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Abstract.The determination of Forming Limit Curves (FLCs) remains challenging due to their strong
dependence on test conditions, material properties, and measurement methods. Significant variability
is observed even for identical specimens, limiting the reliability of FLCs as deterministic tools. The
goal of this work is to investigate non-deterministic FLC prediction in order to illustrate the impact of
uncertainties and provide a basis for quantification of failure risks. The proposed approach uses the
probabilistic framework where a model of input uncertainties including dependence is inferred from
literature data using a Gaussian copula. A prediction model based on the linear perturbation technique
is described and used to propagate input uncertainties using a Monte-Carlo approach. The obtained
stochastic FLC is illustrated in terms of empirical confidence areas.

Introduction

Material failure in sheet metal forming is commonly assessed using a forming limit diagram (FLD),
in which the maximal deformations observed during the process are plotted in the major–minor strain
space and evaluated against the forming limit curve (FLC) [1]. The FLC delineates the boundary
between stable and unstable deformation, representing the maximum strain the material can sustain
before localized necking occurs. It serves as a critical threshold for safe forming operations, enabling
the optimization of forming parameters and the reduction of defects and material waste.

FLCs have been used in metal forming industries for decades, motivating extensive research on
their theoretical and experimental prediction. Analytical and numerical approaches commonly couple
constitutive models with necking criteria under linear strain paths, as proposed by Swift [2], Hill [3],
and Marciniak and Kuczyński [4]. More recent studies have extended the classical FLC framework
toward a more comprehensive description of ductility limits for numerical forming simulations [5–7].
In parallel, several works describe the onset of necking within a homogeneous continuum framework
using the linear perturbation technique, which avoids assuming an initial geometrical imperfection,
in contrast to the Marciniak–Kuczyński approach [8–12]. Experimental investigations have been con-
ducted to validate these numerical predictions [13–15].

Despite their widespread industrial use, forming limit curves (FLCs) have inherent limitations due
to their strong sensitivity to testing conditions, material variability, and methodological choices in the
identification of fracture and localized necking. Significant scatter in formability limits is commonly
observed even for nominally identical specimens, showing that FLCs cannot be considered determin-
istic failure criteria.

The forming limit curve is then stochastic in nature and we propose a methodology to estimate its
statistical properties, reflecting the distribution of strain states at localized necking. From an industrial
perspective, the stochastic FLC provides a practical decision-making tool. By projecting the strain
loading path experienced by a given part onto the stochastic FLC, manufacturers can evaluate the
probability of failure associated with the forming operation. This probabilistic assessment enables a
more reliable evaluation of formability and supports the optimization of forming process parameters,
leading to improved robustness and reduced risk of defects.
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This study follows a direct probabilistic approach: first, establishing a deterministic FLC model
based on linear perturbation theory; second, characterizing uncertainties in the five model parameters
through literature data; third, propagating these uncertainties via Monte Carlo simulation to gener-
ate stochastic FLC realizations. The computational efficiency of the underlying model enables direct
Monte Carlo sampling without resorting to surrogate approximations. This provides manufacturers
with confidence bounds reflecting both experimental and material variability, in order to support pro-
cess control while reducing failure risks and overdesign. In practice, industrial users may then refine
this prior uncertainty with available experimental data of their particular material using a Bayesian
updating scheme.

The article is organized in three main sections. Section 1 presents the theoretical framework for
forming limit prediction based on linear perturbation analysis. Section 2 describes parameter identifi-
cation from literature data for CP-Ti. Section 3 details the probabilistic uncertainty modeling of these
parameters, propagates the uncertainties through Monte Carlo simulation et analyzes the stochastic
FLC properties.

Theoretical Model

The theoretical prediction of forming limit curves (FLCs) is done using the already well documented
linear perturbation technique [8–12]. First, the equations of plasticity are solved analytically consid-
ering a uniform strain–stress state, which defines the homogeneous solution. Small perturbations are
then superimposed onto this solution to assess the stability of the deformation and to predict the onset
of strain localization.

