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Abstract. This research characterized the strain hardening behavior of AZ31 under different stress 
states from shear to balanced biaxial tension with a newly proposed yield function. Experiments are 
conducted for AZ31 magnesium alloy by in-plane shear specimens, dogbone specimens, notched 
specimens and bulging specimens to characterize the flow behavior under different stress states. The 
flow behaviors are characterized by a newly proposed yield function in a form of the three stress 
invariants. The proposed yield function is implemented into ABAQUS/Explicit to predict the plastic 
response of the alloy under different stress states. It is shown that the proposed yield function can 
precisely predict the distinct flow behaviors and reaction forces from shear to equibiaxial tension 
from the initial yielding to fracture.  

Introduction 
Magnesium alloys are very important for lightweight design of structures because of its low 

density and good mechanical properties. However, the plastic behaviors of magnesium alloy are very 
complicated due to their complicated plastic deformation mechanisms of slip, twinning, detwinning 
etc. Most magnesium alloys show strong anisotropy in strength, obvious strength differential effect 
between tension and compression and very distinct strain hardening behaviors at different loading 
conditions. The complicated plastic behaviors are big challenges for analytical and numerical analysis 
and design of magnesium components. 

To model the anisotropic behaviors of sheet metals, many yield functions were proposed, such as 
Hill48, Yld89 [1], Yld91 [2], Yld2000-2d [3], Yld2004-18p [4], anisotropic Drucker [5], rYld2004 
[6], BBC families [7-8], Aretz-Barlat [9], Yoshida et al. [10] and Cazacu [11]. Many asymmetric 
yield functions were introduced to characterize the strength differential (SD) effect of hexagonal-
close packed (HCP) metals. These asymmetric yield functions include Cazacu-Barlat’2004 [12], 
CPB’2006 [13], pYld2000-2d [14], Yoon’2014 [15], Hu et al. [16]. In the last decade, anisotropic 
hardening behaviors are increasingly modelled, such as Stoughton-Yoon’2009 [17], CQN [18], Pack 
et al. [19], Hu et al. [20-22], Chen et al. [23]. All the yield functions proposed above greatly improve 
the modelling accuracy of plastic deformation in metal forming processes. However, the stress states 
considered by the above functions are generally uniaxial tension, equibiaxial tension and uniaxial 
compression. Shear and plane strain tension are rarely considered together in analytical modelling 
except the pDrucker yield function [24]. 

In this research, experiments are conducted for AZ31 from shear to equibiaxial tension by in-plane 
shear specimens, dogbone specimens, notched specimens and bulging tests. The flow curves are 
obtained at different stress states of shear, uniaxial tension, plane strain tension and equibiaxial 
tension. Strength anisotropy is compared with the effect of stress states on strain hardening behaviors. 
The much more apparent effect of stress states on strain hardening is modelled by a newly proposed 
yield function. The predicted flow curves under these four stress states are compared with 
experimental results to investigate the performance of the proposed yield function. Numerical 
simulations are conducted for the notched and shear specimens. The predicting accuracy is further 
investigated by comparing the reaction force between simulation and experiments.  
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Experiments 
In this study, a magnesium alloy AZ31 were tested under quasi-static loading conditions. The 

thickness of the specimen is 1.1 mm. The tests were designed at four stress states of shear, uniaxial 
tension, plane strain tension and equibaxial tension by the specimens in Fig. 1 (a) dogbone specimen, 
(b) in-plane shear, (c) notched specimens and (d) circular specimens for bulging tests. The shear 
specimen and notched specimen are modified compared to the original version [25, 26]. Experimental 
processes were recorded and analysed by the XTOP digital image correlation system. 

Experiments were conducted for dogbone, notched and shear specimens along different loading 
directions to investigate the anisotropy in strength of the materials. The true stress-true strain curves 
from experiments are compared along different loading directions in Fig. 2 for AZ31 at uniaxial 
tension and shear. For uniaxial tension, it shows the strength of AZ31 along RD is obviously about 
9% lower than the other six stretching directions. The strength anisotropy of AZ31 from 15º to 90º 
with respect to RD is less than 2.5% and negligible. For shear, it shows the strength anisotropy in 
shear is less than 4% for AZ31.  

 
Fig. 1. Tested specimens: (a) dog-bone; (b) shear; (c) notched specimens for plane strain tension;  
(d) bulge specimen. The dimensions are in [mm]. 

  
(a) (b) 

Fig. 2. Evaluation of strength anisotropy under (a) uniaxial tension and (b) shear. 
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Fig. 3. Comparison of flow curves under the four different stress states for AZ31. 

Table 1 The calibrated coefficients of the Hockett-Sherby hardening law ( 𝜎𝜎 = 𝐴𝐴 − (𝐴𝐴 −
𝐵𝐵)𝑒𝑒𝑒𝑒𝑒𝑒(−𝐶𝐶𝜀𝜀𝑝̅𝑝𝑛𝑛)) as Eq. (26) for the tested materials under different stress states. 

