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Abstract. Friction plays an important role in flat rolling processes for the force and power demands,
kinematics and final product quality. In search for a method of in-situ characterization of the coeffi-
cient of friction (COF) denoted by µ by non-contacting measurements, a method for determination of
the COF from high-accuracy forward slip measurements, i.e. by laser doppler velocimetry combined
with a comprehensive evaluation without simplifications is the method of choice. The evaluation must
comprise the volume flux equilibrium at the neutral point and the roll gap exit, as well as the connec-
tion of the neutral point and COF by von Karman’s ODE. This iterative procedure involves multiple
solutions of the ODE as well as the nonlinear volume flux relation. In the present work, this problem
is addressed by a physics-informed neural network (PINN), providing a rapid connection between the
forward slip and the COF based on the mathematical rolling theory. The contribution shows that we
can solve von Karman’s ODE inversely by a PINN, enablind detection of the COF and the neutral
angle from the measured forward slip.

Introduction

Friction is an important process parameter in hot and cold rolling, as it determines the force, work and
power demands of the process and is of crucial meaning for the neutral point, connecting stress and
velocity distributions in the roll gap. Hence, a fast non-contacting method for in-situ characterization
of the friction coefficient in rolling is of great interest for process control, especially for interstand
tension control in continuous multi-stand rolling mills.

State of the Art

The importance of the friction on the stress distribution and forward slip was already described by
von Karman as well as Dresden in 1925 [19, 2]. Experimental methods of friction characterization
can be subdivided in two groups: firstly, methods which attempt to measure the stress distribution in
the roll gap directly by mechanical transducers. Secondly, indirect methods which leverage the mea-
surement of process quantities which are influenced by friction, as forward slip. In the first group,
Siebel and Lueg carried out rolling experiments using a pin-transducer embedded on the roll surface
and were able to measure the stress distribution in the roll gap [15]. Similar experiments were re-
ported by Sylwestrowicz, as well as van Rooyen and Backofen [16, 17] for hot and cold rolling. In
2006, experiments with a newly developed transducer were carried out by Arentoft et al and measured
stress distributions were presented [5]. All of these methods have in common that the experimental
transducers alter the rolling process in a way that such measurement devices cannot be introduced in
a continuous practical rolling process, accompanying everyday industrial production.
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A number of works discussed the friction measurement by forward slip, where a summary is given
by Lenard, who came to the conclusion that the assessment of friction from forward slip was unreliable
when simple formulae are used to relate these quantities [6]. However, Lundberg reports successful
friction measurements in hot rolling, estimating the forward slip from billet head interstand times
[8]. The fundamentals of the evaluation were laid out by Jarl, who pointed out the difficulties of this
method and also used very simplistic relations [4]. For more precise measurement of the forward slip,
laser-doppler velocimetry experiments were carried out by Li et al. with an uncertainty analysis [7].

Modeling of the flat rolling process. In flat rolling, a rectangular cross section with the initial
height h0 passes through two rotating tools with radiusR, while its height is reduced to the exit height
h1. The geometry of the roll gap is shown in Figure 1. For the mathematical modeling of the stress dis-
tribution in this process, different methods are available. Nowadays, the Finite ElementMethod (FEM)
has become a general-purpose tool for numerical analysis of metal forming processes. However, the
process of cold strip rolling as treated in the present analysis has the geometrical nature that much
more efficient modeling tools may used, for instance the classical slab method. As already shown by
Pawelski, the results of stationary FEM calculations and the slab method are nearly identical for cold
strip rolling [12]. Also, rolling models based on the slab method achieve high fidelity in comparison
to measured values of roll force and torquein cold strip rolling, as already shown by Hessenberg and
Sims [3]. Due to these reasons, FEM calculations are omitted in the current analysis and attention is
paid to time-efficient simulations based on the slab method.

