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Abstract. In virtual process chains for discontinuous fiber-reinforced polymers, clustering of fiber 
ori-entation tensors reduces the number of macroscopic material cards required for downstream 
structural and warpage simulations. However, it remains unclear whether including the additional 
information provided by the fourth-order fiber orientation tensor improves clustering quality. This 
study investi-gates the influence of second-order vs. fourth-order informed clustering on clustering 
outcomes and the resulting orientation-averaged mechanical properties. Using parameterizations 
based on harmonic decomposition, rotation-invariant clustering is performed in both the second-
order and fourth-order parameter spaces. Results from injection molding simulation data indicate 
that the level of tensorial information has limited effect when the fourth-order tensor is computed via 
a closure approximation, as the deviatoric parameters are nonlinearly dependent on the second-
order parameters. In contrast, the choice of clustering algorithm – KMeans vs. Birch – has a more 
pronounced influence on cluster shapes and allocations. Furthermore, we demonstrate that clustering 
affects orientation-averaged stiff-ness properties, with deviations most pronounced near cluster 
boundaries and rarely occurring tensor shapes.

1. Introduction

In virtual process chains for discontinuous fiber-reinforced polymers (DiCoFRP), the fiber 
orientation is obtained from mold filling simulations [1–3]. This orientation information is 
transferred to down-stream warpage or structural analyses using appropriate mapping techniques 
[4]. The local macro-scopic properties at each material point are then determined through mean-
field homogenization and orientation averaging based on the corresponding (local) fiber orientation, 
resulting in a unique ma-terial card per material point. However, the fiber orientation field often 
contains regions with similar tensorial shapes. Grouping these can drastically reduce the number of 
required material cards – with-out compromising model fidelity – thus simplifying pre- and post-
processing. An efficient description for fiber orientation is given by the fiber orientation tensor  
(FOT) Ahki of kth order following the works of [5] and [6]:

Ahki =

Z
S2

	(p)p
kdS; (1)

where 	(p) is the fiber orientation distribution function (FODF), p 2 S2 describes a fiber’s orienta-

tion and S2 is the unit sphere. Thus, the FOT represents the statistical moments of the FODF. While

molding simulations generally employ the second-order FOT A for computational efficiency, ori-

entation average of mechanical properties require fourth-order FOT A. The latter are obtained from

second-order tensors using a closure approximation.

A common approach for grouping FOT is KMeans clustering of the eigenvalues of the second-

order FOT [7]. In the context of composites, the KMeans algorithm has also been applied to plastic

strain data [8]. An alternative non-adaptive approach is provided by triangularization of the eigenspace

[9]. However, these works do not address whether including information from the fourth-order FOT
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in the clustering procedure improves the grouping quality. Similar to the influence of the closure and

mapping sequence in CAE chains [10], the level of tensorial information considered may affect clus-

tering behavior and, consequently, the accuracy of the predicted (orientation-averaged) mechanical

properties. This motivates the central question of this study: Does fourth-order informed clustering,

which incorporates the additional information provided by the fourth-order FOT, yield improved re-

sults compared to second-order informed clustering? To this end, we study and quantify the differ-

ences between these clustering approaches based on the resulting fourth-order FOT. Furthermore, we

demonstrate the implications of clustering on the orientation-averaged linear elastic stiffnesses.

This contribution is structured as follows. First, we introduce parameterizations of the second-

and fourth-order FOT based on harmonic decomposition, which enable rotation-invariant clustering.

Then, we describe the clustering procedure and compare the two approaches – second-order informed

and fourth-order informed clustering – using orientation fields from injection molding simulations.

Finally, we discuss the implications of clustering on orientation-averaged mechanical properties.

2. Parameterization of Fiber Orientation Tensors

A parameterization of the rotation-invariant shape of the second-order FOT A is given by its eigen-

values �i, i = 1::3, with �1 � �2 � �3 and corresponding eigenvectors vi:

A (�1; �2) = �1v1 
 v1 + �2v2 
 v2 + (1− �1 − �2)v3 
 v3; (2)

where we use the normalization condition
P3

i �i = 1. Thus, the shape ofA is fully described by its two

largest eigenvalues �1 and �2. The admissible set of eigenvalues is known as the orientation triangle,

with the extrema: unidirectional (UD; �1 = 1), planar isotropic (�1 = �2 = 1/2), and isotropic

(�i = 1/3). The transformation between the orientation coordinate system (OCS) fvig spanned by

the eigenvectors vi of A and a fixed global coordinate system feig is given by the orthogonal basis

transformationQ = vi 
 ei.