Materials Stress states 
coefficients Fitted 

error 
(𝑅𝑅2) 

𝐴𝐴 
[MPa] 

𝐵𝐵 
[MPa] 𝐶𝐶  𝑛𝑛 

AZ31 

uniaxial tension 330 184 9.2 0.81 0.9999 
shear 395 160 17.4 1.27 0.9983 

plane strain tension 343 171 18.8 0.83 N/A 
equibiaxial tension 357.5 166.3 11.9 0.66 0.9922 

The flow curves are compared for AZ31 under these four stress states in Fig. 3. The flow curves 
under plane strain tension and equibiaxial tension are much higher than that under uniaxial tension 
and shear. The slope of the flow curves under plane strain and equibiaxial tension is also higher than 
the other two stress states. The shear flow curve is the lowest when the strain is less than 0.075, but 
rises to be higher than the uniaxial tensile flow curves when the plastic strain is higher than 0.09. In 
addition, the strength anisotropy of AZ31 is about 9%. However, the maximum difference of the flow 
curves under these four stress states is larger than 30%, which is much more apparent than the strength 
anisotropy of AZ31. The complicated strain hardening behaviour indicates a severe change of the 
yield surface with respect to plastic strain under proportional loading for AZ31, which must be 
reasonably considered in the constitutive modelling of plastic deformation behaviors. 

The experimental flow curves under the four different stress states were fitted by the Hockett-
Sherby law as plotted in Fig. 3. The coefficients of the Hockett-Sherby hardening law are summarized 
in Table 1 for the tested materials under different stress states. The fitting R-squared values are all 
above 0.99 which shows a good fit for the test. 

A Newly Proposed Yield Function 
The distinct strain hardening behavior of AZ31 in Fig. 3 is modelled by a newly proposed yield 

function [27] as below: 

𝑓𝑓�𝜎𝜎𝑖𝑖𝑖𝑖� = 𝑎𝑎 �𝑏𝑏𝐼𝐼1 + �(𝐽𝐽23 − 𝑐𝑐𝐽𝐽32)1 2⁄ − 𝑑𝑑𝐽𝐽3�
1 3⁄

�                      (1) 
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Fig. 4. Evolution of (a) the yield function parameters and (b) the yield surface. 

where b considers the pressure effect, c and d model the influence of the third invariant 𝐽𝐽3 on yielding 
with the even and asymmetric form, respectively. The parameter c adjusts the curvature of the yield 
surface. The parameter d considers the SD effect for pressure-insensitive materials. The proposed 
universal yield function can be easily reduced to other popular stress invariant-based functions, such 
as von Mises, Prager-Drucker, Drucker, Cazacu-Barlat’2004, Yoon’2014 and pDrucker. After 
transformation with a Lode and triaxiality dependent form with the derived equations [28, 29], the 
four parameters can be analytically computed by the yield stresses under shear, uniaxial tension, plane 
strain tension and equibiaxial tension as below: 

⎩
⎪
⎪
⎨

⎪
⎪
⎧ 𝑎𝑎 = √3𝜎𝜎�𝑈𝑈𝑈𝑈
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2

4
                            

                   (2) 

Therefore, the parameters 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 and 𝑑𝑑 of the proposed function are calculated at different plastic 
strain with its evolution as shown in Fig. 4. The yield surface evolution under different strain is also 
characterized as shown in the figure. It shows that the evolution of yield surface can be precisely 
modelled by the proposed yield function with its parameters computed by Eq. (2). 

Numerical Simulations 
The proposed yield function is applied into Abaqus/Explicit. First, simulations conducted with a 

single C3D8R element under these four stress states. The predicted Mises stress-strain curves for 
AZ31 are compared with the analytical ones computed by the Hockett-Sherby hardening law for the 
four stress states in Fig. 5. It is observed that the numerical prediction matches with the analytical 
computation with no obvious difference for the four loading conditions. The comparison 
demonstrates both the correct implementation of the proposed yield function in numerical simulation 
and the powerful predictability of the proposed yield function for severely different strain hardening 
behaviour under shear, uniaxial tension, plane strain tension and equibiaixal tension. 

Numerical simulations are then conducted for the notched and shear specimens in Fig. 6 to predict 
the load responses. The predicting results are compared with the pDrucker function under isotropic 
hardening. The comparisons of the load-stroke curves between experiments and prediction by 
different yield functions for the notched tensile tests are plotted in Fig. 6 (a) for notched tensile tests 
and (b) for simple shear tests. It shows the proposed yield function have high accuracy to predict the 
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load response of notched tensile tests for AZ31 with the maximum error of about less than 1%. The 
maximum predicting errors of load response of simple shear tests are about 2.0% for AZ31 from the 
onset of plastic deformation to the onset of fracture during the tests. It is because the input is the strain 
hardening behaviour under four different stress states summarized in Table 1 which precisely 
characterize the strain hardening behaviour under these four stress states. 

 
Fig. 5. Comparison of the Mises stress-EPS curves between simulation and analytical calculation 
under the four different stress states for AZ31. 

  
(a) 

  
(b) 

Fig. 6. Comparison of the Mises stress-EPS curves between simulation and analytical calculation 
under the four different stress states for AZ31. 
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Conclusions 
 This study characterizes the distinct strain hardening behavior of AZ31 under different stress 

states of shear, uniaxial tension, plane strain tension and equibiaxial tension by experiments, 
analytical modelling and numerical verification. The results show that the stress state effect is much 
more apparent than the strength anisotropy for the alloy. It also indicates that the proposed function 
can precisely model the strain hardening behavior under different stress states from yielding to 
fracture. 
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