In 1925, Theodore von Karman published his contribution to the theory of the rolling process,
in which an ordinary differential equation (ODE) was formulated on the basis of a differential force
equilibrium on a strip element in the roll gap. Von Karman’s ODE describes the gradient of the specific
horizontal force σxh (specific: per unit strip width) with respect to the x coordinate as a function of
the normal and shear stresses,

d(σxh)

dx
= 2 (σN ± τF tanα) . (1)

The local roll gap inclination angle α is described by the spatial derivative of the strip thickness
distribution,

tanα =
1

2

dh

dx
. (2)

The strip height distribution is given by the circular shape of the arc of contact,

h(x) = h1 + 2R

 
1−

r
1− x2

R2

!
. (3)

For smaller contact angles, as in cold strip rolling, we may substitute the circular arc with the
parabolic function

h(x) ≈ h1 +
x2

R
(4)

with the derivative

dh

dx
=

2x

R
. (5)

For the frictional shear stress τF , classical works of the rolling theory assume slipping friction with

τF = µσN (6)

or shearing friction according to
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Fig. 1: Geometry of the roll gap. xF : neutral point position

τF = mk = m
kf√
3
. (7)

After simplified analytical solutions to von Karman’s ODE were published by several authors,
Alexander presented a numerical solution to the ODE by Runge-Kutte methods [1]. This solution
was later extended by Venter and Abd-Rabbo [18] to include Orowan’s theory of inhomogeneous
deformation in rolling [9]. Their final ODEs are generally of the form

dσN
dα

= F (σN , α) for slipping friction, and (8)

dσN
dα

= G(α) for sticking friction. (9)

These can be solved numerically for the normal stress distributions σN(α). To construct an inverse
method for determination ofµ from a known neutral angleαN , the whole process of numerical solution
of the differential equations must be iterated several times, until a good approximation of µ is found,
which satisfies the given αN , increasing evaluation times substantially. If elastic roll flattening is
accounted for, even an additional iteration loop enters the evaluation procedure, making the model
difficult to use for online process applications.

Kinematical relationship of neutral point and forward slip. The solution of the ODE of the
roll gap provides the distribution of the normal stress along the roll gap coordinate x or α. On the
kinematics side, the basis is the constancy of the volume flux

V̇ = const = A0v0 = A1v1 = A(α)v(α), (10)
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expressing that the product of the cross section and the longitudinal velocity (in the direction normal
to the cross sectional surface) is a constant value at any roll gap coordinate. Therefore, we can also
apply this equation to the neutral plane at α = αN , giving

A1v1 = ANvN = ANvC cosαN . (11)

Here, AN is the cross section in the neutral plane, vC is the circumferential velocity of the roll and αN

the neutral angle. We may express the circumferential velocity by the angular roll velocity and the roll
radius as vC = ωR, giving

cosαN =
A1

AN

v1
ωR

. (12)

The forward slip κ relates the strip exit velocity to the circumferential roll velocity according to

κ =
v1 − vc
vc

=
v1
vc

− 1 =
v1
ωR

− 1, (13)

which allows us to express the neutral angle as

cosαN =
A1

AN

(1 + κ) . (14)

We should note at this stage, that the absolute value of αN (in radians) is strongly connected to the
geometrical bite angle α0, as αN ∈ [0;αN ]. Therefore, we may define the dimensionless neutral angle
βN as

βN =
αN

α0

(15)

The cross sections A1 (at exit) and AN (at the neutral angle) can be described as the product of
height and width at the respective positions,

A1 = h1w1, (16)

and

AN = hMwN . (17)

When we disregard lateral spread, w0 = w1 = wN , we can write

A1

AN

=
h1
hN

(18)

and therefore

cosαN =
h1
hN

(1 + κ) =
h1 (1 + κ)

h1 + 2R (1− cosαN)
. (19)