An alternative representation of the rotation-invariant shape is given by the non-orthogonal de-

composition following [11] as

A (�1; �3) = Aiso + �1H
tv1 + �3H

tv3 ; (3)

with Aiso = I/3, the second-order identity tensor I , the transversely isotropic deviatoric structure

tensors

H tv1 =

0@ 1 0 0
−1/2 0

sym −1/2

1Avi 
 vj and H tv3 =

0@−1/2 0 0
−1/2 0

sym 1

1Avi 
 vj; (4)

and

0 � �1 � 1 and
�1

2
− 1

3
� �3 � 0: (5)

The isotropic state corresponds to �1 = �3 = 0. For positive �1, a more aligned fiber orientation state

in v1-direction is achieved, while �3 describes the deviation towards the planar isotropic orientation

in v3-direction. Visualizations of these parameterizations can be found in [11].

Based on harmonic decomposition [12, 13], [11] present a parameterization for arbitrary fourth-

order FOT. This decomposition contains a constant isotropic partAiso = 1/5 sym (I 
 I), a deviatoric
part linear inA and a deviatoric fourth-order structure tensor H:

A = Aiso + (6/7)sym (A0 
 I) +H; (6)

with the operator sym (�) denoting full index symmetrization. The deviatoric structure tensor H has

at most nine degrees of freedom di, i = 1::9, within the OCS, corresponding to triclinic material
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symmetry. Since common fourth-order closure approximations, e.g., [14], preserve the orthotropic

symmetry of A, we restrict to Hortho = H(d1; d2; d3; 0; 0; 0; 0; 0; 0), which within a Mandel basis Bv
�

with � = 1::6 spanned by the OCS is defined as [11]:

H (d1; d2; d3) �
(
Bv

� 
Bv
�

�
=0BBBBBB@

3
7
(2�1 − �3)− d1 − d2

1
14
(�1 − 2�3) + d1

1
14
(�1 + �3) + d2 0 0 0

−3
7
(�1 + �3)− d1 − d3

1
14
(−2�1 + �3) + d3 0 0 0

3
7
(−�1 + 2�3)− d2 − d3 0 0 0

completely symmetric

1CCCCCCA
:

(7)

Thus, the orientation-invariant shape of an orthotropic fourth-order FOT within the OCS is described

by the five parameters: �1, �3, d1, d2, and d3. In an engineering context, the first two parameters

directly follow from the second-order FOT known from molding simulations, while the last three are

estimated by an (orthotropic) closure approximation:

(d1; d2; d3) � fClosure(�1; �3); f : R2 ! R3: (8)

The nonlinear mapping of the (orthotropic) IBOF closure [14] is shown in Figure 1.
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Fig. 1: Nonlinear mapping of the deviatoric parameters d1, d2, d3 as a function of �1 and �3 for the

IBOF closure [14].

3. Clustering Procedure

As discussed above, grouping FOT with similar tensorial shapes reduces the number of material cards

required in downstream simulations. The two approaches for performing this data reduction are de-

picted in Figure 2. In both cases, the FOT field obtained frommolding simulationsA
(Src)
I , transformed

to the OCS, is the starting point for obtaining the clustered fourth-order FOT Â(Cluster)
J . In fourth-order

informed clustering (top row), the fourth-order fiber orientation tensorA(Src)
I is first approximated via a

closure, which then serves as input for clustering. In contrast, in second-order informed clustering (bot-

tom row),A
(Src)
I is clustered directly, and the closure is subsequently applied to the clustered second-

order FOT Â
(Cluster)

J to obtain Â(Cluster)
J . Depending on the order of the FOT, either (�1; �3; d1; d2; d3)
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(top row) or (�1; �3) (bottom row) are clustered. Alternatively, the eigenvalue-based parameteriza-

tion (�1; �2) can be used instead of (�1; �3); however, as the conversion between the eigenspace- and
harmonic-parameterizations is (linear) oblique, mixing notations between second- and fourth-order

clustering does not permit a fair comparison.

Â
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1

Â
(Cluster)

1 Â
(Cluster)

2
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Fig. 2: Possible clustering routes in virtual process chains. Fourth-order informed clustering is de-

picted in the top row and the bottom row shows second-order informed clustering.