Homogeneous solution.
The thin sheet is supposed to be incompressible and subjected to a plane stress state in the x-y

laboratory system. Shear strains are neglected, the major strain is taken along the x direction and
elasticity is ignored because large deformations are involved. A linear strain path is considered and
characterized by the parameter ρ such that:

ρ = εyy/εxx = const. (1)

The constitutive relation between stress and plastic strain rate components is defined using an associ-
ated flow rule (AFR), in which the equivalent stress σEq is given by the Hill (1948) anisotropy criterion
[16] and the hardening law σHard is considered viscoplastic, such that:

σEq(σ) =
√
Fσ2

yy +Gσ2
xx +H(σxx − σyy)2 + 2Nσ2

xy and σHard(ε, ε̇) = σy(ε) ε̇
m
, (2)

where ε is the equivalent plastic strain,m is the strain-rate sensitivity, and the Hill coefficients F , G,
H and N are expressed as functions of the Lankford parameters r0, r45 and r90:

F =
r0

r90(1 + r0)
; G =

1

1 + r0
; H =

r0
1 + r0

; N =
1

2
(F +G)(1 + 2 r45) . (3)

These assumptions are only approximate, as strain paths are typically neither shear-free nor linear
in industrial processes. Nevertheless, they are reasonably satisfied in Nakazima and Marciniak tests,
which are commonly employed in industry to construct experimental forming limit curves (FLCs).
For HCP materials such as CP-Ti, the Hill (1948) yield criterion is also known to be less accurate than
more advanced models that account for strong plastic anisotropy and tension–compression asymmetry
[17, 18]. Despite these limitations, the present framework provides a practical starting point, as it can
be implemented with a limited number of parameters and offers excellent computational efficiency. It
can subsequently be applied to more complex models of anisotropy, and the resulting stochastic FLC
can be further refined through Bayesian calibration based on experimental data.
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Under quasi-static conditions, a uniform strain–stress state automatically satisfies the equilibrium
and compatibility equations. The analytic resolution of the AFR and the condition of incompressibility
lead to the homogeneous solution, expressed as a function of the major strain:

σxx =
ε̇xx

ε̇

F +H +Hρ

FG+ FH +GH
σy(ε)ε̇

m
; σyy =

ε̇xx

ε̇

H + (G+H)ρ

FG+ FH +GH
σy(ε)ε̇

m
; σxy = 0 ; (4)

ε̇

ε̇xx
=

ε

εxx
= R(ρ) =

√
F +Gρ2 +H(1 + ρ)2

FG+ FH +GH
; ε̇yy = ρ ε̇xx ; ε̇zz = −(1 + ρ)ε̇xx . (5)

Perturbation analysis. As illustrated in Fig. 1, a rotated coordinate system x1-x2 is defined to
represent the orientation φ of a candidate localization band. Then, the homogeneous solution P (t) =
{ε̇xx, ε̇yy, ε̇zz, ε̇xy, σxx, σyy, σxy, σy, ε}T , defined in Eqs. (4)-(5), is perturbed in the direction x1 such
that:

P̃ (t, x, y) = P (t) + δP exp [ηt] exp [iξ(x cosφ+ y sinφ)] , (6)

where P̃ is the perturbed solution, η is the growth rate, t is the time and ξ is the wave number.

W
avy band

Fig. 1: Linear perturbation in thin sheet metal.

The perturbation P̃ is introduced into the full set of plasticity equations, including the AFR, the equiv-
alent stress, the hardening law, the equilibrium equations, the compatibility equation and the condition
of incompressibility. By including the equilibrium equations, the perturbation is constrained to satisfy
force balance between the inside and outside of the band. After linearization, the resulting system
takes the form MδP = 0, with the onset of instability corresponding to the vanishing of the deter-
minant ofM . This system provides conditions on the angle of the wavy band, φ, and the normalized
growth rate, η̂ = η/ε. By assuming that localized necking occurs along the direction of maximal rate
of normalized growth rate, dη̂/dε, Hu et al. [11] established that:

φ = arctan
√
−ρ if ρ < 0 ; φ = 0 if ρ ≥ 0. (7)

With this additional condition, the normalized growth rate is expressed analytically as:

η̂ = η1(ρ)

[
η2(ρ)−

σ′
y

σy

(ε)

]
, (8)
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where

η1(ρ) =
1

m
if ρ < 0 ; η1(ρ) =

(F +H +H ρ)2

(FG+ FH +GH) ρ2 +m (F +H +H ρ)2
if ρ ≥ 0, (9)

η2(ρ) =
εxx
ε
(1 + ρ) if ρ < 0 ; η2(ρ) =

εxx
ε

F +Gρ2 +H(1 + ρ)2

F +H +Hρ
if ρ ≥ 0. (10)

These results are obtained by applying the formalism of Tóth et al. [9] or Hu et al. [11] to the more
general hardening law of Eq. (2).