An analytical solution to this transcendental equation will be given later in this paper.
Physics-informed neural networks. Neural networks provide a framework for a wide range of

modeling tasks. A set of input information features is passed through a number of hidden layers until
it reaches the output layer. The passing through one layer is basically a vector-matrix multiplication
followed by addition of a bias vector of the respective layer and application of an activation function
to the results, which in turn are fed as inputs into the next layer. The manipulation of the data in each
layer is influenced by the bias vectors and weight matrices, which constitute the model parameters. In
order to evaluate the network successfully, the model parameters must be adjusted so that the network
generates the intended outputs from the given inputs, according to the modeling task at hand. This
adjustment procedure is called the training process. During the training, a loss function is evaluated
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which assesses the quality of the prediction, based on which the network parameters are updated by
an optimizer routine. This process is repeated many times (called the epochs) until the loss of the
validation data (a subset of the total data, which is not used to update the model parameters) has
reached a desirably low value. In each epoch, the training data is fed into the network in multiple
batches. The batch size is the number of training samples processed in one forward and backward
pass before the model’s internal parameters (weights and biases) are updated [11].
The default method of training a neural network utilizes given input and target output data for the
respective inputs. Typical default loss functions are based upon mean squared error losses, comparing
the predicted outputs to the target outputs. A physics-informed neural network is a special form of
training where the loss function is replaced by a special function which contains information about
the physical nature of the problem to be solved, often in the form of (partial) differential equations.
To handle differential equations, the loss function makes use of automatic differentiation provided by
the machine learning framework used to check the gradients of the predicted outputs against a given
differential equation. This opens a wide range of applications to the PINNs (physics informed neural
networks), from the data-driven solution of differential equations, combined with data modeling, up to
inverse parameter identification of physical models which are based on differential equations [13, 14].
PINNs are already used to solve metal forming problems, like roll pass design [10].

Aims of the Present Analysis

In the present paper, we will construct a physics-informed neural network to solve von Karman’s
ordinary differential equation of the roll gap. Two versions of the neural network will be presented,
with the first being a forward model for predicting the stress distribution in the roll gap from the given
friction coefficient. The purpose of the second model (the inverse model) is to accomplish an inverse
parameter identification of the friction coefficient and find a physical friction coefficient µ which
corresponds to a prescribed neutral angle. The kinematic relationship between the forward slip and
neutral point position will be calculated analytically.

Scientific Methodology
In this section, we will present the models which were built to address the present problem of friction
coefficient estimation from measured forward slip, while the results obtained will be presented in the
next section.

Methods and tools. To tackle the present problem of the friction coefficient estimation from
measured forward slip, a physics-informed neural network was trained using the PyTorch Machine
Learning Framework [11] and Python programming language. Especially, PyTorch’s automatic dif-
ferentiation engine is leveraged to find the gradients of the predicted stress values in the form of a
PINN as described by Raissi et al. [13]. The PINN solves von Karman’s differential equation, and the
friction coefficient µ is estimated from alignment of the solution with a normalized neutral angle βN
previously calculated from the measured forward slip. In the current state of development, the solution
does not take elastic roll flattening into account. As this effect, prevalent in cold strip rolling, affects
the length of the contact region and stress distribution, an impact on the results is to be expected.
Therefore, we present numerical results accounting for roll flattening in the results section, obtained
by classical numerical solution of von Karman’s differential equation and Hitchcock’s roll flattening
model. Another simplification used in the analysis is that the friction coefficient is kept constant in
the roll gap, which is owed to the fact that the forward slip measurement only provides a very global
means of friction assessment, fromwhich the way in which the friction coefficient changes throughout
the roll gap cannot be deduced.
The actual industrial problem of cold rolling is therefore reduced to a mathematical inverse parameter
identification problem for von Karman’s differential equation, solved by a physics-informed neural
network.
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Forward solution of von Karman’s ODE for rolling using a neural network.
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Fig. 2: The forward ANN model for the local stress and neutral point evaluation

For the forward solution of the ODE, we prepare a deep neural network with the input parameters
normalized friction coefficient µ̂ and the normalized x̂ coordinate. The physical x coordinate, ranging
from x = −ld (entry plane) to x = 0 (exit plane) is changed to the normalized x̂ so that x̂ = 0 at entry
and x̂ = 1 at exit by

x̂ = 1 +
x

ld
⇔ x = ld (x̂− 1) . (20)