In the following section, we present clustering results for the two approaches depicted in Figure 2

utilizing second-order FOT data from an injection molding simulation dataset [15], which comprises

629 part geometries ranging from plate-like shapes to complex three-dimensional structures, such as

a mounting bracket. The fourth-order FOT is approximated using the IBOF closure [14]. In addition

to the influence of the level of tensorial information, we also discuss the influence of the clustering

algorithm. In this work, the KMeans [16, 17] and Birch [18] clustering algorithms available within

the scikit-learn Python package [19] are considered. The KMeans algorithm minimizes the within-

cluster sum-of-squares, i.e., the sum of squared Euclidean distances between each data point and its

corresponding cluster centroid. The Birch algorithm builds a hierarchical tree structure by incremen-

tally inserting data points into subclusters, which are then aggregated to form the final clusters. This

approach is memory-efficient and scales well to large orientation fields.

4. Results and Discussion

Influence of level of tensorial information.We investigate the influence of the level of tensorial in-

formation (second-order vs. fourth-order informed clustering) based on clustering results for several

parts with n = 10 clusters, as depicted in Figure 3. The results are visualized in the eigenspace, as this
representation is more widely used. The colors indicate cluster affiliation, and the ”X” markers denote

the corresponding cluster centroids. For consistent coloring across different clustering methods, colors

are assigned based on the centroid’s �1 value. The probability density functions (PDF) of each cluster

in �1 and �2 are shown on the top and right axes, respectively. The selected parts exhibit distinc-

tive geometrical features, resulting in different distributions of (rotation-invariant) fiber orientation

shapes. For the parts in the upper two rows, the second- and fourth-order clustering results (first two

columns) yield similar cluster centroids and allocations. Only the results for the bottom row part show

notable differences, which can be attributed to two reasons. First, the deviatoric parameters d1, d2, d3
span a smaller range than �1 and �3 (cf. Figure 1), causing the latter to dominate the within-cluster

variance. This bias could be mitigated through parameter normalization; however, normalization is

not considered in this study. Second, the deviatoric parameters d1, d2, d3 depend nonlinearly on �1

and �3, and are thus not independent. As a result, the dimensionality does not increase when including

the deviatoric parameters; instead, the two-dimensional space spanned by �1 and �3 becomes curved

(cf. Equation 8). A true increase in dimensionality would require omitting the closure approximation,

thereby allowing general orthotropic states – for instance, by reconstructing the fourth-order FOT

directly from the FODF. The extreme case is represented by triclinic orientation states.
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Fig. 3: Results of KMeans and Birch clustering for �1, �3 (second-order informed; first column) and

�1; �3; d1; d2; d3 (fourth-order informed; second and third column) with n = 10 clusters for three

injection-molded part geometries (top, center, bottom) from the molding dataset [15]. The coloring

represents cluster allocation and is sorted by the cluster centroid’s �1 value. The corresponding prob-

ability density functions in �1 and �2 are shown on the top and right axes.

Influence of clustering algorithm. Compared to the differences between the levels of tensorial in-

formation (due to the implications of the closure), the choice of clustering algorithm has a more pro-

nounced effect on the outcome (cf. second vs. third column in Figure 3). This stems from fundamental

algorithmic differences. KMeans iteratively minimizes the within-cluster variance, whereas Birch in-

crementally builds a hierarchical tree structure based on a threshold parameter. As a result, the Birch

algorithm may produce clusters with more irregular shapes and higher variance, as evident in the PDF

of the first two rows of Figure 3.

Influence of number of clusters.An important free parameter is the number of clusters n. In Figure 3,
a small number of clusters is chosen deliberately to emphasize the differences between methods. To

quantify the deviation between individual data points and their associated cluster centroids, we intro-

duce the following relative measure:

k�Ak =
kA− AClusterk

kAk
: (9)
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Clearly, as n ! ns, k�Ak ! 0, where ns denotes the total number of data points of the simulation.

The required number of clusters depends on the component geometry and the fiber-flow interaction.

Accordingly, fewer clusters are needed to adequately represent the (rotation-invariant) FOT field in a

geometrically simple part (e.g., a plate) compared to a complex one. Figure 4 shows clustering results

using fourth-order informed clustering with KMeans for the part in the second row of Figure 3, with

n 2 f50; 100; 200g clusters. Elements exceeding thresholds of 5%, 10%, and 15% are marked in red.

As expected, the number of flagged elements decreases with increasing threshold and with a larger

number of clusters. Notably, the flagged elements are predominantly located at complex geometrical

features. This can be explained by two factors. First, the mesh is quasi-uniform, and second, each

data point is weighted equally during clustering. Consequently, regions with complex geometry have

limited influence on the within-cluster variance. However, these regions are often prone to stress

concentrations, e.g., due to notch effects. This issue could potentially be addressed by assigning higher

weights to data points in such regions.