The perturbation becomes unstable when η̂ > 0, that is, for an equivalent plastic strain εi such
that:

σy

σ′
y

(εi) =
1

η2(ρ)
. (11)

If the material is strain-rate insensitive, then m → 0, which in practice can be considered by taking
m = 10−5 to avoid the singularity in the expression of η1(ρ) when ρ < 0. As a result, strain-rate
insensitivity implies that the left part of the FLC is obtained by assigning localized necking to the
equivalent strain εn = εi where the normalized growth η̂ diverges from−∞ to+∞. For the right part
of the FLC (ρ ≥ 0), the onset of necking is taken at the equivalent strain εn where the accumulated
growth of the perturbation reaches a critical value E [11]:∫ εn

εi

η̂ dε = E. (12)

For a strain-rate insensitive material, the critical value εn for localized necking thus verifies:

εn = εi if ρ < 0 ; η1(ρ)

[
η2(ρ)(εn − εi)− ln

σy(εn)

σy(εi)

]
= E if ρ ≥ 0. (13)

Once this critical value is known, the FLC is constructed in the ρ-ε space by plotting εn as a function
of ρ. It can then be mapped into the εxx-εyy space using Eqs. (1) and (5).

Application to Experimental Data

In this section, the theoretical model is fitted to five experimental forming limit curves (FLCs) reported
in literature [19–23].

Hardening law. The hardening law cannot be calibrated with either the published stress–strain
curves or the models fitted to them, as tensile tests are generally limited to the onset of diffuse necking,
whereas we need to model the material behavior beyond this stage. To address this difficulty, we use
the ρ < 0 region of the experimental FLC to calibrate the hardening law. In the εxx-εyy space, this part
of the curve is approximated by a decreasing straight line:

when ρ < 0, εxx = −a εyy + b ⇔ εxx = b/(1 + aρ). (14)

In this region, the equivalent plastic strain at necking takes the value εi defined by Eq. (11). The pair
(ε, σy/σ

′
y) corresponding to a point of the experimental FLC can thus be obtained as a function of ρ

by computing the major strain εxx from Eq. (14), the equivalent plastic strain ε from Eq. (5), and the
ratio σy/σ

′
y from Eq. (11).
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The resulting parametric curve is observed to be approximately linear for all studied FLCs, moti-
vating the following hardening law:

σy

σ′
y

= α ε+ β, with α =
1/η2(0)− 1/η2(−0.5)

b R(0)− 2b R(−0.5)/(2− a)
; β =

1

η2(0)
−α b R(0). (15)

This result is equivalent to choose a Swift hardening law, but with parameter values far different from
usual because only the region posterior to diffuse necking is represented.

Model inference. From the foregoing, the construction of a theoretical FLC in the ρ-ε space with
Eq. (13) requires five parameters: r0, r90, a, b and E. The Lankford r-values, r0 and r90, are directly
available in the published literature (r45 is not involved due to the assumption of negligible shear
strains). The coefficients a and b are readily obtained by linear regression of the left-hand side of the
experimental FLC, while the thresholdE is fitted to its right-hand side. The resulting parameter values
are synthetized in Table 1. It should be noted that these data reflect not only the intrinsic variability
of the material, but also the variability arising from testing conditions and measurement methods on
FLC determination, since the parameters a, b and E are identified through an inverse approach by
calibration against different experimental FLCs.

Table 1: Parameter values of the theoretical model that represents the published experimental data.