The network’s structure is sketched in Figure 2. The first hidden layer has 20 neurons, followed
by five hidden layers of 50 neurons each and two more hidden layers of 40 and 20 neurons, finally
generating two output features, i.e. the nomalized horizontal stress σ̂x at x̂ and the normalized neutral
angle βN . The normalized friction coefficient µ̂ ranges from 0 to 1 according to

µ̂ =
µ− µmin

µmax − µmin

. (21)

The network will predict the normalized horizontal stress σ̂x and the normalized neutral angle α̂N .
The network is trained with a set of friction coefficients ranging from µmin to µmax. In contrast to
conventional ANN training where target outputs must be supplied, we leverage a custom loss function
to assess the alignment of the derivatives of the predicted stresses with the given differential equation.
The boundary conditions on the horizontal stresses for given strip tensions t0 and t1 are enforced by a
suitable normalization of the output stress. We require σ̂x = t̂0 at x̂ = 0 and σ̂x = t̂1 at x̂ = 1. We do
this by transforming σ̂x to the physical stress σx using

σx = C (σ̂x − ŝ0 − ŝ1) (22)

with
ŝ0 =

(
σ̂x0 − t̂0

�
(1− x̂) (23)

and
ŝ1 =

(
σ̂x1 − t̂1

�
x̂. (24)

C is a normalizing factor in the order of magnitude of the maximum physical stress, for cold rolling
of steel strips, typically C ≈ 1000. σ̂x0 and σ̂x1 are the predicted σ̂x values at roll gap entry and exit,
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respectively. The original form of the physical ODE in Equation 1 is now further elaborated to an
expression for dσx/dx and replacing dh/dx by Equation 5,

dσx
dx

=
2

h

h
σN − x

R
(σx ∓ τF )

i
. (25)

In the loss function, we want to use this ODE in the normalized form dσ̂x

dx̂
. Differentiating Equa-

tion 22 with respect to x, we get

dσx
dx

=
C

ld

�
dσ̂x
dx̂

− dŝ0
dx̂

− dŝ1
dx̂

�
, (26)

from which it follows in combination with Equation 25 that

dσ̂x
dx̂

=
ld
C

2

h

�
σN − ld (x̂− 1)

R
(σx ∓ τF )

�
−
(
σ̂x0 − t̂0

�
+
(
σ̂x1 − t̂1

�
. (27)

with σx from Equation 22. For cold rolling, we define the shear stress τF according to slipping
friction with τF = µσN . As can be seen from the double sign in the preceding equations, τF must
undergo a sign change at the neutral point.When the boundary conditions are automatically satisfied by
the above normalization and satisfaction of the ODE is enforced by the loss minimization, the neutral
point is the only unknown. We therefore include the neutral point position as an output parameter
to make the network select it appropriately. This output has its own output layer and the sigmoid
activation function

σ (x) =
1

1 + e−x
(28)

is applied to ensure α̂N ∈ [0; 1]. To retain differentiability, no abrupt change of the direction
of shear stresses should be introduced. Instead, a smooth transition will be formulated using a tanh
approach based on the neutral point position x̂n. Therefore,

τF = −µσN tanh [D (x̂− x̂N)] (29)

where D is a scaling parameter for the smoothness of the transition in the order of magnitude of
D ≈ 100. The normal stress σN , required several times in the final ODE, is a function of σx by the
yield criterion and the vertical force decomposition. Firstly, we express the physical relation between
σx and a vertical stress σz by Tresca’s yield criterion

σz − σx = kf , (30)

when compressive stresses are defined as positive values. The relation between σz and σN is de-
fined from the vertical force decomposition as

σN =
σz

1∓ µ tanα
. (31)

Finally, the loss is calculated on each training batch using the loss function

L =





G− dσ̂x
dx̂





2 , (32)

where G are the gradients of the predicted stress values calculated by automatic differentiation using
PyTorch’s autograd engine, and dσ̂x/dx̂ are the physical gradients given by Equation 27. Note that we
do not need to include the satisfaction of the boundary conditions in the loss function as the normal-
ization applied above provides that the network is unable to predict a result which does not satisfy the
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boundary conditions. After evaluation of the network, the forward slip resulting from the predicted
neutral angle is evaluated based on Equation 19, giving