K
M

ea
n

s(
�
i;
d
j
)

n = 25 n = 50 n = 100

K
M

ea
n

s(
�
i)

Fig. 4: Influence of number of clusters for fourth-order informed clustering using the KMeans algo-

rithm. Red-marked regions exceed the relative deviation threshold k�Ak of 5%, 10%, or 15%. The

simulation model comprises 111,931 tetrahedral elements.

Implications on mechanical properties. Finally, we examine the influence of the clustering on the

orientation-averaged mechanical properties. Figure shows the orientation-dependent Young’s mod-

ulus E(s) = ((s
 s) � C−1[s
 s])
−1
, where s 2 S2 is a unit direction, at sample locations Pi for a

generic GF-PP DiCoFRP with an aspect ratio of 50 and a fiber mass content of 30%. The compos-

ite’s effective transversely isotropic mechanical properties are obtained via mean-field homogeniza-

tion following [20], and the orientation average is computed according to [6]. The sample points are

selected to highlight differences arising from the clustering approach (second-order vs. fourth-order

informed) and the choice of clustering algorithm. Note that increasing the fiber aspect ratio amplifies

the anisotropy of the orientation-averaged Young’s modulus.

Pronounced variations in theYoung’smodulus occur at data points located near cluster boundaries.

This effect is particularly evident for data points with highly aligned fiber orientations (�1 ! 1;
gray-colored cluster in Figure ). Depending on the level of tensorial information or the clustering

algorithm, a data point’s assigned centroid may correspond to a more isotropic or more aligned state.

For instance, at sample point P3, the Young’s modulus exhibits stronger anisotropy for second-order

informed clustering (first column) compared to fourth-order informed clustering (second column).
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Fig. 5: Influence of tensorial information level (first two columns) and clustering algorithm (last two
columns) on the orientation-averaged fourth-order stiffness tensor hC(A)iS2 at sample positions Pi

of the part depicted in the bottom row of Figure 3. The first row shows the clustering results in the 
eigenspace and the corresponding part colored by cluster labels. Subsequent rows display the 
stiffness bodies EPi (s) [21] of the cluster centroids in the OCS fvig. Colors represent cluster 
allocation and are sorted by the centroid’s �1 value.

The clustering of FOT thus affects the predicted stress distribution in structural simulations and the 
formation of residual stresses in warpage simulations. These results further indicate that global scalar 
metrics, such as mean squared error or Euclidean distance, are insufficient for evaluating clustering 
quality, as they disregard directional and spatial information.
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5. Conclusion

This study investigates the influence of the level of tensorial information – second-order vs. fourth-

order informed – on fiber orientation tensor clustering in virtual process chains for discontinuous fiber-

reinforced polymers. Using parameterizations based on harmonic decomposition, we enable rotation-

invariant clustering in both the second-order (�1, �3) and fourth-order (�1, �3, d1, d2, d3) parameter
spaces.

The results indicate that the level of tensorial information has a limited effect on clustering out-

comes when the fourth-order fiber orientation tensor is derived from the second-order tensor via an

(orthotropic) closure approximation. This is attributed to the nonlinear dependence of the deviatoric

parameters d1, d2, d3 on the second-order fiber orientation tensor parameters �1 and �3 imposed by the

closure approximation, which effectively curves the parameter space rather than increasing its dimen-

sionality. In addition, the deviatoric parameters span a small range relative to �1 and �3. In contrast,

the choice of clustering algorithm – KMeans vs. Birch – has a more pronounced influence on cluster

shapes and allocations.

The question of which clustering approach yields superior results cannot be answered definitively.

However, from a theoretical standpoint, fourth-order informed clustering should be preferred, as it

incorporates additional information from the closure approximation. The alternative – clustering in

the second-order space and subsequently applying the closure – effectively discards this information

and relies on estimating the deviatoric parameters from the cluster centroids.

Furthermore, we demonstrated that clustering affects orientation-averaged mechanical proper-

ties, with pronounced deviations occurring near cluster boundaries and low-occurrence tensor shapes.

Global metrics such as mean squared error or Euclidean distance are insufficient for evaluating cluster-

ing quality, as they do not account for directionality or spatial position. Future work could address this

limitation by incorporating directional error measures or by introducing spatially weighted clustering

schemes that prioritize regions prone to stress concentrations.
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