Article r0 r90 a b E
Arrieux 1981 1.5 3 1.024 0.292 1.21
Chen 2005 4.2 2.1 1.209 0.340 0.71
Chamos 2013 1.5 3.75 0.993 0.302 1.58
Kim 2018 1.83 5.69 1.033 0.338 0.36
Wieckowski 2022 2.49 5.2 1.109 0.311 0.95

Fig. 2 presents the experimental data together with the theoretical model response, using the input
parameters given in Table 1. A very good agreement is observed. However, the limited number of
data points in the right-hand side of the experimental FLCs, together with the use of a hardening law
calibrated on their left-hand side, tend to mask the model approximations. The assumptions adopted
— particularly the Hill 1948 yield criterion — are generally not well suited to the industrial forming
of CP-Ti. Even if the experimental data are well represented, these assumptions may affect the propa-
gation of uncertainties within the model. Nevertheless, this simplified framework provides a practical
basis for stochastic FLC prediction, which can later be refined employing more advanced models.

Uncertainty Modeling

On the previous section, the theoretical model has been successfully applied to represent experimental
FLCs from literature. The goal of this section is to propose a first approach to estimate the statistical
properties of the forming limit diagram of CP-TI considering the uncertainties related with the five
input parameters (r0, r90, a, b and E) ang propagating them within the model.

The proposed approach uses a probabilistic framework [24], meaning the five inputs are considered
as random variables and associated with probability distributions inferred from available data. The
numerical model detailed in the previous sections allows us to obtain the forming limit diagram as a
function of the five inputs. Since the input are stochastic in nature, the resulting forming limit diagram
is a stochastic process. In other words, for any strain ratio ρ, the necking equivalent plastic strain ε̄ is
a random variable. The statistical properties of this stochastic FLC directly depends on the those of
the five input parameters. It is then critical for the model of uncertainties assigned to the inputs to be
representative of their actual variability.
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Fig. 2: Theoretical model fitted to experimental FLCs from litterature in ρ-ε space.

As previously mentioned, the model of uncertainty is inferred from a dataset collected from the
literature (see Table 1). While only five instances of reports [19–23] including the necessary infor-
mation to recover all five parameters are currently know to the authors, significantly more have been
found reporting only the Lankford coefficients [25–41]. As a result, 25 instances of r0 and r90 are used
in the statistical study (see Table 2). Still, the small sample sizes present a significant challenge for
statistical inference, requiring careful consideration of modeling assumptions.

Table 2: Values of r0 and r90 used for marginal distribution inference [19–23, 25–41].

Ref. r0 r90

[19] 1.50 3.00
[20] 1.50 3.75
[21] 4.20 2.10
[22] 1.83 5.69
[23] 2.49 5.20

Ref. r0 r90

[25] 2.30 4.72
[26] 0.95 2.85
[27] 2.20 4.89
[28] 2.29 4.70
[29] 3.84 5.45

Ref. r0 r90

[30] 1.19 3.13
[30] 1.46 3.36
[31] 1.51 5.17
[32] 1.58 6.80
[33] 2.11 4.85

Ref. r0 r90

[34] 1.55 3.88
[35] 1.70 4.89
[36] 2.34 4.86
[37] 1.71 2.67
[38] 2.46 5.65

Ref. r0 r90

[39] 0.74 1.68
[40] 2.11 3.62
[40] 2.66 5.23
[40] 1.46 2.66
[41] 1.22 3.55

Marginal distributionmodeling.As a first step, each input parameter is associatedwith amarginal
distribution function. The principle is to assume that the random variables follow a specific family of
distributions, defined by shape or modal parameters that can be inferred from the data (e.g., a normal
distribution parameterized by the mean and variance of the data).

The choice of a distribution family represents a strong assumption on the shape of the statistics and
should be takenwith caution,motivated by available knowledge about the parameter to bemodeled and
by as much statistical evidence as possible. Even so, it generally leads to imprecision when evaluating
the statistics of extremely rare events (associated with the tails of the distributions). Nonparametric
approaches [24] are generally to be preferred, but cannot be implemented in this context since they
require a large amount of calibration data.

A first clue for choosing a distribution family is the domain on which the distribution is defined,
i.e., whether there are bounds on the possible values of the parameter of interest. For instance, a normal
distribution assumes all values in R are possible, which would not be suited to modeling a parameter
taking only positive values. Other indicators could include information about statistical modes and the
shape of the distribution (e.g., symmetry). Finally, one can resort to common practices in the literature
for distributions of parameters of similar nature.