κ = cosαN
h1 + 2R (1− cosαN)

h1
− 1. (33)

The network was trained for a cold rolling pass of fixed geometry with an initial strip thickness
of h0 = 1.0 mm, exit strip thickness of h1 = 0.7 mm at a roll diameter of R = 400 mm. The network
was trained with 40 friction coefficients µ ranging from 0.03 and 0.15. The hyperparameters used in
the training are learning rate 10−5, batch size 768 at 15000 epochs. This model is referred to as the
forward model, as it calculates the neutral point position and resulting forward slip from the given
friction coefficient.

Inverse model and determination of friction coefficients. The purpose of the inverse model is
to to predict the friction coefficient from a given forward slip. This inversion can be performed easily
using the present neural network approach without any further iteration necessary. For this purpose,
an inverse PINN is trained, taking the normalized neutral point α̂N and the normalized coordinate x̂
coordinate as input values, yielding the constant normalized friction coefficient µ̂ and the horizontal
stress at position x, σ̂ as outputs. Beforehand, the neutral angle must be calculated from the nonlinear
equation Equation 19. Without further simplifications, the solution is

cosαN =
2ψ ±

p
4ψ − 8ψ (κ+ 1) + 4ψ2 + 1 + 1

4ψ
, (34)

where
ψ =

R

h1
. (35)

Out of the two mathematical solutions, the second one with the negative double sign can be omitted as
it does not provide resonable results. We can however simplify this equation when we disregard one
of two cosαN expressions from Equation 19 and arrive at

cosαN ≈ 1− κ

2ψ
. (36)

For the inverse training of the network, only a slight change to the loss function is necessary
compared to the forward version, i.e. the friction coefficient must be taken from the model predictions
and the neutral point from the input parameters.

Results

All calculations are performed for a strip material C15 with the cold flow curve given by kf = 850 ·
φ0.23. Figure 3 shows the horizontal stress distributions predicted by the forward neural network for
different friction coefficients, together with stress distributions calculated by numerical solution of
von Karman’s differential equation, resembled by the dotted lines.

As can be seen from these results, the stress distributions produced by the neural network include
the typical sign change in the frictional shear stress at the neural point, leading to a peak value of the
horizontal stress. Therefore, it is evident that themodel is capable of selecting the neutral point position
according to the given coefficient of friction. The inverse model predicts the stress distributions as a
function of the given neutral point positions. Figure 4 shows the normal stress distributions for nominal
forward slips κ between 0.01 and 0.06. The dotted lines represent the stress distributions, which were
recalculated numerically from the friction coefficients predicted by the neural network.

Table 1 shows the results concerning the resulting friction coefficients, along with the predicted
normalized neutral point positions. These predicted friction coefficients were then used to recalculate
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Fig. 3: Horizontal stress distributions predicted by the Forward PINN, compared to results of numer-
ical solution of the ODE (dots)

Table 1: Nominal forward slip values κ, friction coefficients and neutral points predicted by the neural
network, and numerically calculated forward slips from the predicted friction coefficients

κ µ βN κback
0.01 0.027 0.153 0.009
0.02 0.034 0.216 0.019
0.03 0.045 0.265 0.031
0.04 0.059 0.265 0.042
0.05 0.076 0.265 0.051
0.06 0.092 0.265 0.057

the forward slip values using the direct numerical solution. These back-predictions are shown as κback
in Table 1.

Figure 5 shows the difference between the neural network and numerical model for a continuous
range of forward slips at the cold rolling pass under consideration.

