulting nondimensional expression for AWgg reads:

AWeg (21, T2, 3, AWshibahara) = —0.164 27 4+ 0.108 z; — 17.378 25 + 0.026 23
— 0.132 AW i ahara + 3-255 AWshibahara + 1.530. (12)

The complexity of the symbolified expression is dependent on the second regularization parameter,
corresponding to u in Eq. 8. We set this parameter to 2 and in Fig. 9¢), the performance of the
closed-form of the discrepancy model is evaluated against the test set, which is closely aligned with
the network, prior to symbolification.

Conclusions

In this work, we investigated the applicability of KANs for obtaining interpretable models that cap-
ture spread in hot rolling processes of steel slabs. Initially, the process-specific geometrical parameters
were used to define the sampling input space in terms of non-dimensional parameters. To better rep-
resent the problem non-linearity, different space-filling sampling methods, including random, Halton,
LHS, and Sobol, were compared in terms of their CD value in lower data regimes. A total of 128
sampled points were considered, and they were used to define the configurations subjected to FE
simulation. For increasing computational efficiency, the spread values at SS were captured for each
simulation and the results were post-processed to form the GT for the network, with a train-validation-
test ratio of 80-10-10. The obtained spread results were compared to Shibahara’s closed-form solution,
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Train: R? = 0.99, RMSE = 0.3750 mm
Val: R? =0.99, RMSE = 0.3681 mm
Test: R? = 0.99, RMSE = 0.3644 mm

0 ; : .
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Fig. 9: Performance of a trained KAN network for capturing the width with a) learning curve, b)
prediction vs. true plot before pruning and symbolification, ¢) prediction vs. true plot for the test
set, after pruning and symbolification (Eq. 12), and d) network pruning, considering different input
contributions.

which was the subject of network correction. As the output of the network, GT spread values were
selected and B-spline functions of order 3 were chosen as the trainable activation functions. Also,
with the focus on grid-extension and network width as the tunable hyperparameters, it was observed
that expanded input space definition with the inclusion of the non-dimensional process parameters
and the analytical model predictions resulted in a reduced over-fitting on the validation set. Moreover,
the same effect was observed via reducing the overall regularization coefficient, which was set equal
to 0.1. With the tuned grid-size and network width of 2 and 4, the network also showed an optimal
performance on the test set with R? and RMSE measures of 0.99 and 0.3750 mm, respectively. Lastly,
the output of the network was symbolified and resulted in a closed-form expression for the existing
model discrepancy, with a similar prediction performance on the test set to the KAN.
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