Since r0, r90, a, and b take only positive values, a lognormal distribution is arbitrarily selected
among distributions with positive support. This choice is not uncommon in the literature [42, 43] and
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involves assuming a multiplicative structure of the uncertainties, i.e., confidence intervals are defined
as a nominal value multiplied and divided by a factor. The available data is currently too limited to
clearly discriminate between possible distributions families, as also illustrated by the confidence inter-
vals in the QQ-plots Fig. 3.While the lognormal family provides statistically satisfactory results, other
choices could also be considered, such as the gamma or Weibull distributions. A formal evaluation
of the sensitivity of the FLC statistics to this choice is planned, and the quantification of tail-related
statistics is deemed outside the scope of the proposed approach.

The log-normal probability density function depends on two parameters, µ and s, corresponding
respectively to the mean and standard deviation of the underlying normal distribution:

fX(x) =
1

xs
√
2π

exp
(
−(lnx− µ)2

2s2

)
(16)

The parameters of the four log-normal distributions were then obtained using maximum likelihood
estimation over the available data. The resulting values are reported in Table 3.

The parameter E takes only positive values, no skewness is observable in the data (see Fig. 3),
and no common practice appears in the literature. A uniform distribution was adopted as a maximum-
entropy representation given only the observed range [Emin, Emax] [24]. This approach imposes strict
bounds on the values of E and is therefore conservative (it assumes no values more extreme than
those observed will occur). It is, however, a minimal-assumption approach in such a case of limited
information, as it avoids unsupported distributional assumptions.

The quality of the calibration is illustrated in Fig. 3, where on the left-hand side the histograms of
calibration data are drawn together with the fitted distributions. The figures qualitatively illustrate the
agreement in the shape of the fitted and empirical distributions for r0 and r90. For the other three pa-
rameters, the low amount of available data makes it too difficult to draw conclusions from histograms.

The right-hand side of the figure shows quantile–quantile plots of empirical data as a function of
the fitted quantiles. These standard graphs show the correspondence between statistical quantiles of
the calibration data and the fitted model, and can be interpreted analogously to the calibration plots
used in regression modeling, showing the predicted value as a function of the true one. In addition the
95% confidence intervals associated with each empirical quantiles are drawn, based on an asymptotic
normal assumption (considering each data point is independent and identically distributed). In these
figures, the fit appears clearly to be in acceptable accordance with the data, especially for central
values (i.e., non-extreme ones).

Table 3: Probabilistic models for material parameters.

Parameter Distribution Parameter 1 Parameter 2
r0 Lognormal µr0 = 5.65× 10−1 σr0 = 3.77× 10−1

r90 Lognormal µr90 = 1.333 σr90 = 3.36× 10−1

a Lognormal µa = 6.84× 10−2 σa = 7.04× 10−2

b Lognormal µb = −1.15 σb = 6.10× 10−2

E Uniform Emin = 7.11× 10−1 Emax = 1.58

Dependence structure modeling. The five input parameters are physically interdependent: pro-
cessing history is bound to affect anisotropy (r0, r90), hardening response (a, b), and necking threshold
E. This physical intuition stresses the fact that, while random, the five inputs are likely correlated. Ig-
noring these dependencies would degrade the relevance of the FLC statistical properties.

Many ways exist in the literature to model the dependence between random variables. The sim-
plest is to use a linear correlation matrix (e.g., in a multivariate Gaussian distribution). However, a
correlation matrix cannot be used directly in our case since the five marginals are not Gaussian. A
standard and efficient way of using the correlation matrix in such a case is a Gaussian copula [24].
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Fig. 3: Illustration of the inference of the five marginal distributions, including (left) histograms of
available data and fitted distributions and (right) empirical quantiles of data vs. quantiles of the fitted
distributions.
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The principle is to apply a transform to the input parameters in order to define five randomvariables
that are normally distributed. This transform is called the probability integral transform and relies
on the fact that, for any random variable X following a distribution f with cumulative distribution
function (CDF) F , F (X) is a random variable following a uniform distribution. Using the inverse
transform, one can also state that if U follows a uniform distribution and Φ−1 is the inverse of the
standard Gaussian CDF, then Φ−1(U) follows a Gaussian distribution. It follows that, for any random
variable X , Φ−1(F (X)) follows a standard Gaussian distribution. The principle behind the Gaussian
copula is to model the transformed, normally distributed random variables as a simple multivariate
Gaussian characterized by a correlation matrix inferred from the transformed calibration data.