Both models predict higher friction coefficients at higher forward slips, though there are differ-
ences in the absolute friction coefficients predicted for higher forward slips and friction coefficients.
The red dots indicate the numerical results when roll flattening is accounted for by Hitchcock’s equa-
tion for steel rolls with the Young’s modulus E = 210 GPa and the Poisson’s coefficient ν = 0.3,

R′

R
= 1 +

CFS

∆h
, (37)

with the specific roll force per unit strip width FS , where

C =
16

π

1− ν2

E
. (38)

At this stage, it shall be noted that the numerical iterative technique requires the complete stress
distributions to be calculted in order to connect the neutral point to the friction coefficient. For the
ANN, this is not needed and the evaluation of a single point of this stress-distribution is sufficient to
determine the friction coefficient µ associated to a given normalized neutral angle βN . We will call this
technique the single-point ANN evaluation in constrast the full ANN evaluation; the only difference
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Fig. 4: Normal stress distribution calculated by the inverse network for given forward slips, and the
numerically calculated stress distributions for the predicted friction coefficients (dots)

is that the latter technique generates the stress distribution at multiple points as another informative
result.

As we expect the single-point evaluation to be faster than the full ANN evaluation, it will be
interesting to compare the evaluation times of both inverse ANN in comparison to the inverse classical
solution, as the purpose of the present study is to significantly speedup the evaluation by using the
ANN. Table 2 shows the evaluation times for the three variants considered (full ANN evaluation with
stress distribution tANN,full, single-point ANN evaluation without stress distribution tANN,sp, classical
inverse method tclass). The mean evaluation times were determined at 1000 equal evaluations of each
method.

Table 2: Nominal forward slip values κ, friction coefficients and mean evaluation times
κ µANN µclass tANN,full [ms] tANN,sp [ms] tclass [ms]

0.01 0.027 0.028 0.562 0.227 15.18
0.02 0.034 0.035 0.590 0.252 16.08
0.03 0.045 0.044 0.474 0.225 15.89
0.04 0.059 0.056 0.549 0.253 16.64
0.05 0.076 0.074 0.544 0.282 20.58
0.06 0.092 0.104 0.563 0.272 20.49
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Discussion

The present contribution demonstrates the construction of a physics-informed neural network which is
capable of solving von Karman’s ordinary differential equation of the roll gap in cold strip rolling for
both forward and inverse analyses of friction in cold rolling. The forward model is capable of selecting
the neutral point position according to the given friction coefficient and implement the sign change of
the frictional shear stresses accordingly. The inverse model uses a given neutral point position which
may be initially calculated from a measured forward slip and selects the friction coefficient so that the
final solution satisfies the underlying differential equation, as well as the boundary conditions and the
given neutral point. However, if the classical numerical technique is employed to solve this problem,
multiple iterations are required to perform an inverse parameter fit for the friction coefficient. This
problem is overcome by the present neural network based solution. It should also be noted that it is
not necessary to calculate the total stress distribution throughout the roll gap to achieve the connec-
tion between forward slip and friction coefficient; the evaluation of the ANN at one single x-value
is sufficient, which provides an additional performance boost to the new model. A similar method of
calculating the stress distribution in rolling by a PINN is not yet found elsewhere in the literature. The
comparison of evaluation times as seen in Table 2 reveals a substantial speedup of the ANN evaluation
in comparison to the classical inverse evaluation method. If only the friction coefficient is of interest,
the single-point evaluation method can be employed, achieving a calculation which is more than 60
times faster than the classical method. The full ANN evaluation including the local stress distribution
is still about 30 times faster than the classical method. In view of this speedup, the additional training
time required to set-up the PINN of about 15-20 minutes even for 15000 training epochs is more than
justified.
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In the current model, elastic roll flattening is not taken into account, an effect prevalent in cold
strip rolling, affecting the length of the contact region and stress distribution. However, the inclusion
of roll flattening in the model is possible by adding the satisfaction of Hitchcock’s equation to the
loss function. This extension would only increase the training effort substantially as the roll force
must be calculated for each training epoch, but would not affect the evaluation speed, leading to fur-
ther tremendous increases of the model performance compared to the classical iterative numerical
technique. Therefore, it is planned to extend the model to elastic roll flattening and to address this
extension in future publications.
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