Calibrating aGaussian copula in this case simplymeans applying the probability integral transform
to the calibration data (using the CDFs of the marginals). The covariance matrix R of the transformed
data is then estimated via maximum likelihood. Generating Monte Carlo samples of the five inputs
respecting the dependence structure simply means generating samples of the multivariate Gaussian
with covariance R and applying the inverse transform to those samples.

In order to evaluate the relevance of the calibrated copula, Monte Carlo samples are generated and
scatterplots are drawn showing the trends between pairwise variables. On top of these simulated data
points, the actual calibration data are drawn to illustrate the fit qualitatively. These plots are presented
in the lower-triangular panels of Fig. 4, where each row and column represent one of the five inputs.
The figure illustrates a satisfactory fit, even though the limited data make it hard to draw quantitative
conclusions on the goodness of fit.

In addition, the diagonal panels of Fig. 4 represent the histograms of simulated marginal data
together with the histogram of each individual calibration dataset. This information is related to the
goodness of fit of the marginals, already illustrated in Fig. 3.

Finally, the upper triangle of the figure represents the correlation coefficients between the pairs of
inputs, showing a quantitative measure of the correlations. These values are indicative of the strength
of the correlation between pairs of variables but should be treated as indicative only, since they as-
sume a linear correlation that does not strictly hold outside the space of the transformed (normally
distributed) random variables.

It is, however, worth noting that the choice of a Gaussian copula imposes strong limitations with
n = 5. The validation of R is impossible with such limited data, meaning it is not possible to evaluate
the relevance of the fitted copula with respect to epistemic uncertainties. It is therefore important
to stress the statistical limitations of this approach: with such limited calibration data, only broad
statistical tendencies and sensitivities should be studied. In particular, any results related to rare events
and the tails of distributions should not be interpreted quantitatively.

Uncertainty propagation. As previously mentioned, since the input parameters of the model are
random variables, the output FLC is effectively a stochastic process, meaning that for each value of ρ,
the equivalent necking plastic strain ε̄ is a random variable. However, direct propagation of the random
variables through the model is not trivial, and the analytical expression or closed-form properties of
this stochastic process are not available. In order to obtain a numerical estimation of these properties,
a Monte Carlo approach was implemented.

Using the model of uncertainty calibrated as described in the previous two sections, N = 10,000
random samples of the five input parameters were generated (Monte Carlo simulations). For each
sample, the corresponding forming limit diagram is recovered using the numerical model described
in the first two sections, resulting in a population of N randomly generated FLCs. For the sake of
convenience, FLCs are expressed in the space of equivalent plastic strain ε̄ vs. strain ratio ρ instead of
the usual major strain vs. minor strain. Both spaces are equivalent, but the latter imposes a repartition
of curve data following a polar basis, which is less straightforward to analyze.

This Monte Carlo population of FLCs provides, for each evaluated value of ρ, a population of N
values of ε̄. Using this population, empirical confidence intervals (CIs) were estimated, allowing us
to illustrate the variability of the stochastic FLC, as presented in Fig. 5. In other words, for each value
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Fig. 4: Illustration of the dependence between input variables and the fitted copula with: (diagonal)
histograms of marginal data and simulated samples; (upper triangle) correlation values between pair-
wise variables; (lower triangle) pairwise input scatterplots of calibration data and samples simulated
using the fitted copula.

136 Formability of Metallic Materials



Fig. 5: Stochastic FLCs: (left) median (solid line) and confidence intervals (shaded regions) from
10,000 Monte Carlo realizations; (right) illustration of 1,000 Monte Carlo samples of FLCs.

of ρ, the value of the critical equivalent plastic strain can be empirically associated with confidence
intervals, i.e., ε̄ has a probability p% of being in the interval [CIp, CIp]. In the figure, increasingly
larger confidence intervals are shown with increasingly lighter gray areas, showing the evolution of
the stochasticity of the FLC for all values of ρ.

From amethodological point of view, it can be observed that the uncertainties related to the forming
limit threshold are higher at the boundary values of ρ and respectively narrower around ρ = 0. The
figure also illustrates the fact that the variance of ε̄ is not a trivial function (e.g., constant) of ρ, but
follows a more complex trend with competing tendencies. These results suggest investigating another
property of the stochastic FLC, namely the sensitivity of ε̄ to each input parameter.

In a practical context, obtaining the statistics of the FLC as presented in Fig. 5 means an engineer
can draw statistical conclusions regarding the safety of a given forming process. The principle would
be to gather, frommechanical simulations, the critical deformation paths of the process. For each path,
it is then possible to obtain an a priori probability of fracture of the material. Such information should
then be analyzed with respect to the quality targets for the process and help in making well-informed
design and manufacturing decisions. This approach provides more nuanced and richer information
than a simple deterministic curve, accounting for the observed uncertainties related to the quantity of
interest. Moreover, this ”a priori” uncertainty quantification can be complemented with extra data if
available. Such that an industrial user could use a Bayesian updating scheme to refine the uncertainty
prediction to better represent the variability of its actual material properties.

Future work directions. The next goals in this study are first to propose a stochastic model for
the FLC, going beyond empirical Monte Carlo (MC) estimations of its statistical properties. The sec-
ond objective is to link the stochastic FLC with a forming simulation and propose a framework for
uncertainty propagation to engineering decisions, as well as an active learning scheme [44] to reduce
the FLC uncertainties with a semi-optimal experimental campaign.

A first approach would be to use a Gaussian process regression (GPR) model to emulate the
stochastic FLC, but such an approach includes specific challenges:

(1) The covariance structure of the FLC needs to be thoroughly studied. It exhibits non-stationary
variance that peaks at extreme ρ values and reaches a local minimum near plane strain. Future in-
vestigations entail evaluating the empirical variogram across ρ to detect non-stationarity, functional
principal component analysis of Monte Carlo ensembles to identify dominant variation modes, and
spectral density estimation of de-trended trajectories to determine correlation length scales.
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(2) The physics requires FLCs to be decreasing for ρ < 0 and increasing for ρ > 0. Standard GP
kernels violate these constraints. Constrained GP formulations (e.g., monotonic warping or projection
onto shape-preserving reproducing kernel Hilbert spaces) require investigation.

(3) Since FLC realizations derive from only five random variables, the output process is inherently
low-rank. StandardGP assumptions of infinite-dimensional latent functionsmay be over-parameterized.

An alternative approachwould consist of calibrating a surrogate on the 6D space (ρ, r0, r90, a, b, E),
thus respecting the deterministic structure and avoiding process-level constraints.

Conclusion

This study has established a probabilistic framework for forming limit curve prediction in commer-
cially pure titanium, addressing the inherent uncertainty that limits traditional deterministic approaches.
By combining a computationally efficient linear perturbation model with literature-based parameter
characterization andMonte Carlo propagation, the probabilistic approach can propagate material prop-
erty uncertainties into quantifiable dispersion in FLC predictions. The computational efficiency of the
underlying model—requiring only simple numerical integration—enabled direct Monte Carlo sam-
pling without surrogate approximations.

Future efforts will focus on experimental validation through Nakazima testing with full-field DIC
measurement to confirm predicted confidence intervals. Methodological extensions include hierar-
chical Bayesian calibration to distinguish uncertainty types, and investigation of constrained Gaussian
process formulations to model the FLC directly as a stochastic process while respecting physics-based
monotonicity requirements. The low-dimensional nature of the underlying parameter space suggests
that direct surrogate modeling in (ρ, r0, r90, a, b, E) may prove more tractable than standard process-
level GP emulation.

This work aims to providemanufacturers with an updatable, uncertainty-aware design tool that bal-
ances risk reduction against overdesign, directly addressing industrial needs for robust sheet forming
process control. This probabilistic framework provides the first quantitative uncertainty assessment
for CP-Ti forming limits based on literature data. While the small sample size necessitates strong as-
sumptions, the methodology is parsimonious, computationally efficient, and explicitly acknowledges
its limitations. The resulting confidence intervals should be interpreted as plausible bounds rather than
precise frequency-based probabilities. The modular structure facilitates continuous refinement as new
data and theoretical advances emerge, moving toward true predictive uncertainty quantification for
sheet metal forming applications.
*
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